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| LENT cocurrent flow of a liquid and a gaseous 
phase through a pipe or channel is characterized by several re- 
gimes. If the volumetric rate of flow of the gas is much greater 
than that of the liquid, the gas will flow as a continuous phase 
The liquid in this case will be either a continuous or a dispersed 
phase, depending upon the mass velocities, the pipe diameter, 
and the orientation of the flow axis. In horizontal flow at rela- 
tively low mass velocities, the liquid flows along the bottom of 
As the mass velocities are increased 
keeping the ratio of the volumetric flow rates constant, the inter- 
face becomes quite wavy; and eventually a portion of the liquid 


the pipe (stratified flow). 


is entrained as droplets in the gas. If the gas mass velocity only 
is increased, the liquid tends to spread out into an annular film 
over the walls of the pipe (annular flow). On the other hand, if 
both mass velocities are increased, so that the liquid and gas are 
flowing at comparable volumetric flow rates, the gas phase be- 
comes discontinuous, resulting in a coarse suspension of bubbles 
in the liquid. The bubbles are not uniformly distributed except 
near the critical pressure, where the densities of the phases are 
nearly equal, or at very high Reynolds numbers, where the turbu- 
lent stresses are very much larger than the buoyant forces. This 
mode of flow (“bubble flow’) is especially observed in vertical 
The bubbles 
ire, in general, not uniformly distributed across the pipe cross 


pipes at void fractions less than approximately 0.8 


section except when the difference in the densities of the phases is 
small, or when the turbulent intensity is large. In vertical flow 
the vapor tends to concentrate near the pipe axis. The diffusion 
of vapor toward the center of the pipe is due to the lift force re- 
sulting from the unequal flow of the viscous liquid around any 
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A Variable Density Single-Fluid Model for Two- 
Phase Flow With Particular Reference to 
Steam-Water Flow 


individual bubble in the presence of the pipe wall. As the vapor 
content increases the bubbles tend to coalesce near the center of 
the pipe; at still higher concentrations of vapor the flow even- 
tually changes to either “slug” flow (alternate slugs of liquid and 
vapor completely filling the pipe cross section) or annular flow, 
depending upon the Froude and Weber numbers. For small pipes 
and velocities where the surface tension forces are comparable to 
the inertial forces, the slug flow regime is stable. At larger pipe 
diameters or ges velocities annular flow results. 

Because of the severe requirements for their existence, annular 
flow (completely separated) and homogeneous flow (completely 
mixed) may be considered to be special cases of bubble flow (par- 
tially mixed). Bubble flow is present in conventional and nuclear 
boilers with vertical channels, and in many other systems of en- 
gineering interest. This regime is, however, quite difficult to 
analyze; and until recently attempts to calculate frictional pres- 
sure drops and slip velocities have been based upon consideration 
of one or the other limiting case. In the homogeneous flow model 
the two-phase mixture is considered to be a single fluid, so that 
the mean velocities of the two phases are exactly equal, which is 
rarely the case. A number of variations of the completely sepa- 
rated flow model have been presented. Levy [1]! has given a 
complete analysis of the annular-flow model with various 
combinations of turbulent and laminar flow of the liquid and 
gas. For turbulent flow a seventh-power distribution law was 
assumed. The interface between the liquid and gas was con- 
sidered to be smooth. The slip velocities predicted by this 
analysis were higher than experiment, however, except for im- 
probable combinations, such as a turbulent liquid annulus and a 
laminar gaseous core. The results can be considerably improved 
by empirical modifications of the friction factor and hydraulic 
radii of the hypothetical flow conduits for liquid and gas. Two of 


‘ Numbers in brackets designate References at end of paper. 





bubble radius; also cylinder ra- 
dius, Equation (35), ft 


constant defined by Equation 


constant defined by Equation 


' . : plates 
constant defined by Equation 
9) . 

49 ‘ tion (1) 
local bubble concentration, Equa- 


bubble flux in direction normal to 
wall, bubbles/(sq ft) (hr) wall 
dimensionless parameter, Equa- 
43) tion (9), for tube flow 
dimensionless parameter, Equa- 
; tion (33), for flow between flat 
(48) 


dimensionless 


y/R, dimensionless distance from 


velocity of two-phase mixture at 
distance y from wall, ft/hr 

u/Um, dimensionless mixture ve- 
locity 

mean velocity of vapor, ft/hr 

mean velocity of liquid, ft/hr 

liquid velocity in z-direction, ft/ 


exponent, Equa- 


G 
g 


tion (37), no. of bubbles/cu ft 
bubble diffusivity, Equation (38), 
sq ft/hr 
total mass velocity, lb/(sq ft) (hr) 
acceleration due to gravity, ft/hr? 
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Bond and Newton number 

dimensionless exponent, Equa- 
tion (2) 

pressure, lb force/sq in absolute 

tube radius or channel half-width, 
ft 


hr 
velocity of two-phase mixture at 
tube centerline, ft/hr 
transverse bubble velocity, ft/hr 
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the more successful of these empirical correlations are those of 
Martinelli and Nelson [2] and Armand [3].? 

Nevertheless, these models at opposite ends of the mixing spec- 
trum do not provide an adequate physical picture of the bubble 
flow regime, which encompasses most cases of practical interest. 
In the model proposed herein it is conceived that the mixture 
flows as a suspension of bubbles in the liquid, where radial gradi- 
ents exist in the concentration of bubbles. The bubble concen- 
tration is maximum at the center of the pipe, decreases mono- 
tonically in a radial direction, and vanishes at the pipe wall. An 
important concept which is introduced is that the gas and liquid 
have the same velocity at any radial position, the relative velocity 
of the bubbles with respect to the surrounding liquid being con- 
sidered to be negligible compared to the stream velocity. The 
average velocity of the gaseous phase is greater than that of the 
liquid phase only because the gas is concentrated in the regions of 
higher velocity. Because the slippage at any point is considered 
to be negligible the mixture may be considered to be a single fluid 
whose density is a function of radial position. 

The exact form of the radial distribution function for voids can- 
not be determined without more information on turbulent diffu- 
sivities of bubbles and of momentum in these mixtures. Since 
buoyancy, inertial, and surface tension forces all play a part, it is 
to be expected that the Froude, Reynolds, and Weber numbers 
will determine this function. The pressure, volumetric flow rates 
of the two phases, and the physical properties of the two phases 
will therefore enter into this function. Some insight into the 
relevant parameters may be obtained by a simplified analysis of 
the forces on a two-dimensional bubble as given in the Appendix. 


Statement of Model 


Consider the flow of a suspension of bubbles in a liquid through 
a circular pipe under steady-state conditions. A power law dis- 
tribution is assumed for both the velocity and the void fraction: 


(1) 


(2) 
where u* = u/u,,; a* = a/a,; s = y/R; and m and n are 
positive constants. 

The liquid and gas mass-flow rates are given by 


1 
W, = 2rR'*p,u,, f, (1 — s)(1 — a@,,a@*)u*ds (3) 


* The writer is indebted to Dr. Novak Zuber for calling his attention 
to the Armand data and to the equivalence of the Armand flow 
parameter C and the flow parameter K derived in this work. 


1 
Wo = 2nR*pgu,, f, (1 — s)a,,a*u*ds 
The quality, or mass fraction of gaseous phase, is 


Wo 


xX = —*_ 
Wi+Wo 


(5) 


Finally, the average void fraction & across the cross section is 
given by 


1 
a= 2a, f, a*(1 — s)ds (6) 


Upon substituting Equations (1) and (2) into Equations (3) to 
(6), one obtains 


2n? 3 45 
(n + 1)(2n + 1) 


1 l K 3 
¢-1-g(-§) ®) 


where 8 = p,/p,, and the flow parameter K is 


a 
—_ ) 
an 


* 2(m +n+ mn)(m + n + 2mn) 
(n + 1)(2n + 1)(m + 1)(2m + 1) 





(9) 


The symmetry of Equation (9) in mand nis noteworthy. From 
Fig. 1 it is seen that the range of variation of K is about 0.6 — 
1.0; for nearly all reasonable velocity and void-fraction profiles, 
the range of variation is considerably less. 

From a material balance and Equation (9) a particularly simple 
expression is obtained for the slip velocity ratio, ® 

tig 1-@ 


$=— = 


10) 
Se £<-8 (10) 


It is easily shown [4] from Equation (8) or (10) that 


Ve 
K “ye oe (11) 


where V,/V, is the ratio of the gas volumetric flow rate to the 
total volumetric flow rate, and C is the Armand flow parameter 
(3). 


Wall Shear Stress 


The gas-liquid mixture has been considered to be so intimate 
that at any point the two phases have the same velocity and can 
be considered to flow as a single fluid whose physical properties 
are, however, dependent upon the radial position. In general, the 





Nomenclature 


bubble rise velocity through sur- 


universal constant, defined by 


wall shear stress in two-phase 


rounding liquid, ft/hr 


= weight rate of steam flow, lb/hr 


weight rate of liquid flow, lb/hr 


= weight rate of flow, total, lb/hr 


quality, lb steam/lb fluid flowing 


= distance from wall, ft 


void fraction, average over cross 
section 


= void fraction 


a/Am 


= void fraction at tube centerline 


Po/ Pt 
eddy diffusivity for momentum, 
sq ft/hr 
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Equation (40) 

lift component, defined by Equa- 
tion (35), lb force/ft 

apparent mixture viscosity, aver- 
aged across the cross section, 
lb mass/ (ft) (hr) 

liquid viscosity, lb mass/(ft) (hr) 

kinematic viscosity of liquid, sq 
ft/hr 

density of two-phase mixture, 
Ib/cu ft 

density of vapor, lb/cu ft 

density of liquid, lb/cu ft 

surface tension, lb force/ft 


system, lb force/sq ft 

wall shear stress if liquid were 
flowing at same total weight 
rate, lb force/sq ft 

kinetic energy correction factor, 
Equation (13) 

sphericity factor, Equation (36) 

slip velocity ratio, Equation (10) 

circulation around cylindrical 
bubble, sq ft/br 


Superscripts 
~ = volumetric average across the cross 


section 
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Fig. 1 Flow parameter K as a function of the velocity distribution 
exponent m and the void-fraction distribution exponent n 


drag force exerted by a turbulent fluid flowing past solid bounda- 
ries may be expressed as the product of a friction factor, a 
characteristic area, and the mean kinetic energy per unit volume 
For circular pipes this may be written 


Fy = f,(#DL)(*/2p,0"7) (12 


where the kinetic energy correction factor is defined as 


1 
f, u,*(1 — s)ds (uz?) 


a ET 


and may be taken equal to unity for turbulent flow. 
the wall shear stress this becomes 


In terms of 


Tp = ‘/2fiPit,’ (14 


Based upon correlation of extensive data on liquids flowing in 
circular pipes, Blasius [5] proposed the following equation for 


Re < 10°: 
: Da ‘1s 
f,_(Re) . os fh; ( ss?) a B, 
My 


(15) 


where B, is a constant which depends only upon the dimensionless 
wall roughness. By analogy to Equation (14) a two-phase fric- 
tion factor is now defined: 


T 


= . ae (16) 

1/3 pa? 

Equation (14) has been extended to noncircular ducts with 
good results, although based originally upon circular pipe data. 
A similar extension is herein made to flow of a single fluid with 
position-dependent physical properties. It is assumed therefore 
that 
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Dap /6 z 
_ = B, 17 
(2) : 


The ratio of the two-phase wall shear stress to the wall shear 
stress which would be exerted by the liquid only flowing at the 
same mass flow rate is therefore: 


Es (2)" (2)" (2)" 
Tsp PL a, My 


Equations (14) and (15) may be combined and rearranged to 
express a dimensionless average velocity in terms of a friction 


Reynolds number: 
i Rp,v*, ,\'7 
ma B ( PL :) 
ML BL 


(18) 


(19) 
with a friction velocity defined as 


io 
Te ‘2 

%14 =| 

rena () 


and the new constant of proportionality is 


32 \'* 
B, = | — 
: (F.) 


(21) 


Equation (19) is sometimes used to justify the one-seventh power 
velocity distribution law in single-phase turbulent flow. Assum- 
ing that Equation (19) can be applied at any distance from the 
wall, with the friction velocity being considered to be a constant 
parameter, one obtains 


Ms (Poteat" ‘ 
"%.L Mr 


(22) 


Similarly, one may define a two-phase friction velocity: 


-(" 


where the shear stress and the density are again evaluated at the 
wall. Analogously to Equation (22), one obtains 


u (=)" 
Ve M 


If the friction velocity can again be considered to be a constant 
parameter this represents a modified one-seventh power law in 
which the velocity at any point is proportional to the one-seventh 
power of the ratio of the distance from the wall to the kinematic 
viscosity of the two-phase mixture 

The mean density averaged over the cross section is given by 


(23) 


(24) 


he 2, [1 — aps + cpe)(l — s)de (25) 


Upon employing Equations (2) and (7) this leads to 


a 
PL 


(26) 


Similarly, it follows from the preceding equation and the condi- 
tion that the mass flow rates be equal in the two-phase and single- 
phase systems that 


He1- Si -8l 


u 


(27) 


The flow parameter K can be eliminated from this equation by 
means of Equation (8) to give 
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(28) 


The proper form for the viscosity ratio is less easily obtained. 
Minute bubbles act hydrodynamically as solid particles, the upper 
limits of bubble radius a being given by the Bond and Newton 
number [6], VN, = (9; — pg)a*go', where o is the surface tension. 
For small values of N,, therefore, the viscosity of the two-phase 
mixture at any point is given by the Einstein [7] expression for 
the apparent viscosity of a suspension of solid spheres in a liquid: 

w= pw, (l + 2.5a) (29) 


On the other hand, if the bubbles are large and easily deformed, 
the apparent mixture viscosity may be approximated by a 
volumetric average across the channel cross section, of the form 
Za 
Mi 


= 1— a(l — 8) (30) 


Thus for N, small, Z/u,; > 1; and for N, large, Z/u,<1. The 
spectrum of bubble radii is usually not known; and since the vis- 
cosity ratio enters to the one-fourth power, it is permissible to 
take this ratio to be unity. Substituting Equations (27) and 


29) into Equation (19) 


1 - ays -x(1 - ae (31) 


Similar expressions can be derived for a two-phase mixture 
flowing between two infinite, flat walls whose distance apart is 


2R For this case 
1 ( ~) 
1 == 


Comparison With Experiment 

Although the principle herein proposed, of the equivalence of an 
intimately mixed gas-liquid flow in a conduit to the flow of a single 
fluid with position-dependent physical properties, is a general con- 
cept, the present interest in this work is in steam-water flows 
This concept implies that the local relative slip of the phases at 
any point is zero. Two Equations (8) and (31) have been derived 
which make possible the prediction of the mean void fraction and 
the frictional pressure drop for the flow of a steam-water mixture 
of known quality at a given pressure. The predicted quantities 
are related to the characteristic parameters of the flow, taken as 
the exponents of the velocity and void-fraction radial distribu- 
tions, through a derived parameter K which is symmetrical in 
these exponents. Experimental methods have not yet been suf- 
ficiently refined to enable accurate measurement of velocity and 
void-fraction profiles in steam-water flows. It is necessary, there- 
fore, to choose appropriate values of K by comparison with ex- 
perimental data on pressure drop and mean void fraction. The 
void-fraction distribution exponent should be a function of the 
pressure, since the tendency for the gas to concentrate in the cen- 
ter depends on the relative density of the phases. Hence one 
would expect the pressure to have some effect on the flow parame- 
ter K. The mass flow rate and the quality may also influence this 
parameter, although less is known about these dependencies. 

In Figs. 2 and 3 the predictions of this theory are compared 
with the well-known Martinelli-Nelson correlation using a con- 
stant average value of 0.89 for K. The agreement is good be- 
tween the two sets of predictions over a range of pressures from 
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100 to 2500 psia and a range of mean void fractions from 0 to 
0.85. This range of variation for &@ is dictated by the require- 
ment from Equation (10) that @< K. This range of mean void 
fractions is in good agreement with the observations of Armand, 
who noted a departure from a constant value of C, Equation (11), 
at a mean void fraction of about 0.9. In Fig. 4 the local wall 
shear stresses have been integrated along the length of the tube 
to give predictions of frictional pressure drop which are again 
in good agreement with those of Martinelli-Nelson. 


2500 PSIA 


MARTINELL! - NELSON 


: 
= 
5 
2 
2 
é 
: 
: 
$ 
5 
: 
3 


°o 


i 1 1 1 
02 o3 04 os o6 


x, QUALITY 


Fig. 2. Void fraction versus queility in steam-water flow: Comparison of 
Equation (8) with Martinelli-Nelson correlation 
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More recently a momentum exchange theory has been proposed 
by Levy [8] which assumes that frictional and head loss of the 
liquid is equal to the frictional and head loss of the gas. This 
theory has the advantage of not requiring any parameters which 
are not measurable by present experimental techniques. It im- 
plies, however, a basic difference in the flow structure in hori- 
zontal and vertical flow, since in horizontal flow the frictional 
losses of the two phases are equal while in vertical flow the fric- 
tional losses are considerably different. This momentum ex- 
change theory was compared with test data from the literature. 
Figs. 5 through 10 show these same data, taken from Levy's 
paper, with the predictions of the present theory and of the 
momentum exchange theory. In Fig. 5 the data of Larson [9] 
for a horizontal pipe at 1000 psia without heat addition are shown 
Fig. 6 shows the data of Sher [10] and Schwarz [11] for unheated 
vertical and horizontal pipes at pressures of 14.7 and 1180 psia. 
Fig. 7 shows the data of Egen, Dingee, and Chastain [12] at 2000 
psia, Fig. 8 Marchaterre’s data at 115 psia [13], and Fig. 9 
Cook’s data at 600 psia [14]. It is seen that both theories agree 
with the experimental void-fraction data within the scatter of this 
type of measurement. In Fig. 10 frictional pressure drop data of 
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Fig.4 Frictional pressure drop ratio versus quality: Comparison of Equa- 
tion (31) with Martinelli-Nelson correlation 
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Moen [15] and of Larson are shown. Again both theories are in 
good agreement with experimental results. The pressure de- 
pendency for the flow parameter found in this way is given by the 
equation 


K = 0.71 + 0.0001P (34) 


where P is the pressure in psia. This result is compared with the 
pressure dependency found by Armand [3] and Kholodovski [16], 
as reported by Zuber [4], in Fig. 11. It is seen that the agree- 
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water flow at 1000 psi without heat addition 


Journal of Heat Transfer 


NOVEMBER 





FRACTION, @ 


STEAM VOLUME 


MAROWATERRES DATA 
WLET VELOCITY ewruirer 

| 62 ft /eec 215 
562 65 24 
ses Le) 33) 
369 70 ao 


RUN 
se 


—— -—— MOMENTUM EXCHANGE 
THIS THEORY 


THEORY 





i 


‘Sywao. 


(REF 8) 





A. A. 
0.02 003 


STEAM QUALITY, X 


oo 





Fig. 8 C ison of Equati 
multiple rect lar ch U 





Fig. 10 Frictional pressure drop versus quality: Equation 
(31) with data of Moen [15] and of Larson (9) 


Fig. 11 Comparison of the pressure dependency 
of the flow parameter K with Russian results [3, 4, 
16] 


270 


NOVEMBER 1960 


(8) with data of Marchaterre [13] in 


a 
2 
_ 
@ 
o 
” 
z 
~ 
o 
a 
bd 
” 
i 
S 
v 
- 





STEAM VOLUME FRACTION, G 





° 
_ 


° 
ww 


° 
Nn 


——-—— MOMENTUM EXCHANGE THEORY (REF 


LEVY (REF 8) 
WLET VELOCITY ft tec PARAMETER K 
i” 166 
135 194 

4 160 
166 162 
| eo “5 
16 iss 
‘27 5 


‘SYMBOL 





iar ‘65 
a) is2 


oeonoo*e ae 


i 





A i. i 
0.04 00s 006 


STEAM QUALITY, X 
parison of Equation (8) with data of Cook [14] at 600 psia 


4. 
002 oo7 





EXPERIMENTA. DATA 

9 MOEN AT (COO PSA, HIGH FLOW 
© MOEN AT (©00 PSA, MEDIUM FLOW 
KR MOEN AT 1000 PSIA, LOW FLOW 

& LARSON AT 1000 PSA 


ae, 
-_,, 
3 


— -—— MOMENTUM EXCHANGE 
THIS THEORY 


THEORY (REF 8) 


i 





4 
002 


i. 4 rn 
003 004 006 01 


STEAM QUALITY,X 


02 


(Refs 4, 16) 





Transactions of the ASME 





ment again is quite good. These results lend confidence in the 
utility of the proposed model. 


Discussion and Summary 


A physical model has been proposed for the bubble flow regime 
of liquid-gas flow which is in good agreement with the important 
features of the process. Some interesting questions are raised by 
this model as follows: 


1 The flow parameter assumes different forms for flow in 
circular pipes and for flow between two flat plates. The equiva- 
lent diameter concept has been justified experimentally for 
single-phase turbulent flows although some deviation has been 
observed for narrow wedge-shaped passages in which the laminar 
sublayer is relatively thick [17]. It has not been demonstrated, 
however, that the equivalent diameter concept is equally valid 
for two-phase turbulent flow. 

2 The wall has been assumed to be wetted by a liquid so that 
the void fraction at the wall itself is zero, Equation (2). If, how- 
ever, the vapor is being generated at the walls, as in boiling chan- 
nels, some fraction of the wall will be continuously in contact with 
bubbles. It may be expected that these bubbles will act as addi- 
tional roughnesses and that therefore the pressure drop charac- 
teristics would be different than for nonboiling channels under the 
same flow conditions. This question is as yet unresolved. 
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APPENDIX 
Derivation of Bubble Distribution Function 


Consider a single, small bubble of radius a, which is placed in a 
liquid of semi-infinite extent at a distance y from a vertical wall. 
The velocity of the undisturbed liquid is everywhere parallel to 
the wall. Because of buoyancy the bubble rises through the 
liquid; or equivalently, if the co-ordinate axes are fixed at the 
center of the bubble, the liquid streams past the bubble. The 
viscous liquid flows around the bubble less rapidly on the side 
closest to the wall. Hence a lift force is developed, in addition to 
the drag force, which propels the bubble away from the wall 
This flow, being neither axisymmetric nor irrotational, is difficult 
to solve analytically, even if the inertial terms are omitted from 
the Navier-Stokes equation [18, 19]. A simple approximation 
can be made, however, using two-dimensional nonviscous flow 
theory [20]. If a nonviscous liquid streams past a cylindrical 
bubble of radius a with a mean velocity V, the circulation around 
the bubble being w, the lift per unit length experienced by the 
bubble is 

A = —7p,0°Vw (35) 

If the cylinder is of finite length, there will be a disturbance of 
the flow due to end effects, but no axial force component, on ac- 
count of symmetry. In particular, if the length of the cylinder is 
2a, the transverse force given by Equation (35) may be ap- 
proximately equated to the viscous drag, assuming uniform, 
creeping motion in the y-direction 

—2rp,a*Vw = 6ryyu,»,0 (36) 


where 1, is the liquid viscosity, v, is the transverse bubble veloc- 
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ity, and W is a sphericity factor, representing the ratio of the 
viscous Stokes drag of a right cylinder of equal diameter and 
height to a sphere of the same diameter. The flux of bubbles 
across any plane parallel to the z-axis is then: 

ca*Vw 

J=o, = —— 

: 3yu, 
where c is the local concentration of bubbles, and v, is the 
kinematic viscosity of the liquid. At steady state this flux can 
be equated to the flux due to the bubble concentration gradient: 


(37) 


de 
J=uJ'= —D,— (38) 
dy 
where D, is the local bubble diffusivity. From Equations (37) 
and (38) we obtain: 


Dy de 


ae 
ce dy 


3pu, 

Hopefully, we may extend the Reynolds analogy to include the 
diffusion of bubbles. Many semiempirical formulations for mo- 
mentum diffusivity in turbulent liquids are available; but in 
view of the uncertainty of the analogy, the simplest expression, 
due to Prandtl, seems preferable 


(39) 


| 
€ = xty? \duz| 


| dy | sc 


where « is a universal constant and ¢€ is the eddy diffusivity for 
momentum. If it is allowable to assume that 


e=D, (41) 


dine dina Au, 


42 
dy dy y? (#2) 


where 


a? 


Ao —— 
3x*Wu, 


In the turbulent core, Equation (40) gives 


rt Ky? ( : 
pK'y dy 


where 7 is the shear stress and p is the two-phase density. If 
T/p is assumed to be constant, this gives the well-known logarith- 
mic velocity law: 


(44) 


R 


In — 


(45) 


where R is the pipe radius. Combining Equations (42) and (45) 
we obtain 


dina 
Pag (46) 


A ifr 
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ro obtain some idea of the shape of the curves predicted by 
Equation (47 


xk=0.4; » =1; 


ind a/R = 


, We assume some typical values of the parameters: 
R =0.5in.; v, = 0.17 ft?/sec; u,, = 3 ft/sec; 
0.111, 0.348, and 0.490. The Reynolds analogy 


gives 


f 


1; wh} Bea sa 


where f, the friction factor, is found to be 0.005 for the assumed 
values of the parameters. The resulting curves are shown in Fig 
12. It is seen that the distribution curve is very strongly de- 
pendent on a/R, the ratio of the mean bubble radius to the pipe 
radius. A logarithmic plot (Fig. 13) of the same curves shows that 
they are reasonably well approximated by straight lines, sub- 
stantiating the power-law assumption given by Equation (2). 
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Transient Temperatures and Thermal 
Stresses in Hollow Cylinders Due 
to Heat Generation 


A general solution for the transient temperatures and thermal stress is obtained for a 
right circular cylinder with internal heat generation varying exponentially with the 
radius by use of Hankel transforms. Curves for the maximum thermal stresses are 
presented for diameter ratios up to 1.2 and for a variety of internal heat-generation rates 
for internal heat-generation transients with both cylinder walls maintained at zero refer- 
ence temperature at all times 


Introduction 


PERATION of nuclear reactors produces radiation 
principally in the form of neutrons and gamma rays, which upon 
collision with the materials in the vicinity of the reactor lose 
energy giving rise to heat in the material at the point of collision 
This internal radiation heating induces thermal stresses, and 
these thermal] stresses are especially serious in the structural mem- 
bers nearest to the nuclear reactor, the core barrel, thermal 
shields, and pressure vessel. 

Steady-state thermal-stress analysis with a decaying exponen- 
tial radial variation with axial symmetry was presented by 
Sonnemann and Davis [1]* and with angular variation by Kraus 
and Sonnemann [2]. Transient thermal stresses in reactor pres- 
sure vessels with constant internal heat-generation rate were 
evaluated in a paper by Heisler [3]. 


Statement of the Problem 

This paper determines the transient temperature and the tan- 
gential, radial, and axial stress distributions in a long, hollow 
circular cylinder with internal heat generation. The radially de- 
pendent internal heat generation is a decaying exponential func- 
tion and represents the energy-loss characteristics of nuclear- 

1 Based on a thesis submitted by J. E. Schmidt to the Graduate 
Faculty of the Schools of Engineering and Mines, University of 
Pittsburgh, in partial fulfillment of the requirements for the degree of 
Master of Science in Mechanical Engineering. 

? Numbers in brackets designate References at end of paper 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MecHaNnicaL ENGINEERS 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 21, 
1959. Paper No. 59—A-144. 


Nomenclature 


reactor radiations. To restrict the problem to one dimension, 
no variations axially or azimuthally will be considered in this 
internal heat generation. Furthermore, to make the problem 
tractable, the material properties will be assumed temperature in- 
dependent and the material will be treated as being elastic, iso- 
tropic, and homogeneous. In addition, the analysis will utilize 
the plane-strain assumption, thereby restricting the validity of the 
results to regions far removed from the ends of the cylinder. 


Steps in Obtaining Solution 


After nondimensionalizing the transient heat-conduction equa- 
tion applicable to the cylinder with internal heat generation, this 
equation is operated upon by a finite Hankel transform. The re- 
sulting linear differential equation is then integrated to yield the 
steady-state and transient transformed temperatures. Inversion 
of the integrated equation yields the nondimensionalized tem- 
perature. 

Stresses are computed from these temperature distributions by 
integrating the thermal-stress equations. / 


Solution of the Temperature Problem 

For the cylinder in the presence of internal heat generation and 

with radial and axial symmetry, the heat-conduction equation is: 
oXAT) 1 AAT) 1 OAT) Hr, t) 


- 1 
or? r Or a, ot k ) 


Expressing the internal heat-generation rate H,(r, t) by 
Ht) = f(he~8°-® = Gf(r)e~ 8" -® (2) 
with G, defined later, and introducing the same nondimensional 


quantities as in the previous paper [1, 2] yields for Equation (1). 


*See Nomenclature for definition of symbols. 





inner radius of cylinder, in. 

outer radius of cylinder, in. 

1/y times kernel of Hankel trans- 
form 

modulus of elasticity, lb/in.* 

finite Hankel transform of f(r) 

finite Hankel transform of g(y) 


ma? 
—— = modified heat generation 
a 


at inner surface, Btu/sec/in.* 
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internal heat-generation rate at 
inner surface, Btu/sec/in.* 

Bessel function of order zero, 
first and second kind 

thermal conductivity, Btu/sec/ 
in/deg F 

nth root of transcendental equa- 
tion 

radius of a point in cylinder wall, 
in. 


time, sec 

temperature difference, deg F 

time and position independent 
term in nondimensional tem- 
perature equations 

r/a = nondimensional radius to 
a point in the wall divided by 
the inner radius of the cylin- 
der 


(Continued on nezt page) 
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Solution of Equation (3) is obtained by using the finite Hankel 
transform defined by [4] 


yo 
iP,) = f gyyBip,ydy, (l<y< wp), (4) 
1 


BAP.) = JA Pay) Yo(P,) — Yo(p,y)J (Pn), (5) 


and the parameter p» for each value of n is the root of the equa- 
tion 


JA Pav) YAPn) = Jo Pa) Yo Pave) (6) 


Applying the transform to Equation (3) results in the linear first- 
order differential equation in the time variable 


42 JP.) 0 \ 
6. (7) —SE — 0.(r) |— vp... 
lr g ' JA Paye) i] PaiKPn sd | 


an 


- = Ge) = —Bi (rip) (7) 


in which (2(p,, 0 is the transformed temperature and 
- yo 
I(p,) = f ye *\Y~ DBA py) dy. (8) 
1 


Rearrangement of Equation (7) leads to the differential equation 


3p - 
Pat + PuXUPy 7) = QC) (9) 


Ido) 


(rT) = By f(r) fl pa) [2 
Or (rfp + 7) TAP .y) 


- oie) | (10) 
for which the solution is [5] 
YX p,, T) = e~ "7 f Q(r)e?""* dr + ce~™'** (11) 
0 
With the inversion formula for the finite Hankel transform [6] 
my _PaVeNpasn) _ 


— B .) (12) 
2 S JoXPa.) — JoX Pao) dps) Kp 


Equation (13) becomes the solution for the nondimensionalized 
temperature 
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. n'Jo nyo “Ta 
Hy, 7) = = Sy p Petra) — Bip.y)XPy 7). (13) 
Pra 


JX Pa) — Jo Pqyo) 
The boundary and initial conditions are taken as 
Ka, 7) = Oa(r) 
Hb, r) = Of) 
and 
Hy, 0) = 0 


so that the nondimensional temperature distribution becomes, 
after substituting for 2 (p,, 7), 


™ Pa?d oP .Yo) 
Hy, 7) - > i 





B 
(p,) _ Jo Dayo) Pav) 


2 a 
x [ + — aed | 6,(7) IAP») eP="* dr 
™ 0 JA P.Yo) 


9 . 
——e~m" f 0(r)e™""dr 
bad 0 


+ e~™""p,)B,2 [mera] (14) 
0 


Yo 
Kir.) -f e(¥—1) yBolp,y)dy, (15) 
1 


This nondimensional temperature consists of three separable 
components; namely, the inner wall temperature transient 0,(7), 
the outer wall transient 6,(7), and the internal heat generation 
transient f(r). As a consequence of the linearity of the differen- 
tial equation, any physical transient can be obtained by a 
suitable superposition of linear functions of time. 

In general, then 


f() = ml 


or nondimensionalizing time 
ma* 
{0 = [=] tT=G¢r 


0 
G T (16) 


‘ 


Thus taking 
f(r) = 


allows a simple relation in r with G,; containing both the time 
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b/a = outer radius divided by in- 
ner radius 

time-dependent term in non- 
dimensional temperature 
equations 

coefficient of thermal expansion, 
in/in/deg F 

thermal diffusivity, in*/sec 

Ba = dimensionless logarithmic 
decrement 

i(y* — 1)/y*)/ Cy? — 1)/yo*) = 
coefficients in stress equations 
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K(y® + 1)/y*1/{(ye® — 1)/m*) = 
coefficients in stress equations 
(1/yo?) — 1 = coefficients in 
stress equations 
2 


AT — = dimensionless tem- 
1 


perature difference 

dimensionless temperature of 
inner wall 

dimensionless temperature of 
outer wall 

weighted average temperature 
difference 


EaG; (rT) di — 

(i — »kB = dimensional con- 
version factor, lb/in.? 

Poisson’s ratio 

o,/X = dimensionless radial 
stress 

o,/\ = dimensionless axial 
stress 

o,/ = dimensionless tangential 
stress 

(a/a*)t = Fourier modulus 

finite Hankel transform of non- 
dimensional temperature 
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conversion and functional rotation. Consequently, it is possible 
to write for any of the transient occurrences, which may take place 
either separately or simultaneously, 


f(r) =f 
6(r) =T 
(rT) =T 


To further simplify the subsequent numerical integration, the 
Bessel functions appearing in the solution of the nondimensional 
temperature are approximated by the asymptotic expansions 
since the zeros of Equation (6), for diameter ratios yo lying in the 
range of 1.0 to 1.2, are sufficiently large to permit this expansion 
[7]. Introducing the asymptotic expansions 

7 ) 

re) 


— 
Jip.y) = V2. cos (pas - 


| 2 x ° 
j—— sin | P,y — — }, (19 
T Py 4, 


as well as linear relations for the temperature transients into 
Equation (13), leads, after some simplification, to the three tem- 
perature transients: 


Yol P.y) = 


Internal Heat Generation 
sin p,(y — 1) ] 
9x, (y,T) = X(p,)Y T [ se — |UY,)! 
> Px) ¥ (Pa, T) Vy | 
Inner Wall Temperature 
sin p(y — 1 
6.(y, 7) = >» X(p,) ¥(p,, T) ee eat | {-98,(1, 1 
Pa vy 
Outer Wall Temperature 


si (y-1 
Oy, 7) = 7: X(p,) Y(p, T) bee 
Pa 


Vy 

gee ul | 
Vv Yo cos Pa _— 4 
T 
4 


X | Oy, 1) —— ig 3 


cos (rau - 


with 


PT — 1 + e~?"" 


Y(p,, T) = < 


Solution of the Stress Problem 


Thermal stress induced in the long hollow circular resulting 
from the radial temperature distributions given in Equations 
(20) to (22) are evaluated from [8]: 


re a b r 
: a = =f Trdr — f Tir) 
Lower \P—- & J, 3 
r? + q? b r 
f= f Trdr + f Trdr — 1) 
b&b — at J, a 
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(27) 


b 
f Trdr — r) 
a 


Rearrangement of these equations into a dimensionless form 
results in 


Tp = G,/X = [—O(y) — £,0(y)] 
Or = o,/X = [y) + F:0( ye) — 8] 


(28) 
(29) 


o, = 0,/r = [{O(y) — 9] (30) 


with the weighted average temperature difference 


1 a 
Ay) = — f Oydy 
y Ji 


and the other symbols defined in the Nomenclature. 

For each of the three temperature transient problems discussed 
so far, it is the weighted average temperature which is required in 
the analysis. Substitution of the requisite temperature equations 
into Equation (31) gives rise to:* 


(31) 


For the internal heat generation transient, 


Ouly ) = > X(p,) ¥(p,.,7) (paps); 
Pa 


(32) 
For the inner wall temperature transient, 


Oy, 7) = — >> X(p)¥ (Pw PUP.v)OA1, 1); 


Ps 


(33) 


For the outer wall temperature transient, 
Ofy, 7) = > [X(P.) ¥ (Pas 7) py) yo, 1)] 
Pa 


/ ( ™ 
Vy 008 | P, — — 


us 
cos (pax - *) 


1 one 
I(p,y) = -= f Vv y sinp,(y — l)dy 
y Jy : 


x 


General Nondimensional Solution and Curves 


Evaluation of the nondimensional transient thermal stresses for 
various values of the rameters yo (ratio of outer to inner 
radius) and §,; (nondimensional decay constant) can be under- 
taken through the equations developed in the preceding para- 
graphs. Only response characteristics, i.e., transient temperatures 
and stresses, induced by a transient power internal heat genera- 
tion excursion, were evaluated with both wall temperatures 
maintained at zero reference temperature. Though the other 
transient cases are of great interest, the magnitude of the com- 
putation prevented their evaluation particularly since this effort 
was an unsponsored activity and all computations were made 
possible through the kind co-operation of Mr. W. B. Kehl, Direc- 
tor, University of Pittsburgh Computation Center. These tem- 
peratures and thermal stresses were evaluated from the appro- 
priate equations by means of the IBM 650 digital computer. 

Only the maximum circumferential stresses occurring at the 
inner boundary, as shown in Fig. 1, which is a representative 


* Integration prior to insertion of the asymptotic expansion for the 
Bessel functions is possible but was not done. Check of accuracy of 
solution with reference [1] for steady-state stress values shows that 
no additional error is incurred by the procedure employed in the 
paper. 
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NON- DIMENSIONAL RADIAL POSITION y= —= 
Fig. 1 


wall for several values of dimensionless time (7) 
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Fig. 2 Response curves for the maxi tangential stress in hollow 
cylinders having radial exponential internal heat generation with the 
nondimensional logarithmic decrement 3, as a parameter 
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Dimensionless tangential stress distribution (c -) through cylinder 
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cylinders having radial exponential internal heat generation with the 
nondimensional logarithmic decrement 8, as a parameter 
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Transactions of the ASME 





OAMETER RATIO (Yo* Sy: ' 


A 


TANGENT 





DIME N'SIONAL IZEC 


NON 


40 79 60 


(r-—S-) 104 —> 


NON - DIMENSIONAL ZED TIME 


Fig. 5 Response curves for the maximum tangential stress in hollow 
cylinders having radial exponential internal heat generation with the 
nondimensional logarithmic decrement 6, as a parameter 


sample, are of interest since the radial stress is zero at the inner 
boundary in the absence of pressure stresses. Each of the curves 
in Figs. 2 through 7 is for a given diameter ratio and presents the 
maximum stress as a function of the time (nondimensionalized 
with the logarithmic decrement as parameter. These curves cat 
be used to predict the thermal stress caused by any arbitrary 
power excursion, as is shown in Appendix A, provided the bound- 
ary conditions are met. 


Results and Conclusions 


Rapid calculation of the transient thermal stresses in long 
hollow cylinders experiencing a power transient due to radiation 
heating changes has been made possible by means of the graphs 
presented and these should facilitate establishment of limits on 
operating power transients in nuclear reactor power plants 

These curves of the nondimensional tangential stress due to a 
linearly increasing internal heat generation rate were obtained 
for the boundary condition of zero surface reference temperatures 
at all times of the transient. Superposition of this solution per- 
mits analysis for arbitrary start-up and operating stress transients 
in thermal shields. In the true start-up problem, the convective 
behavior at the inner surface of the pressure vessel would have to 
be accounted for as well as the large gradient of temperature 
which can occur in a rapid start-up. For this reason care must 
be exercised in the application of this paper and the interpretation 
of results. 

For all the parameter variations considered, excellent agree- 
ment was obtained with the steady-state calculations for the 
tangential stresses presented by Sonnemann and Davis [1] 
Additional data can be obtained by using a Wolontis code 
[9] for the IBM-650 which has been written for the tempera- 
tures and tangential stresses [10]. Presently, work is in progress 
to evaluate the transient stresses when the convective character 
at the boundary is accounted for during the thermal transient. 
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APPENDIX 
Sample Problem 


The problem is to calculate the maximum thermal stresses for 
a cylinder having the following properties: 


Inner radius, a = 50 in. 

Outer radius, b = 60 in. 

Logarithmic decrement, 8 = 0.40 in.~! 

Coefficient of thermal expansion, a = 0.07 X 10~‘ in/in/deg F 
Thermal diffusivity, a, = 0.007 in?/sec 

Modulus of elasticity, E = 30 « 10° lb/in.? 


Poisson’s ratio, vy = 0.3 


and undergoing an internal heat generation transient such that 
full power is linearly reached in 714 sec and then held constant, 
see Fig. 8(a). At full power, the internal heat generation rate 
Assume that both 
wall temperatures rise at same rate so that wall temperature 
transient does not enter problem. 


at the inner wall is 1 x 10~™ Btu/sec/in*. 


We first calculate y) and 8, to determine which response curve 
applies. In this case, 


to = b/a = 


60 
~ = 1.20 
50 


8, = B, = 0.40 X 50 = 20 


In Fig. 8(b), we reproduce the nondimensional stress response 
curve of Fig. 7. We further note that the nondimensionalized 
time equivalent to the time when full power is reached is 


(714)(0.007) 
2500 


T=a,i/a* = = 0.002 


Starting at r = 0.002, we subtract from the dotted response curve 
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Fig. 8(b) Sample tangential stress transient 
in Fig. 8(b); we subtract from this the same response curve with a 
dimensionless time delay (Ar) equal to 0.002. The result is the 
nondimensional tangential stress shown by the solid line in Fig. 
8(b). 

From this curve, the tangential stress one hour (r = 0.01) after 
the internal heat generation started is: 


ay = 1.51 X 10* K 0.00045 = 675 Ib/in*. 
Since 
ma? (H,/t)a? 


G. = -s —_— ss 


{((1 * 10-*)/(714)] (50)? 1 
; a, ad 


(0.007) 


EaG, (30 « 10®(7 x 10-*(1/2) 
~ (1 — v)kB? (1 — 0.3)(6 XK 107*)(0.40)? 





= 1.51 X 10° 


It should be observed that the relatively low stress in this 
problem is due to the original assumption that the wall. tem- 
peratures rise equally. 
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Interference-fit finned tubes depend for their heat-transfer capability upon a contact 
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pressure between fin and tube. The bond resistance under such conditions ts relatively 
small compared to the other resistances in the heat-flow path. At elevated temperatures, 
however, differential thermal expansion between fins and tubes completely relaxes the con- 
tact pressure and introduces an additional gap resistance; this may become a significant 


part of the total resistance to heat transfer. A theoretical method for predicting the gap 
resistance is derived in terms of the fin and tube dimensions, their physical properties, 
the fluid temperatures and heat-transfer coefficients, and the initial contact pressure. 
Test data on five finned-tube units representing embedded, tension-wound, and muff- 
type fins are given in graphical and tabular form. Very good agreement is found be- 
tween theory and test in two of the interference-fit units. The other two show only fair 


agreement, 


ane tubing for heat exchangers is 
made by many methods but tends to take two basic forms; i.e., one 
with parallel fins extending axially of the tube, the other with cir- 
cumferential fins consisting of spaced disks or helically wound 
ribbon. The former is adapted to fluid flow parallel to the tube 
axes, the latter to cross flow normal to the tube axes. Several 
examples of each form are shown in Fig. 1. Gardner and Gould 
{1 ]' have listed and discussed the various methods of manufacture 
of extended surface and some of their respective advantages and 
shortcomings. 

Briefly, the types of attachment between fins and tubes are: 


I Integral. 
II Mechanically embedded. 
Ill Welded, brazed, or soldered. 
IV Interference fit. 
V_ Mechanically embedded and brazed (II and III 
VI Tension wound and soldered (III and IV). 
VII Interference fit bimetal muff (I and IV). 


Examples of attachment types II, IV, V, and VII are shown in 


! Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
17, 1959. Paper No. 59—A-135. 


Nomenclature— 


magnified cross section in Figs. 2,3, 4, and 5. Each has its field 
of application within whose bounds it is completely suitable. 
The simple tension-wound finned tubes in Fig. 3, for example, 
have the advantage of freedom of choice of tube and fin materials 
separately, to suit fluid environments and still retain high fin con- 
ductivity. The same is true of the extruded muff type of bimetal 
tube shown in Fig. 5 which may have, for some environments, the 
added advantage of a protective covering over the core-tube sur- 
face. Both have the disadvantage, however, that certain com- 
binations of materials cannot retain the necessary compressive 
contact between fins and tubes at elevated temperatures. 

The integral type of fin—not shown as such, but essentially 
identical to the outer finned muff alone in Fig. 5—does not have 
the disadvantage of potential loss of fin-tube contact. However, 
when made of the most suitable high-conductivity metals, usually 
copper or aluminum, it is limited in application to suitable com- 
binations of fin-side and tube-side environments and to the 
moderate temperature ranges within which these materials retain 
their strength. 

The embedded type of finned tube, Fig. 2, has the same advan- 
tage as the integral type in that there can be no loss of fin-tube 
contact. It has the added advantage of combining high-conduc- 
tivity fin material with any desired high-strength, corrosion- 
resistant material suitable to the tube-side conditions. The type 
of finned tubing with embedded and brazed stainless-steel-clad 
copper fins shown in Fig. 4 was developed for extremely severe 
temperature and corrosion conditions. 

As stated before, each finned-tube type is perfectly suitable to 





empirical constant 
total outside surface of test unit, ft) 

sq ft b thermal 
base contact length per fin, in. 


stream, Btu/hr/sq ft/(deg F/ 


conductivity of en- 
trapped fluid, Btu/hr/sq ft/ 


heat transferred in test unit 
Btu/hr 


radius, in. 


arbitrary constants 

outside diameter of tube, in. 

outside diameter of fin, in. 

elastic modulus of fin, psi 

elastic modulus of tube, psi 

radial gap between fin and tube, 
in. 

air-mass velocity at minimum 
flow area, lb/sec/sq ft 

thermal conductivity of bulk air 
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(deg F/ft) 

thermal conductivity of fin ma- 
terial, Btu/hr/sq ft/(deg F/ft) 

dimensionless constant, equation 
(12) 

empirica! constant 

contact pressure between fin 
base and tube, psi 

contact pressure as fabricated 
between fin base and tube, psi 


contact resistance, (Btu/hr/sq 
ft/deg F)—! 

fin-metal resistance, (Btu/hr/sq 
ft/deg F)-* 

gap resistance, (Btu/hr/sq ft/ 
deg F)- 

initial gap resistance, (Btu/hr/ 
sq ft/deg F)~! 

(Continued on next page) 
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Fig. 1 Some typical forms of extended-surface tubing 


its own field of ipplication The boundaries are quite well de- 
fined from the standpoint of ability of the materials to withstand 
the pressure, temperature, or corrosive nature of the fluids in- 
volved. They are ill defined, however, from the standpoint of 
the maximum tolerable operating temperature level beyond which 


fin-to-tube contact pressure is completely relaxed, and from the 





Fig. 2 Magnified cross section of embedded type of fin-tube attachment 
in a sample taken from Unit A 


It is the object of this paper to evaluate, in as general a way as 
possible, the thermal-bond (or gap) resistance between fins and 
tubes in terms of known properties of the extended surface, and 
of the process conditions to which it is subjected 


Literature Survey 


The thermal-contact resistance between abutting metal sur- 
faces has been investigated by many authors for almost as many 
purposes. Effects of contact pressure, surface roughness, nature 
and pressure of entrapped fluid, and nature of materials have all 

I : Rrunot and Buckland [2] were interested in 


the influence on temperature rating of electrical equipment with 


laminated metal components. Weills and Ryder [3] were inter- 
ested in the heat dissipation from aircraft-engine cylinders 
Kouwenhoven and Potter [4] measured contact resistance be- 
tween artificially roughened steel surfaces over a wide range of 
contact pressures. Cetinkale and Fishenden [5] combined 
experimental work similar to that of Weills and Ryder with a 
fairly elaborate theory of contact resistance. Barzelay, Tong, 
and Holloway [6, 7] were concerned with the ability of aircraft 
structures to compensate for local aerodynamic heating by con- 
duction to less adversely affected areas. 


st indpoint of the penalty in loss of heat-transfer capacity which 


must be paid for trespass of this bound 
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Estimation of the over-all heat-transfer coefficient from liquid 





inside fluid film, plus dirt, plus 
tube-wall resistance, (Btu/hr 
aq it deg F 

inside fluid film, plus dirt resist- 
ince, (Btu/hr/sq ft/deg F)~ 

outside fluid film, plus dirt 
resistance, (Btu/hr/sq ft/deg 
I 

tube-wall-metal resistance, (Btu 
hr aq ft/deg F 

over-all heat-transfer resistance, 
Btu/hr/sq ft/deg F 

over-all heat-transfer resistance 
in absence of any gap resist- 
ance, (Btu/hr/sq ft/deg F)™ 

tube-wall thickness, in. 

fin-base thickness, in 

fin-metal temperature at radius 
r, deg F 
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fin and tube temperature as 
fabricated, deg F 

ambient fluid bulk temperature, 
deg F 


= fin-base temperature, deg F 


heating medium temperature, 
deg F 


= tube-wall temperature, deg F 


radial displacement at radius r, 
in. 


= radial displacement of fin base, in 


radial displacement of tube OD, 
in. 


= over-all heat-transfer coefficient, 


Btu/hr/sq ft/deg F 
thermal expansion coefficient of 
fin material, (deg F)~! 
thermal expansion coefficient of 
tube material, (deg F)~ 


mean temperature difference be- 
tween heating medium and 
ambient fluid, deg F 

radial displacement of fin base 
with respect to initial dis- 
placement, in. 

radial displacement of tube OD 
with respect to initial dis- 
placement, in. 

constant defined by equation 
(20), (psi)~? 


= Poisson ratio of fin material 


Poisson ratio of tube material 


= resistance parameter defined by 


equation (23), (Btu/hr/sq ft 
deg F)~! 
radial stress in fin, psi 
tangential stress in fin, psi 
fin efficiency 
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Fig.3 Magnified cross section of tension-wound type of fin-tube attach- 
ment in a sample taken from Unit B 


Fig. 4 Magnified cross section of an embedded brazed fin with copper 
core and stainless-steel cladding 


sodium to boiling water through contacting duplex tubes in an 
interleakage-proof apparatus described by Boni [8] led to theoreti- 
cal studies by Mehringer [9 
110) 


estimates of the bond resistance were made. 


, and experimental work by King and 
Andrews The over-all coefficients were determined and 

Young, et al. [11] reported on apparatus suitable for quality- 
control testing of the contact resistance in bimetal muff-type 
finned tubing. Values of the resistance were given for various 
metal combinations at low temperatures (180 to 220 F). 
the same apparatus 


Using 
11] and testing temperatures, Young and 
Katz [12] studied the effect of. thermal cycling to temperatures of 
350 and 600 F on the subsequent low-temperature bond resistance 
of bimetal finned tubing. 

Wheeler [13], while this paper was under preparation, reported 
on an investigation of the thermal-contact resistance between 
nuclear-reactor fuel elements and their cladding; six additional 
foreign references on this aspect of the problem were cited. 

The foregoing review is somewhat cursory simply because the 
work done, while of great merit for the purposes prompting it, has 
relatively little bearing on the subject of the present paper. In 
all cases, the metal surfaces remained in reasonably intimate con- 
tact and, except at very low contact pressures, the bond resist- 
ances between smooth surfaces were so low as to be negligible by 
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Fig. 5 Magnified cross section of muff type of finned tubing in a sample 
taken from Unit D 





-—H 
_— 


Fig. 6 Idealized interference-fit fin-to-tube junction of (A) the tension 
wound and (B) the muff type 





comparison to the other heat-transfer resistances normally 


Furthermore, tem- 
perature and contact pressure, in those cases where both were 


encountered in finned-tube applications. 
investigated, were treated as independent variables. 

It is the condition of effectively complete loss of intermetallic 
contact as a result of thermal relaxation of contact pressure that 
the authors discuss herein. The resultant gap resistance and its 
effect on over-all heat-transfer coefficients are the object of study. 
The only published work on this subject of which the authors have 
knowledge came about more or less by accident in London, Kays, 
and Johnson’s studies on compact heat-exchanger surfaces [14, 
15]. The observed contact resistance in a bimetal finned tube 
was treated, although inconclusively, in the discussion and closure 
of the latter reference. 


Theoretical Attack 


The mechanism of introduction of a thermal gap resistance be- 
tween fins and tubes of the types illustrated in Figs. 3 and 5, and 
idealized in Fig. 6, is qualitatively simple. In the first place the 
tubing as fabricated at or near room temperature has a high con- 
tact pressure, of the order of 5000 psi if properly made. The fins 
are normally made of aluminum, and the tube of steel or admi- 
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ralty metal so, as the operating temperature is increased, the fins 
tend to expand away from the tube wall because of their higher 
expansion coefficient. The tube wall, being in a state of radial 
compression, follows this expansion and maintains metal-to-metal 
contact although at decreasing pressure. In general, no signifi- 
cant contact resistance is introduced in this phase; it is present, 
and increasing, but negligible in comparison with the other 
resistances in the heat-transfer path. With further increase in 
tube-metal temperature, however, a point is reached where the 
contact pressure and intermetallic contacts are so reduced that 
heat flow must henceforth be through the entrapped fluid. Still 
further temperature increases open up the gap between fin base 
and tube wall with consequent increase of heat-flow-path length 
through the entrapped fluid; on the other hand, the fin then be- 
comes appreciably cooler than the tube wall and so tends, for a 
given temperature level, to stabilize at a gap somewhat less than 
would be computed on the basis of a common tube-wall-and-fin 
temperature. 

The 
gap resistance for the idealized junction shown in Fig. 6(a), 
referred to the fin surface, is given by 


The quantitative solution is also basically very simple. 


g( D* — d?*) 

r= 7 a (1) 

: 24k, db 
where g is the radial gap (assumed concentric) between fin base 
and tube wall, k, is the thermal conductivity of the entrapped 
fluid, and b is the base contact length per fin. This same expres- 
sion is adequate, though not exact, for the muff or footed type of 
fin, shown in Fig. 6(b), as long as the spacing between adjacent fins 
is approximately equal to the difference between the outside 
diameters of fin foot and tube. An expression for the gap g is to 
be found in the relations between radial displacement of the inside 
of an annular disk subjected to internal pressure and elevated 
temperature and the corresponding relations for the outer diame- 
ter of a tube subjected to external pressure. 
Goodier [16] give the former as 


Timoshenko and 
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where the equations give radial displacement, radial stress, and 
tangential stress at radius r, and C, and C; are integration con- 
stants. Stresses are considered positive if compressive, and dis- 
placement positive if directed away from the tube axis. The 
equations are valid only when the fin deformations are elastic. 

Since the radial stress vanishes at the fin edge (r = D/2), and 
equals the contact pressure p, at the fin base, the constants may 
be eliminated with the result that, for the fin base 


djp, | D'+da . 
2.8, Lp—-a ” 
8a, 
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The integral in equation (5) may be put in more familiar terms 
by noting that the fin efficiency is defined by 


us, = 
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Fin efficiencies for many types of extended surface are given by 
Gardner [17]. 

Under fabrication conditions 7’, = T, = 7',, and the initial con- 
tact pressure p,, prevails. The actual change in fin-base deforma- 
tion referred to fabrication conditions as a datum thus becomes 


du, = = Jars - T,) + KT —T.)) 


(Pe — Peo) [D* + a? 
+ Pe— Peo | +9, t (8) 
E, D* — d? 
Similar consideration on the tube, assuming uniform distribu- 
tion of the contact pressure over the tube wall,? result in 
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This may be verified from standard texts, e.g., Roark [18], bear- 
ing in mind that the fin-base contact pressure is to be multiplied 
by the ratio of fin-base thickness to fin pitch to obtain the effec- 
tive uniform external pressure. 

Since the fin-base temperature 7', and the tube-wall tempera- 
ture 7’, must be computed from known fluid temperatures in any 
event, it is preferable for subsequent use to reduce equations (8) 
and (9) to these terms. The over-all resistance to heat transfer is 





1 
RoG -R +", (10) 


r 
R& = — +7.° +7; (11) 
¢ 
R* is thus the over-all resistance which obtains under conditions 
where there is no observable gap resistance. The resistances 7, 
and r; contain not only the outside and inside fluid-film resistances 
but also the appropriate fouling resistances and, in the case of r,, 
the core-tube-metal resistance, all referred to the total outside 
surface. The term r,* is the bond resistance whose effect, in the 
reduction of most heat-transfer tests, cannot be segregated from 
that of r,. It is listed separately merely to call attention to the 
fact that the gap resistance r, subsequently computed from equa- 
tion (10) is low by the small uncertain value of r,*. 

Since the fin efficiency is normally high in finned-tube systems, 
an observation by Dusinberre [19] may be utilized to simplify 
equation (11) further. For fin efficiencies of the order of 0.8 or 
higher a very good approximation is given by 
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* This assumption is strictly valid only when the tube diameter, 


tube thickness, and fin spacing are so related that P < 0.43 Vt(d — 6), 
in which case the variation in radial displacement along the tube 
between fins is negligible. 
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where K is a constant depending only on the fin dimensions. 
Thus letting 
K(D — ¢)? 


fk A, 
“2 wm (r, + 17) 
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and R* = (r, + 7,* + 1; + 1%) 


Since the potential drops in a series circuit are directly propor- 
tional to the resistances, it follows that 
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With these substitutions, equations (8) and (9) become 
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a constant dependent only on fin and tube properties. Negative 
values of (Au, — Au,) are of course not permissible; only zero or 
positive values have significance. 

Contact Pressures and Radial Siresses. When (Au, — Au,) = 0, 
fins and tubes are in contact and the contact resistance is either 
negligibly small, or inextricably associated with r,. Equation 
(19) may then be rearranged to give 
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Negative values of p, do have significance for the integral, em- 
bedded, and bonded types of fin attachment. They represent the 
radial tensile stress in the fin base and in the bonding material 
and thus provide a quantitative measure of the ability of the bond 
to withstand the operating conditions. Negative values of p, for 
the interference-fit types of fin attachment mean only that a gap 
has opened between fin base and tube wall. 

Positive values of p, represent true contact pressures in all 
types of fin attachment. Values exceeding p,, (as may be 
brought about by certain temperature conditions) should be 
viewed with suspicion, however, since they may take the fin base 
or tube wall into a partially plastic condition. Equation (21), 
based on elastic theory, would therefore not apply. 

Nadai [20] shows, for an ideally plastic material, that incipient 
plasticity at the inner circumference of an annular disk is just 
reached when the internal pressure is 0.577 o,,, where o,, is the 
yield stress observed in a simple tensile test, and that a maximum 
pressure of 1,155 o,, is reached when a plastic zone is created out 
to 1.75d. It seems unlikely that a zone of such extent could be 
created, or maintained, in the thin high fins of commercial ex- 
tended-surface tubing. The maximum possible initial contact 
pressure, if fin-limited, is probably of the order of 0.67 o,,, which 
corresponds to a plastic zone boundary at 1.1d. 

Since the most commonly used fin materials—copper and 
aluminum—are highly susceptible to strain-hardening, there is 
considerable doubt as to the value of ¢,, produced by the finning 
process. There is no doubt, however, that no initial contact pres- 
sure higher than that computed for the dead soft annealed ma- 
terial can be relied upon if aluminum fins of nonheat-treatable 
alloys are subjected to temperatures over 400 F for appreciable 
lengths of time, or over 600 F even momentarily. These alloys 
revert to their annealed condition under such conditions. For 
the commercially used fin materials in the annealed condition, 
o,,; ranges from 5000 to 6000 psi. If there is any danger of over- 
temperature, however transient, it would therefore be unwise to 
assume p,, any higher than about 3500 psi for interference-fit fins. 

Coniaci or Gap Resistance. With the interference-fit type of 
finned tubing, positive values of (Au, — Au,) given by equation 
(19) are equal to the radial gap g of equation (1) and, under these 
circumstances p, = 0. The gap resistance is therefore given by 
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The exact solution for r, would involve a quadratic equation. 
In any practical application of finned tubing, however, r, must 
be a reasonably small fraction of R*. Equation (22) may then 
be linearized by writing 


ae | (: T 
(R*+r,) R* R* 
which involves a maximum error of only 6 per cent in those terms 


containing (R* + 1,) for values of r,/R* as high as 0.25. With 
this simplification, 
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It should be emphasized at this point that equations (22) and 
(22a) are based upon an idealized model in which: 


1 The tube fluid temperature is constant. 

2 The fin-side fluid temperature is constant. 

3 The fin base and tube wall are concentric. 

4 The contacting length per fin } is perfectly smooth and 
parallel to the tube wall. 

5 The influence of the fluid pressures is negligible as far as 
tube-wall deformations are concerned. 


None of these conditions is strictly true in practice, although 
each may be closely approximated. 

The first condition limits application of equation (22a) to 
increments of tube length in which the change in tube fluid 
temperature is small. This might be the entire tube length in con- 
densers, or only a few feet in liquid or gas coolers with long cooling 
ranges. 

The second condition is reasonably well met, for a single tube 
layer in which gap resistance exists, by defining (7, — T,) as the 
logarithmic mean value for that layer. With condensers where 
7, is constant over all tube layers and bigh enough to produce a 
gap resistance in all of them, the logarithmic mean temperature 
difference for 
(1, — Te). 
(T, T,) value when the local value is large enough at the 


the exchanger as a whole may be used for 


An attempt was made to estimate the effective mean 


ambient-fluid inlet to suppress any gap resistance in the inlet 
layers, but is reduced in subsequent layers to a level where such 
resistance may be introduced. Promising preliminary results 
were obtained, but not soon enough, or specific enough, for use in 
this paper. Little error seems to be involved, with condensers at 
least, in assuming that al/ rows are affected and that the over-all 
logarithmic mean temperature difference may be used. This does 
not necessarily hold for coolers, in which the outlet layers (down- 
stream) are presented with coolant from progressively hotter 
layers 

The third (concentricity ) condition is shown in the Appendix to 
be of relatively little consequence. The tendency to reduce the 
value of p and hence, to a lesser extent, of r, amounts only to a few 
per cent when averaged over all possible values of the eccentricity. 

It is also shown in the Appendix that the fourth condition 
unevenness over the contact length—may have a very drastic 
effect on the gap resistance, 

The fifth condition—influence of tube and ambient fluid pres- 
sures—may be dealt with to a good approximation by adding 0.85 
{1 1.6(t/d)\(P/t,)p,; to the initial contact pressure in equations 
(22) and (22a), et seq. It is likely that this is a refinement be- 
yond the accuracy of the equations, however. 

Finally, for the sake of completeness, a case is treated which is 
forsworn by all manufacturers but which may come about through 
abuse of an initially satisfactory product; namely, the case in 
which the initial contact pressure is completely lost and replaced 
instead by an initial gap resistance. The equations analogous to 
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equations (22) and (22a) become 
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It can be seen, by comparison of terms in equations (22a) and 
(24a), that (r,,/p) is directly comparable to (—yp,,), and vice 
versa. 


Experimental Apparatus and Procedure 


The apparatus used to provide heat-transfer data for this study 
is shown in Fig. 7. A centrifugal blower forced atmospheric air 
through a beater section, a calming duct section, the test unit, and 
finally through an ASME long radius-low ratio nozzle. Con- 
densing steam was used as the heating medium inside the tubes. 
The steam entered the top of the unit shown, condensed on the 
inside of the finned tubes, and was subcooled prior to weighing. 
A seal pot was interposed between the test unit and the sub- 
cooler. The entire test circuit was insulated thoroughly on both 
steam and air sides. 

Five such units were 
In all cases the test 
core consisted of four layers of finned tubes in the direction of air 
flow, with tubes staggered in alternate layers, and with a square 
face area 21 in. to the side. Significant dimensions of the test 
Air stops were used in the open end 
of each layer to minimize edge effects. Materials were carbon 
steel for the tubes and aluminum for the fins. 


One typical test unit is shown in Fig. 8. 
tested in the course of this investigation. 


cores are listed in Table 1. 


A sample of each 
type of finned tube was chosen at random to secure magnified 
cross sections of the fin-to-tube attachment, as shown in Figs. 2, 
3, 5, 9, and 10. 

All of the units investigated were tested under as nearly iden- 
tical conditions as possible. The first group of runs was made 
with five air-mass velocities ranging from 0.6 to 3.0 lb/sec/sq ft 
while maintaining the steam temperature constant at 225 F and 
the inlet air at approximately 110 F. The second, third, and 
fourth groups were run in the same manner except that the steam 
temperatures were held at 260, 315, and 380 F, respectively. It 
should be noted that the air-outlet temperature (and hence the 
average) decreased with increasing air velocity in these runs. 
The fifth group of runs was made holding the steam temperature 
constant at 380 F as in the fourth group, but with the air-outlet 
temperature held at 330 FP. 
the average air temperature increased with increasing air velocity. 


Under these conditions, of course, 


Data were recorded at five minute intervals for a minimum of 
three readings after steady state was achieved. For purposes of 
these tests the criterion of “steady state’’ was considered to be 
absence of any variations exceeding 1 deg F in any of the terminal 
temperatures for a period of ten minutes. No data leading to 
heat-balance discrepancies greater than 5 per cent were cen- 
sidered worth further analysis. 

The over-all heat-transfer coefficients were calculated from 


U, = Q/A,Aty 


where the subscript o indicates the total outside surface as the 
Although equation (14) lumps tube-fluid film 
and tube-wall resistances together for simplicity in presentation, 
the data must be analyzed on the basis of the following relation: 


reference surface. 


A,At, 
Q 


R =(r,t+r.* +r.) +7, +7)’ +1, (25) 


in which r,’ aad r,, are the aforesaid fluid and wall resistances, both 
referred to the total outside surface. 
The condensing steam film resistance 7,’ was evaluated in 


—‘ (24a) 
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Table 1 Test unit characteristics 

— — Unit* - 

B C 

Tube pitch in layer, in.. 2.375 2.3 
Spacing between layers, in... : 2.406 
Fin pitch, P, in.. : 2! ).125 
Fin OD, D, in. 2.236 2.264 
Muff OD, in. . ‘ 
Tube OD, d, in. 001 
Tube ID, d — 22, in. . 828 825 
Fin-tip thickness, in. j 009 
Fin-base thickness, ¢,, in. } O17 
Number of tubes 
Face area, sq ft 2.78 2.79 
Minimum free-flow area, sq ft l 38 
Total outside surface, sq ft. . 231.7 237 .5 
Characteristic » X 10° (Eq. 20).. ad 203 
Characteristic p @ 375 F (Hq. 23).4 6 254 


* Finned tubing was obtained from the following sources 
Units A, B—The Griscom-Russell Company, Massillon, Ohio. 
Unit C—The Hudson Engineering Corp., Houston, Tex. 
Units D, E—Wolverine Tube, Division of Calumet and Hecla, Inc., Detroit, Mich. The 
tubing for Unit E was in a developmental stage at the time it was obtained. 
* Mechanically embedded fins. 
© Tension-wound fins. 
4 The value of » varies inversely as the thermal conductivity of the entrapped fluid at the fin 
base temperature so these values apply only to runs of groups 4 and 5. 





Fig. 7 View of test apparatus used in this investigation 
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Fig. 8 A typical test unit finned-tube core 


Fig. 9 Magnified cross section of a fin-tube junction sample taken 
from Unit C 


wcordance with the Nusselt type equation recommended by 
McAdams [21]. 

The tube-wall resistance r, was calculated as for a bare tube 
und then multiplied by the ratio of total outside surface to bare- 
tube surface to make it applicable to the same reference surface as 
the other resistances. 


No fouling resistance was included. 


The fin resistance r, was evaluated from equation (13), using a 
K-value appropriate to the fin type under consideration; this 
value ranged from 0.5 to 0.67. 

The thermal conductivities used in the two foregoing resistances 
were 25 for carbon steel and 120 for aluminum. 

With R, r,’, r,, and r, known, the sum of the terms within paren- 
theses in equation (25) was obtained by difference. The resultant 
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Fig. 10 Magnified cross section of a fin-tube junction sample taken 
from Unit E 


sum of air film, gap, and/or bond resistances is shown as a func- 
tion of air-mass velocity by the symbols in Figs. 11(a-e), inclu- 
sive, for test units identified as Units A, B, C, D, and E, respec- 
tively, in Table 1. 


Discussion of Results 


The experimental results described in the foregoing section are 
susceptible to analysis for the gap resistance r, by simple subtrac- 
tion of the values of (r, + r,*) obtained for the low-temperature 
runs (i.e., those in which there was no trend to higher values with 
increasing temperature) from the values of (r, + r.* + 1,) 
obtained from the high-temperature runs at the same air-side 
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Table 2 Experimental and derived data on thermal-contact resistance 
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0.0065 


0.0215 
0.0232 
0.0171 
0.0147 
0.0122 


0.0317 
0.0345 
0.0332 
0.0314 
0.0317 3562 





Values computed from true quadratic solution of equation 22, not linear approximation of equation 22A. 


mass velocity, making the appropriate correction for air thermal 
conductivity. For this latter purpose, all low-temperature data 
for a given test unit were given a least-mean-square fit to an 
equation of the form 

a 
G"ki-* 
The value of (r, + 7,*) for the actual mass velocity and thermal 
conductivity of each high-temperature test point was calculated 
from this equation, and r, obtained by difference. Values of r, 
thus computed are shown in column 7 in Table 2. 

The simple form of equation (26) is justified by the fact that 
both specific heat and Prandtl number of air are essentially con- 
stant throughout the temperature range investigated. Maximum 
deviations were small, ranging from +1.1 and —1.8 per cent for 
Unit E to +3.9 and —4.5 per cent for Unit D. The absence of 
any significant temperature-dependent bond resistance in these 
basic values is thus confirmed. 


(r, +r,*) = 


(26) 
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Bond Resistance. In view of the higher resistances observed in 
Units B and C as compared to Unit A, even in the low-temperature 
runs, it is tempting to conclude that the difference represents the 
bond resistance r,* inherent in the tension-wound and muff types 
of finned-tube construction. (Units D and E were not sufficiently 
similar in geometry to Unit A to warrant any such conclusion.) 
Values of approximately 0.01 for tension-wound and 0.015 for 
muff-type fins would thus be indicated; referred to the surfaces at 
which they occur, rather than the outside surface, these resistances 
would be 0.00008 and 0.0009, respectively. There are sufficient 
differences in detail, however—surface roughness, straightness of 
fins, and so on—to suggest that it would be unwise to ascribe all 
of the observed difference to bond resistance; some of it is no 
doubt due to slight variances in air-film resistance. 

With the actual gap resistances known, it is possible to apply a 
rather severe test to the theoretical equation. The solution of 
equation (22) for the initial contact pressure is 
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Fig. 11 
the sum of film, bond, and gap resistances 
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should be influenced by the test 
conditions since they depend only on fabrication conditions. 
Therefore, regardless of the conditions under which the tests were 
run, the value of the initial contact pressure from equation (27) 
should be the same for a given tube bundle. (This statement must 
be qualified if 7’, > 400 F, in view of possible annealing, or if the 
tube-side pressure is large enough to contribute appreciably to 
the computed contact pressure.) and 7’, all 
varied considerably in the tests, the constancy of p,, should be a 


R* + 


Obviously, neither 7, nor p, 


Since 7',, r,, ~ 
sensitive indication of the validity of the equations derived in the 
theoretical section. 

Contact Pressure. Computed values of the initial contact pres- 
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————- =~ QUADRATIC SOLUTION 
SEE TABLE | FOR DESCRIPTION OF UNITS 


Experimental results taken on Units, A, B, C, D, and E compared with theoretical prediction of 


sure are shown in column 8 in Table 2. These were all based on 
an expansion coefficient of 6.7 X 10~* for steel and 13.5 K 10~* 
for aluminum and, in the same order, elastic moduli of 29.5 X 
10° and 10.1 X 10%. No correction for tube-side pressure was 
applied; if it had been, the pressures would all tend to be lower 
by about 200 psi for the runs of group 3, and about 500 psi for 
groups 4 and 5. 

Quite satisfactory constancy is shown for Units B and E, al- 
though group E5 differs somewhat from groups E3 and E4; the 
variation within each group is slight, except for group B3 in 
which it is thought the last two runs had only partial gap resist- 
ance. Units C and D, however, exhibit systematic trends within 
each group of runs which indicate that either the theoretical 
equations, or the data put into them, leave something to be de- 
sired. In view of the satisfactory results obtained on Unit B, 
whose tension-wound fins closely approach the idealized attach- 
ment in Fig. 6(a), the authors believe these trends may be due to 
neglect of the contribution of the basic muff wall to the initial 
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contact pressure for Units C, D, and E. As can be seen from 
Fig. 10, Unit E had rather incomplete contact between muff and 
tube wall; this may account for the fact that it behaved more 
like Unit B than the other two finned-muff units; the manufac- 
turers of this tubing advise that this particular size was in a 
developmental] stage at the time it was obtained. 

Gap Resistance. The fact that there is less than perfect agree- 
ment with theory, as far as the constancy of p,, is concerned, de- 
tracts little from the utility of the basic equations. Using the 
arithmetic average of all the p,,-values given in column 8 in 
Table 2 for each unit, r, was calculated for each run from equa- 
tion (22a). The results are tabulated in column 9 and may be 
compared to the experimental values in column 7, Some of the 
discrepancy, particularly at large r,, is attributable to the error 
in the linear approximation to a quadratic solution inherent in 
equation (22a); this equation is not accurate when r, is of the 
same order of magnittde as r,. 
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The quantity of chief interest to the 
designer of finned-tube heat exchangers is the sum (r, + r,* + 
1,)—-the accuracy of any component of this sum is of academic 
interest, but the accuracy of the sum itself is of primary impor- 
tance to reliable rating. Column 10 in Table 2 shows the calcu- 
lated values of this quantity as obtained by adding the computed 
gap resistance of column 9 to the values of (r, + r,*) from column 
6. These are to be compared to the observed quantities in 
column 5. The percentage error in the calculated values of 
(r, +17,* +1,) is given in the last column in Table 2. The com- 
parison of actual data with semitheoretical prediction is also 
shown graphically in Figs. 11(6-e), where the dashed lines repre- 
sent the locus of computed points from Table 2. (“Semitheo- 
retical’ is used because the applicable initial contact pressure is 
itself determined from the heat-transfer tests. However, any 
one reliable data point could have provided this value, or it could 
have been determined by nonheat-transfer methods. ) 

In general the agreement between theory and observation is 
good. One feature in Figs. 11(b) and 11(e) which may be 
puzzling at first glance is the difference in slope of the data points 
of group 5, as compared to those of groups 3and4. The explana- 
tion is, as mentioned before, that the average air temperature is 
decreasing with increasing air velocity in groups 3 and 4; the fin 
temperatures therefore decrease from left to right and the gap 
between fin and tube closes. With the group 5 runs, on the other 
hand, the average air temperature increases with increasing air 
velocity and the tendency is for the gap to open. The theoretical 
equations predict this behavior quite satisfactorily. The chain- 
dashed line in Fig. 11(b) represents the true quadratic solution to 
equation (22) for the group 5 runs, thus providing for these ex- 
treme conditions a measure of the error in the linear approxima- 
tion, which is shown by the dashed lines. 

Better agreement with the group 5 data points might have been 
achieved by selecting the initial contact pressure derived from 
them alone as the actual value; predictions for other groups of 
runs would then have been somewhat conservative. It seems 
fair to conclude, then, that the prediction of the heat-transfer be- 
havior of finned tubing need not involve as extensive testing as 
that carried out by the authors. Two series of runs, one at low 
heating-medium temperature to establish a base line, the other at 
artificially high average air temperatures, should be sufficient to 
predict with considerable accuracy the effect of gap resistance for 
all other conditions by means of equation (22a). 


Summary 


The so-called “bond resistance’”’ of interference-fit finned tubes 
is of a relatively small order of magnitude in air-cooled heat- 
transfer equipment, although its measurement may have value as a 


quality-control device. The gap resistance of such tubes, how- 
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ever, may become a significant part of the total resistance to heat 
transfer when the service teu perature is sufficiently high to cause 
complete relaxation of any initial contact pressure by differential 
thermal expansion between fin and tube. Quantitative methods 
of calculating this initial contact pressure are suggested, equation 
(27), and from it, methods of computing the gap resistance as a 
function of the operating temperatures, materials, and dimen- 
sional characteristics of the finned tubing, equation (22a). Sup- 
porting data on five finned-tube bundles—one embedded, one 
tension wound, and three muff type—show reasonable agreement 
with the proposed equations, Fig. 11 and Table 2. Certain sys- 
tematic discrepancies in the muff type require further explana- 
tion, however. 
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APPENDIX 


The gap g between tube OD and fin base has been assumed 
uniform. It is actually given circumferentially by 
ge = g — €cos 0 (28) 


where the symbols are as defined in Fig. 12(a). 
resistance is therefore 
cos 0) 


€ 
Ta =T, ane 


The heat transfer per unit tube length thus becomes 
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= 0 G + (1 om cos ®) | 
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Assuming that all values of €/g from 0 to 1 are equally proba- 
ble, 


The local gap 
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As long as r, < R*, this is well represented by 


1 l ( Ve 
‘oon 0 ~ 6 \R* 4+ r, 


But, since r, should normally be held to less than 20 per cent of 
R*, the error in assuming concentricity is less than 3 per cent in 
r,, or 0.4 per cent in (R* + r,) 

When the gap g varies longitudinally of the tube it may take 
many forms. For purposes of example, let 
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Fig. 12 Definition sketch showing types of nonuniformity in fin-to-tube 
junction 


over a fraction f of the base contact length and g, = g over the 
remainder, as shown in Fig. 12(b). Then the heat transfer per 
base contact surface is 
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By comparison with equation (32), then, 


(R* + 1,) 
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The effective over-all heat-transfer coefficient may therefore be 
considerably less than the ideal value, depending on the extent of 
nominal contact length which is actually in initial contact. The 
effect. of incomplete contact on the gap resistance itself is, of 
course, much more drastic. 
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DISCUSSION 
D. Q. Kern’ 


The authors have contributed a paper which contains the 
excellent type of derivation we have come to expect of them. 
If the tubes they describe and the products in which they are 
assembled are to find an expanding market, an improvement of 
design procedures is required. By starting with the tube itself 
they have included timeliness as well. 

There should be little objection to the models employed by the 
authors in their derivations. While they are greatly simplified, 
it is important that they be committed to print so that refine- 
ments will follow as the need becomes apparent. The physical 
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differences between tension-wound fins and what are termed 
“muff-type’’ fins in the paper suggest an additional resolution of 
the models and I am certain the authors have already given 
consideration to it. 

The authors describe a method for interpreting tube tests and 
the results of such tests ‘are not necessarily identical with generali- 
zations relative to the various methods of manufacturing tubes. 
The matter of cost has not been included. The poorest tube 
might easily represent the greatest value depending upon its 
cost per square foot of effective surface. The paper does not 
qualify the tubes nor indicate when they were produced and 
whether any were pretested. Any manufacturing improvement, 
even a minor one it seems to me, could readily reverse the scorings 
of all of the bimetallic tubes. 

Tubes manufactured by any method when tools and dies were 
in a worn phase of their maintenance cycle might show up quite 
poorly since any absolute concept of uniformity appears im- 
practical in an industrial operation. It is not stated in the paper 
whether any of the units have statistical significance; that is, 
were the tubes assembled by random sampling from many 
production runs? We have no idea whatever of the history of 
the tubes obtained from the other manufacturers. 

It is noted that the authors did not indicate that any of the 
tubes had been manufactured to a particular preconceived level 
of bond resistance and so tested so that the experimental re- 
sults possessed a basis for comparison. The different types of 
tubes, it seems to me, principally provided an opportunity to 
test the theoretical procedures for the purpose of changing the 
hypothetical model on which the derivation is based. 

My comments have been solicited by the authors and I want to 
felicitate them on what they have accomplished. I hope no one, 
and least of all the authors, will think my discussion of the 
limitations of the experimental study exposes anything other than 
a few of the questions I find unanswered after several readings 


Ennis C. Smith‘ 


The paper discussed herein is represented by its authors to be a 
general theoretical approach to the determination of “‘the thermal 
bond (or gap) resistance between fins and tubes in terms of known 
properties of the extended surface, and of the process conditions 
to which it is subjected.’’ However, due to the multitude of 
unsupported statements in the paper, and to the procedure for 
seicction of test samples, the purpose of this paper appears more 
to be a subtle effort toward an evaluation of tubes of a specific 
manifacturer and of one other competitive type of tubing. 
In convideration of these comme*vial aspects it seems improper to 
submit this paper before a reputs le technical society. 

If complete objectivity of the tests, evaluation, and sample 
selection could be assumed, what then is the significance of the 
results upon selection of tubing for air-cooled heat exchangers 
for actual operating process conditions? Referring to Fig. 11 
of the discussed paper, the tension-wound fins in Unit B failed 
under fairly moderate conditions, and the tubes of Unit E were 
excused by the authors as being in the development stage. This 
reduces the scope of the paper to a comparison of tubes in Unit A, 
which are sponsored by the authors, with those in Units C and 
D, which are competitive products. Note that the tubes in Unit C 
through the Group 4 tests indicated no appreciable depreciation of 
bond, in fact, showed less deviation from a single line representing 
all the Group 1 through 4 tests than the tubes in Unit A. The 
inlet air temperature in Groups 1 through 4 was 110 F, which is 
reasonable, although higher than average for actual exchanger 
operating conditions. The authors found it necessary to arti- 
ficially elevate the temperature of the inlet air to 300 F before 

*Manager, Cooling Equipment Division, 
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appreciable bond deterioration resulted. Such an inlet air 
temperature is completely unrealistic. The Group 5 tests, 
therefore, bear no resemblance to a typical, or even a high tem- 
perature operating industrial air-cooled exchanger. 

In Fig. 13 of this discussion is a tabulation of 100 typical 
operating exchangers in refinery and chemical plant installations 
as a function of the inlet fluid temperature. Air and fin metal 
temperatures are always lower than inlet fluid temperatures. Note 
that 52 per cent of the services have inlet fluid temperatures be- 
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Fig. 13 Frequency of operating inlet temperatures to air-cooled ex- 
changers for typical oil refineries and chemical plants 


low 250 F, 86 per cent are below 350 F, and 95 per cent are 
below 450 F. If typical natural gasoline and pipeline compressor 
station services had been included in this tabulation, the average 
inlet fluid temperature of the group would have been considerably 
less. It is significant that the five services above 450 F had 
over-all heat-transfer rates averaging less than 20 Btu/hr/sq ft of 
bare surface/deg F. This would be expected, since most high 
temperature services are for cooling viscous fluids or low pressure 
gases. Performance of these units would show no effect of stress 
damage on a well-bonded tube, even if such damage occurred. 

It is most important that fin metal temperature is just as 
much a function of air temperature, air film coefficient, and hot 
fluid film coefficient as of the inlet fluid temperature. Fin metal 
temperature is also dependent upon resistance of the metals and 
upon fouling. The effect of these variables is illustrated by 
Figs 14 through 17, which are plots of temperature versus the 
percentage of heat exchanger surface affected. Temperat +s 
are given for hot fluid, liner tube outer surface, and air. Alumi- 
num fin temperature will fall between air temperature and liner 
outer wall temperature. This paper showed that there was no 
appreciable deterioration of bond in Unit C through the Group 4 
tests, and that the average fin temperature in this group was up 
to 290 F. Examination of Figs. 14, 15, and 16 given herein, which 
are typical for high temperature applications with inlet fluid 
temperatures up to 650 F, shows that an average fin temperature 
of 290 F was never reached. Compare these exchangers to the 
plot of the Group 5 tests of Unit C, in Fig. 17, where the fin metal 
exceeded 345 F. This high fin metal temperature, as compared to 
the other tests, resulted from the unnatural heating of the inlet 
air, producing a completely unrealistic operating condition. 

It can therefore be concluded that in only a negligibly small 
percentage of air-cooled heat-exchanger applications, are fin metal 
temperatures reached which would result in stress deterioration 
of the bond of a properly fabricated extruded finned tube. Even 
in those cases, only a negligible portion of the exchanger surface is 
affected. 

This conclusion is corroborated by the paper, “Design, Fabri- 
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cation, 
by F. J 
KAPL-1797 (1957), which is reference [9] in the discussed paper. 
This study, 
tubing having less difference in coefficient of expansion between 
inner and outer tubes than is typical for aluminum finned tubes 
having steel liners, was made on an evaporator having molten 
metal with an inlet temperature of approximately 900 F on the 
inside of the tubes and boiling water at approximately 460 F on 
outside. Operating flux varied from 100,000 to 150,000, which 
was due both to high temperature difference between the fluids 
and high over-all heat-transfer rates. Bond resistance at the 
bimetallic have a very damaging 
Quoting directly from this 


of the Duplex Heat Transfer Tube,”’ 
. 8. Atomic Commission Research Report 


reference although conducted upon bare duplex 


interface would therefore 


effect upon this type of service. 
article as follows: 

“The high stresses exist only for a small part of the duplex 
tube length. Any resultant yield of the duplex tube can only 
affect the thermal contact or gap resistance between the two 
tubes in this short length 
than '/; of the 


duplex tube 


The original gap resistance is less 
over-all thermal resistance of a well-fabricated 
It is therefore expected that even if yielding 
occurs in the duplex tubes, that effect on the over-all heat-trans- 
fer performance of the evaporator will be negligible.’’ 

We advocate further comparative tests on various representa- 
tive finned tube samples. The tests should include a measure of 
after accelerated weathering of the tubes, to 
prolonged effects of moisture, 


bond resistance 


show the salt water spray, and 


corrosive atmospheres on tube heat-transfer capability. The 
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tests should also include a measure of strength and sturdiness of 
the fins, to determine their durability when subjected to rough 
handling and severe operating conditions 


Authors’ Closure 


Both discussers have called attention to certain limitations in 
scope or range of applicability of the authors’ data and its 
analysis. Although no claims were made in the paper that these 
particular areas were under investigation, it is well to have it 
clearly understood that they were not. 

Dr. Kern raises several points that are well taken. The authors 
claim no statistical significance for their data, except to the extent 
that the minor variations in local quality encountered in any pro- 
duction run are averaged out over approximately forty feet of tub- 
ing in each test unit. It is quite true that manufacturing changes, 
whether process improvement or tool deterioration, might have 
produced different results. The authors prefer, however, not to 
consider such differences as changes in the “‘scorings’’ of the 
various tubes. The object of the paper was primarily to find 
whether the theoretical approach was adequate to explain ob- 
served phenomena, regardless of the source of tubes tested which, 
as Dr. Kern says, merely ‘“‘provided an opportunity to test the 
theoretical procedures. ... . . “ 

Mr. Smith also makes one point that is well taken among 
several that are not. It was pointed out in the paper, following 
equation (22), that the analysis applied only to local conditions 
and that temperature variation throughout an actual unit would 
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necessitate integration of these local values over all the surface. 
Mr. Smith’s Figs. 13 through 17, and the discussion pertaining to 
them, provide valuable amplification of this point as applied to 
air-cooled heat exchangers. 

As to “‘the multitude of unsupported statements in the paper,”’ 
careful rereading by the authors discovers no basis for such a 
remark, unless possibly a survey should have been conducted to 
support the statement that finned tubes with an initial gap re- 
sistance instead of an initial contact pressure are “‘forsworn by all 
manufacturers.”’ All other statements appear to have been 
suitably documented or qualified. 

The authors do not concur that “the tension-wound fins of 
Unit B failed under fairly moderate conditions,’ that any other 
unit failed at any condition, nor that the scope of the paper is 
reduced to a comparison of any two types of tubing. The point 
is that although all units, under extreme operating conditions, 
suffer a loss in their heat-transfer capability, the extent of this 
loss is predictable and may be used with considerable confidence 
in design. Any impropriety involved in testing an engineering 
theory on commercial equipment obtained from a variety of 
sources, and objectively reporting the results, is not apparent to 
the authors. The suggestion that there is any such impropriety 
is impertinent, in both senses of the word. 

Much of Mr. Smith’s discussion appears to be from the rather 
parochial viewpoint of finned tubing with the hot fluid inside the 
tubes and atmospheric air as coolant. It is true that the tem- 
perature conditions of the Group 5 runs “bear no resemblance to 
a typical, or even a high temperature operating industrial air- 
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cooled exchanger’’; neither do they resemble typical refrigerant 
condensers, flue gas heated economizers, or many others that 
might be mentioned. This is not odd, however, since the paper 
is not about any of these things; it is about the gap resistance in 
interference fit finned tubing, whereever it may occur, and does 
not profess otherwise. 

Although Mehringer’s work [9] may be apropos as a reference 
to the local nature of gap resistance in a sensible heat exchanging 
unit, it is not pertinent from the standpoint of the magnitude of 
such resistance, as Mr. Smith appears to suggest. Both tubes 
of the duplex tubing tested by Mehringer had identical expansion 
coefficients since they were of low chromium molybdenum steel, 
with the inner tube expanded into the outer for tight contact. 
Since the hot fluid was inside the inner tube, the tendency was 
for the contact pressure to increase under operating conditions— 
quite the reverse of the situation encountered in the authors’ 
aluminum on steel finned tubing tests. Any contact resistance 
originally present, then, would have decreased unless stress re- 
lieving at operating temperature or during some upward tem- 
perature excursion caused a relaxation of the contact pressure. 

It is therefore not appropriate to cite Mehringer in corrobora- 
tion of a conclusion which is in itself unwarranted, to the effect 
that only a negligibly small percentage of heat exchangers are 
susceptible to heat-transfer impairment due to annealing of the 
aluminum fin base. To consider any unit which is incapable of 
delivering specified capacity as ‘‘negligible’’ because it is only one 
of many satisfactory ones, is to take a rather carefree attitude 
toward the obligations of the design engineer. 
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Mass Transfer, Flow, and Heat Transfer 
About a Rotating Disk 


The effects of mass injection or removal at the surface of a rotating disk on heat transfer 
and on the flow field about the disk are studied. Consideration is given to gaseous 
systems which are composed of either one or two component gases. Solutions of the 
equations which govern the hydrodynamics, energy transfer, and mass diffusion have 


been obtained over the entire range from large suction velocities to large blowing veloct- 
ties. Results are given for the velocity, temperature, and mass-fraction distributions, 
as well as for the heat-transfer, mass-transfer, and torque requirements. The effects of 
the mass transfer are discussed in detail. It is shown thai fluid injection sharply de- 
creases the heat transfer at the surface. 


Introduction 


HE PIONEERING STUDY of fluid flows in which there 
is mass addition or mass removal at a bounding surface was car- 
ried out by Prandtl in 1904. His attention was directed toward 
control of the boundary layer on aerodynamic bodies, an end 
which can be achieved by sucking fluid away through slots in the 
surface. Investigation of the problem of boundary-layer suction 
has continued up to the present. Results of these suction studies 
may also be applied when the mass removal comes about due to 
freezing (i.e., icing) at the surface. 

In recent years, considerable interest has also been shown in 
mass addition to boundary-layer flows, especially in connection 
with the cooling of the turbine blades and the skins of high-speed 
aero-vehicles. Such a cooling process, frequently termed trans- 
piration, might utilize a porous surface through which a coolant, 
either a gas or liquid, is forced. In the case of a liquid cool- 
ant, evaporation would take place due to the hot boundary-layer 
gases, and the latent heat of vaporization would thus be utilized. 
In an alternate technique of transpiration cooling, the surface of 
the vehicle would be fabricated of a material which would evapo- 
rate and hence cool the boundary layer (ablation cooling). 

From this discussion, it is clear that an attack on the problem 
of fluid injection or removal involves consideration of the flow 
velocities, the heat transfer, and the mass transfer. For bound- 
ary-layer flows, a fundamental study of this type has been made 
by Hartnett and Eckert [1].1. As a logical first step, they ex- 

‘ Numbers in brackets designate References at end of paper. 
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Nomenclature 


amined the laminar boundary-layer equations for the case of an 
incompressible, two-component gas where the properties of the 
diffusing gas were identical to those of the free-stream fluid. The 
results of such an analysis can be applied to two-component sys- 
tems in which the properties of the separate components are not 
too different (and, of course, to one-component systems). But 
an even greater utility of such an analysis is that it indicates basic 
trends and behavior patterns. 


6 
Fig. 1 Physical model and co-ordinates 


In the present investigation, we turn to an altogether dif- 
ferent physical configuration. The system to be studied, shown 
schematically in Fig. 1, is a rotating disk immersed in a large 
body of otherwise quiescent fluid. Motions are induced within the 
fluid by the rotation of the disk. Mass transfer to, or from, 
the fluid may take place at the surface of the disk, either by direct 
injection or suction, or else by phase change. The rate of mass 
addition or removal is uniform at all points on the disk surface. 
Heat transfer may also take place due to a difference in tempera- 
ture between the ambient fluid and the surface of the disk. As a 
first step, we study this problem by using the same assumptions 
about fluid properties as has been mentioned in connection with 
reference [1]. The solutions and results thus obtained constitute 
a fundamental body of information which provides insight into 
behavior patterns and may also be of direct application to single- 
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dimensionless pressure defined 
by equation (9b) 

Prandtl number, v/a = c,u/k 

static pressure 

heat-transfer rate per unit 
area 

radial co-ordinate 

Schmidt number, v/D 

static temperature 

convective velocity compo- 
nents 

diffusive velocity components 

mass fraction, p,/p 


co-ordinate measuring dis- 
tance normal to disk sur- 
face 

thermal diffusivity 

thickness of viscous or ther- 
mal layers (see subscripts) 

dimensionless independent co- 
ordinate, (w/v)'/*z 

dimensionless temperature, 
(? — TAT, - Te) 

absolute viscosity 
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component or to two-component gases. Consideration will be 
given here to the entire range of mass transfers, extending from 
large suction through small suction and injection to large injec- 
tion. 

A modest beginning on this problem has been made by Stuart 
[2]. He confined his attentions to the effects of suction on the 
velocity distribution; heat and mass transfer were not con- 
sidered. Most of his work was directed to large suctions, with 
only a single case of moderate suction reported. No consideration 
was given to fluid injection. Other analytical work on the 
problem of laminar flow about a rotating disk, which may be of 
background interest, may be found in references [3-7]. 


Analysis 


The Governing Equations. The velocity, temperature, and diffu- 
sion fields around a rotating disk are governed by the basic con- 
servation principles: Momentum, energy, and mass; and it is 
these which form the starting point of our study. The momen- 
tum principle is represented by the three Navier-Stokes’ equa- 
tions, one for each co-ordinate direction; while energy con- 
servation provides a fourth equation. Fora multicomponent gas, 
conservation of mass must be satisfied by the separate components. 
When there are two components, as is the case in the present 
analysis, mass conservation is fully expressed by a continuity 
equation for the mixture and a diffusion equation for one com- 
ponent.?* 

The mathematical statement of the conservation laws appro- 
priate to an incompressible, constant-property, nondissipative 
flow may be written in cylindrical co-ordinates as follows: 
Momentum conservation 


dV, V,! 
(fF 2 ) - 


dV, 
p ( dt 


7. ae : 
Ps + pV’V, 


Energy conservation 


Mass conservation 
1 3 
— — ( 
r Or 
dW, 


= DY'*W. (6) 
a VW, f 


* This will guarantee that mass conservation is satisfied for the 
second component. 


Nomenciature— 


re) 
+V.> 


o* 1? 


a te Oe 
The symbols V,, V,, and V, represent the usual convective vel- 
ocity components. So, the first five equations remain the same 
whether or not the gas diffusing out of (or into) the wall is the 
same as the main-stream component. So, within the framework 
of the constant-property analysis, the velocity and temperature 
distributions are independent of the concentration field. Equa- 
tion (6) is called the diffusion equation. It governs the dis- 
tribution of the weight fraction W:, which is defined as the ratio 
of the partial density of component 1 to the total density. A 
similar definition applies to W:. Using the Gibbs-Dalton law, it 
follows that 


patp=p or Wit+W:=1 (7) 


In the derivation of equation (6), it has been assumed that the 
diffusion velocities are given by Fick’s law [1]; e-g., 
D OW, 
(%) = W, de’ (v.)s : tc. (8) 
In this analysis, we will assign the subscript 1 to identify the 
component diffusing through the wall, while 2 will represent the 
other component (which would most likely be air). 

The solution of the partial differential equations (1) through 
(6) would appear, at first glance, a too formidable task. Fer- 
tunately, we can draw on the experience of von Karman [3], who 
successfully solved the velocity problem for an impermeable disk 
rotating in a single-component, incompressible fluid. Karman 
used a similarity transform to reduce the partial differential equa- 
tions of his problem to ordinary differential equations, which are 
easier to solve. Utilizing his idea, we introduce the following new 
variables: 


(a) New independent variable 


(b) New dependent variables 


V V, 
F(n)=—, GQ) =—, 
Tw TW 


V, p 
H(n)=—, Pn) =— 


T-T. Wi, — Wi. 
Hn) = 5 Wr, 


T.-T..’ Pn) = 





J 
The similarity aspects of the transformation are linked to the 
supposition that (except for a simple stretching of V, and V,) the 
velocity, temperature, and concentration profiles do not change 
shape at different values of r. Also, the idea of angular symmetry 
has been invoked; i.e., 0/d¢ = 0. 





kinematic viscosity 

density 

shear-stress components at 
the disk surface 

dimensionless mass fraction, 
(Wi — Wie)/(Wie — Win) 

angular co-ordinate 
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w = angular velocity 


Subscripts 


component 1, diffusing gas 
component 2, main stream gas 
ambient conditions (z—> «) 
convective 


diffusive 

displacement 

refers to entering temperature of 
coolant 

momentum 

thermal 

conditions at surface (z = 0) 
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Under the transformation, the conservation equations (1) 
through (6) become 


F* = HF’ + F? — G@ 
G” = HG’ + 2FG 

P’ = H” — HH’ 

6” = (Pr)H@’ 

H’ = —2F 

®" = (Sc)H®’ 


(la) 
(2a) 
(3a) 
(4a) 
(5a) 
(6a) 


where Pr and Se, respectively, represent the Prandtl and Schmidt 
numbers. The primes denote differentiation with respect to 7. 
It may be worth noting that it has not been necessary to invoke 
the boundary-layer assumptions in deriving equations (la) 
through (6a). Although the transformation has provided a set of 
ordinary differential equations, a closed-form solution is still not 
within our grasp, and numerical techniques must be used. For 
computational convenience, it is desirable to eliminate F from 
equations (1a), (2a), and (5a), giving 

H'" = HH’ — (H')*/2 + 2G 


7” = HG’ — H'G 


(10) 
(11) 


Simultaneous solution of these will yield H and G. Then, with a 
solution for H at our disposal, equations (4a) and (6a) may be at- 
tacked. If Pr = Sc and if the boundary conditions coincide, then 
equations (4a) and (6a) have identical solutions. The pressure 
distribution is somewhat incidental to the problem and no further 
attention will be given to equation (3a). 

Boundary Conditions. The conservation equations give, within 
the framework of the simplifying assumptions, a complete descrip- 
tion of the physical occurrences within the fluid. But, to com- 
plete the statement of the problem, it still remains to specify the 
boundary conditions 

For the velocity problem, it will be supposed that the no-slip 
condition of viscous flow continues to apply at the surface of the 
disk. Further, the convective velocity V,, normal to the disk 
surface specifies the mass injection or withdrawal. Far from the 
disk surface, all fluid velocities must vanish aside from the induced 
axial component. 

For the energy and diffusion equations, the temperature and 
weight fraction must, by continuity considerations, respectively, 
equal T’, and W;,, at the disk surface. At large distances from the 
disk, T + T.,, andW,—W,,. A formal statement of these con- 
ditions is: 


ro @ 


Ve—~0 


(12a) 


rT. 
Wi — Wie 


In terms of the transformed variables, equation (12a) becomes 


H H’'—0 
H’ G—-0 
G l 
6 l 
= 1 


7 © 
6@—~0 
>—0 


where H, represents the dimensionless velocity normal to the disk 
surface. Positive values of H, denote fluid injection, while nega- 
tive values denote suction; i.e., mass withdrawal. 

Up to this point, we have been at liberty to assign whatever 
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values we please to V,,, Wie, Wi, andsoon. Solutions of the 
conservation equations can be obtained for any choices of these 
parameters. However, as pointed out in reference [1], there are 
a number of important situations where there is an added physical 
constraint which provides a relationship between V,, and the 
boundary values of W;. The temperature boundary values may 
also be interrelated through an additional physical constraint. 
Illustrations of these constraints and relationships will be given 
when the heat-transfer and mass-transfer results are discussed. 

Solutions. The velocity problem is governed by the differential 
equations (10) and (11) subject to the boundary conditions (12b). 
By inspection of these conditions, it is seen that solutions cannot 
be obtained until numerical values of the dimensionless mass- 
transfer velocity H, are prescribed. For a large number of values 
of H,, ranging from —4 to +5 as listed in Table 1, solutions of 
equations (10) and (11) have been carried out on an IBM 653 
electronic computer utilizing the numerical techniques of reference 
[8]. The method is a forward integration procedure and the 
critical quantities which define a solution are the derivatives 
H"(0) and G’(0) which are needed to start the numerical compu- 
tation. A listing of these starting values is given in Table 1. 
Later it will be shown that the H’(0) and @’(0) are also of direct 
application in shear-stress computations. For large positive 
values of H,, the limitations of a computing machine which uses 
eight significant figures were keenly felt. The information listed 
in Table 1 for H, = 4 and 5 is believed to be correct to at least 
the number of places given, but the corresponding solutions do 
not accurately satisfy the boundary conditions at large 7. 

Turning to the temperature and diffusion equations, (4a) and 
(6a), respectively, solutions were carried out for Pr = Sc = 0.7. 
There was, thus, no mathematical distinction between the equa- 
tions. The needed input data for H(7) was supplied by the pre- 
viously mentioned solutions of equations (10) and (11). Since 
H(») is a function of H,, so too are 0(n) and ®(). The values of 
6’(0) = &'(0) obtained from these solutions are listed in Table 1.* 
These are the starting values in our forward integration procedure 
and, as will be shown later, are directly related to the heat and 
mass-transfer coefficients. 

For large suction velocities (large negative values of H,), cer- 
tain simple asymptotic solutions can be obtained. These will be 
discussed in a later section where their motivation is clear. 


Velocity Distributions. Insight into the physical occurrences 
within the flow field can be obtained by study of the velocity pro- 
files. Inasmuch as space limitations preclude presentation of 
velocity data for all the cases listed in Table 1, we must content 
ourselves here with graphing the results for representative situa- 
tions. 

We turn our attention first to the distribution of the axial 
velocity V,. Positive values indicate an outflow toward the 
free stream; while negative values represent an inflow from the free 
stream toward the disk. The distribution of V, plotted as a func- 
tion of distance normal to the disk is presented in Fig. 2 for repre- 
sentative values of the dimensionless injection (or suction) 
velocity H,. Consider first the case of the impermeable surface, 
H,, = 0. The rotating disk acts like a fan, drawing fluid axially 
inward from the surroundings toward the disk surface. However, 
because the surface is solid, the inflowing fluid finds its path 
blocked, and it must reroute into a radial direction where there is 
no obstruction. So, in Fig. 2 we see that the negative velocity of 
inflow, starting from its largest value at large z, decreases steadily 
as we approach the disk (decreasing z) due to fluid escape into the 


? Solutions of the é-equation were not attempted for Hy = 4 and 5 
because the available values of H(») were not sufficiently accurate to 
serve as input data. 
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-G'(0) |-6'(0) = -o'(0) 





-005 
-012 
-521 
-039 
- 560 
-328 
-036 
- 8016 
- 7033 
- 6497 
- 6159 
-5916 
-5758 
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- 4364 
- 40635 
-3779 
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- 22 
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radial direction. Now, consider the application of a suction at 
the disk surface; i.c.,H, <0. Then, besides the fanlike pump- 
ing of the rotating disk, there is the additional pumping due to the 
suction. So, the quantity of fluid drawn in from the surroundings 
increases; or in terms of Fig. 2, the magnitude of V,,. increases 
Now, the inflowing fluid has two possible paths. It may continue 
its inflow through the suction holes of the disk, or, it may re- 
route into radial direction 
that of least resistance. 


The path chosen will, of course, be 
As the wall suction increases, escape 
through the wall becomes easier and easier. So, with H, becom- 
ing increasingly negative, more and more of the inflow goes 
directly into the porous disk. As a consequence, V, tends to be- 
come almost constant with z. Next, consider the case of blowing 
injection) at the disk surface. In this instance, the fluid drawn 
in by the fan action of the disk finds itself actively retarded by the 
outflowing stream of injected fluid. The greater the blowing ve- 
locity, the more strongly is the inflow opposed. The result is a 
decrease in the magnitude of V,.. with increasing H,. There is 
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Fig. 2 Representative axial-velocity distributions 
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Some important properties of the solutions 
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1 
in a real sense, a battle between the two streams; and as H, in- 
creases, the outflow penetrates to greater distances from the disk 
surface. As a consequence, the crossover point between positive 
and negative V, is pushed farther outward. 

These events are reflected by the radial velocity distribution. 
Representative profiles are given in Fig. 3. Since the radial 
velocity is zero both at the disk surface and in the ambient fluid, 
there must be a maximum value somewhere between. The 
maximum is positive since the radial flow is always outward along 
the disk. For the impermeable disk (H, = 0), all the axial inflow 
is ultimately diverted into radial flow. With increasing suction, 
more and more of the inflowing fluid passes directly into the 
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Fig. 3 Representative radial-velocity distributions 
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Fig. 4 Representative tangential-velocity distributions 


porous wall; so, the radial velocities decrease as H, becomes 
more negative. Further, since less fluid makes the turn from 
axial to radial flow, it can be accomplished closer to the surface, 
and hence (V,)max occurs at smaller z. When blowing is applied 
(H,, > 0), the radial velocity must carry away not only the in- 
coming axial flow, but also the injected fluid. So, the general 
level of the radial velocity is raised with increased blowing. But, 
the finer details bear further discussion. First of all, with increas- 
ing H,, the injected stream might be expected to sustain its axial 
motion to greater distances from the wall. So, near the wall, the 
radial velocity (which is fed by diverted axial flow) might be ex- 
pected to decrease as the blowing increases. This is substantiated 
by comparing the curves for H, = 1 and H,, = 3 at small values 
of z. But, as shown in the inset in Fig. 3, quite the contrary is 
true at very small values of blowing; the radial velocities near 
the wall increase withincreasing H,. A reasonable explanation is 
that for small blowing, the injected stream is not strong enough to 
maintain its axial velocity and is diverted immediately into a 
radial flow, thereby augmenting V, near the wall. An alternate 
demonstration of this interesting occurrence near the disk surface 
may be given as follows: For very small values of z, we can write 


: (2%) V, 
Vy. = —Isor— 
Oz J» rw 


So, the radial velocity immediately adjacent to the disk is pro- 
portional to H’(0). From Fig. 6, where [—H’(0)] is plotted 
against H,, we see that V, (at small 7) increases with increased 
blowing from H, = 0 to about 0.3, and, thereafter decreases. 
The tangential velocity component V, is directly driven 
through the action of viscosity by the rotation of the disk. It 
thus shares a common characteristic with the forward-flow velocity 
V, in a boundary layer, which is also impelled by an external 
driver—the free stream. The effect of fluid injection or with- 
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drawal on the tangential component V, is remarkably similar to 
the well-established effects on V,. Fig. 4 shows‘ the distribution 
of V, as a function of distance normal to the disk for representa- 
tive values of the mass-transfer velocity H,. It is easily seen that 
fluid injection (H,, > 0) gives rise to the familar S-shaped (inflec- 
tion point) profiles, the effect becoming more pronounced with in- 
creased blowing. Since the presence of an inflection point is 
known to destabilize a laminar boundary layer, it would be ex- 
pected that transition to turbulence would occur at lower 
Reynolds numbers as the blowing becomes stronger. The ve- 
locity profile becomes progressively flatter near the wall, suggest- 
ing the possibility of a “blow-off phenomenon in which the 
viscous layer is lifted off the surface. Blow-off is characterized by 
the condition 


(dV,/dn), = 90 or G(0) =0 


In the plot of G’(0) against the blowing parameter, Fig. 6, it is 
seen that @’(0) appears to be approaching zero with increasing 
H,,, but we were unable to find the exact blow-off point because 
of the limitation of an eight-place computer. It remains an 
open question whether in this problem, where the full Navier- 
Stokes’ equations are being used, the blow-off condition will be 
characterized by a finite or an infinite value of H,. Returning to 
Fig. 4, it may be observed that suction (H, < 0) has its usual 
effect of thinning the viscous layer, thereby increasing the stability 
of the laminar flow. 

Temperature and Concentration Distribution. The distribution of 
the dimensionless temperature and concentration as a function 
of distance from the disk is given in Fig. 5 for representative 
values of H,. Since we have selected Pr = Sc, the same curves 
and a similar discussion applies for both @ and ©; and for 
brevity’s sake, we will only make reference to the temperature. 
The action of fluid injection (H,, > 0) is to fill the space immedi- 
ately adjacent to the disk with fluid having nearly the same tem- 
perature as that of the disk. As the blowing becomes stronger, 


* The similarity between Vy and V, is best seen by turning Fig. 4 
top to bottom. 
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Fig. 5 Representative temperature and mass-fraction disiributions 
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Fig. 6 Torque and shear-siress results as a function of fivid injection 
(or withdrawal) 


2.8 











. 


Nn 
° 





ca 








~ 








Nu = [-6"(0)] . [-@'(0) | 











cw 


| 


= 

















Eis 2 Bit ie Le Ce Bie 





Fig. 7 Nusselt number results as a function of fivid injection (or with- 
drawal) 


so then does the blanket extend to greater distances from the 
surface. As shown in Fig. 5, these effects are manifested by 
the progressive flattening of the temperature profile adjacent to the 
disk. Thus, the injected fluid forms an effective insulating layer, 
decreasing the heat transfer from the disk (Fig. 7). Suction, on 
the other hand, serves the function of bringing large quantities of 
ambient fluid into the immediate neighborhood of the disk sur- 
face. As a consequence of the increased heat-consuming ability 
of this augment flow, the temperature drops quickly as we pro- 
ceed away from the disk. The presence of fluid at near-ambient 
temperature close to the surface increases the heat transfer (Fig. 
7). 
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Shear Stress ond Shaft Torque. The action of viscosity in the 
fluid adjacent to the disk tends to set up a tangential shear stress 
which opposes the rotation of the disk. As a consequence, it is 
necessary to provide torque at the shaft to maintain a steady ro- 
tation. To find the tangential stress r,, we apply the Newtonian 


shear formula 
ove + i ov, 
dint i ped icf 


In terms of the variables of the analysis, this expression becomes 
T¢/pr(vwt)'* = G'(0) 


(13a) 


(136) 


The shaft torque M required to overcome the shear on one side of 
a rotating disk is 
Te 
M = -f, rrg2nr dr (14a) 
where ro is the disk radius. Utilizing equation (13b), there is ob- 


tained 
2M /aretp(vw*)'/? = —G’(0) (14D) 


So, both the tangential shear r, and the torque M are propor- 
tional to the slope G’(0) of the tangential velocity profile which 
has been listed in Table 1. The torque and tangential shear re- 
sults are plotted in Fig. 6 as a function of the mass-transfer ve- 
locity H,. The effect of blowing is to decrease the tangential shear 
and the torque requirements. These quantities take on zero 
values at the blow-off point, but computing limitations prevented 
the determination of this condition. The effects of suction are 
opposite to those of blowing. These findings reflect the changes 
in tangential velocity profile as previously discussed and are 
qualitatively similar to the effects of mass transfer on the skin 
friction in a boundary-layer flow. 

There is also a surface shear stress 7, in the radial direction 
which, practically speaking, is of lesser importance than is the 
tangential stress. Again, using the Newton shear relations and 
then introducing the variables of the analysis, there is obtained 


Ce ov, 
tT, =p + 


i Hilfe «= «5 ’ 
Be me) or 7,/pr(vw*) /+H"(0) (15) 


This dimensionless shear stress has been plotted in Fig. 6. A 
maximum value, which has already been discussed in relation to 
the velocity profiles, is achieved at about H, = 0.3. 

It would be of interest to compare the torque and shear-stress 
results with those computed for suction by Stuart [2]. Unfor- 
tunately, he gives numerical values only for the case H, = —1, 
and these check quite satisfactorily with our more exact findings. 

Heat Transfer and Surface Temperature. The heat transfer from 
the disk surface to the fluid is computed by application of 
Fourier’s law 


q = —k(dT/dz), 


Introducing the transformed variables, the expression for q be- 
comes 


(16) 


Vs 
go =P, < r.)(*) 6’(0) 


It is customary to rephrase the heat-transfer results in terms of a 
heat-transfer coefficient and a Nusselt number, which are defined 
as follows: 
q ,.  h(v/w)'/ 
=— Nu = ——— 17 
7-7 k an 
where (v/w)'/* plays the role of a characteristic length. With this, 
equation (16) becomes 
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Nu = —06'(0) (18) 


The Nusselt number results are presented in Fig. 7 as a function 
of the dimensionless mass-transfer velocity H,. As has already 
been noted, the effect of fluid injection (H,, > 0) is to decrease 
the heat transfer significantly (and hence, the Nusselt number) by 
blanketing the surface with fluid whose temperature is close to 
T,,. Suction has an opposite effect on the heat transfer, since 
fluid at near-ambient temperature is brought to the neighborhood 
of the disk surface. 

With these heat-transfer results at our disposal, we may pro- 
ceed to make application to specific situations. Consider the 
situation of mass-transfer cooling by a gas. The coolant gas 
enters the porous disk (from a supply tank) at a temperature 7’, 
and is heated in its course of flow through the wall. The flow 
passages are so arranged that the coolant emerges at a temperature 
T, equal to that of the disk surface. It is of interest to determine 
how T', is related to the other parameters of the problem. In the 
absence of heat losses by conduction and radiation, an energy bal- 


ance on a control volume spanning the thickness of the porous 
wall yields 


me{T'., — T,) T T (19a) 


The left-hand side is the energy absorbed by the coolant gas, while 
the right side is the heat transferred to the disk surface from the 
ambient fluid. Borrowing the result that m = pV,,, from equa- 
tion (28) and introducing the definitions of the Nusselt and 
Prandtl numbers, equation (19a) may be rephrased as 


T, —T 


Nu 


T.-T. Pri. 


(19b) 


Suppose that the entering coolant temperature 7’, and the free- 
stream condition 7',, are known. Further, when the blowing rate 
His prescribed, the value of Nu may be read from Fig. 7. Hence 
equation (19b) permits the determination of the temperature 
T , of the disk surface as follows: 


r ( Nu ) 7 

- \Pr H, Y 
sks | aie Nu 

Pr H, 


1 + 


It is clear from equation (19c) that increased blowing causes the 
wall temperature 7’, to approach more and more closely to 7’,. 
As an alternative, equation (19b) can be solved to provide either 
the blowing velocity or the coolant temperature needed to main- 
tain a given 7’,. 

Equation (19b) or (19c) illustrates the statement, made in dis- 
cussing the boundary conditions, that there are important ap- 
plications in which all of the boundary temperatures cannot be 
prescribed independently. 

Additional examples showing the application of the Nusselt 
number results are given in reference [1]. 

Mass Transfer. The previous derivation of the heat-transfer co- 
efficient and Nusselt number can be duplicated for diffusion. For 
component 1, the mass transfer at the disk surface by diffusion 
alone is given by Fick’s law (8) as 


( D OW, D (ce 
m = we -_-_—_- - —_— —_ 
ne pr W, Oz e p oz e 


Now, defining a diffusional transfer coefficient and diffusional 
Nusselt number as 


(20) 


h, = — Nu, ae ere)" (21) 
(Wie — Win) pD 


and introducing the variables of the analysis, there is obtained 
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Nu, = |—"(0)] (22) 
This is identical to the result for the heat-transfer Nusselt num- 
ber which has already been plotted in Fig. 7. 

Now, the total mass flow of component 1 at the disk surface is 
due to both diffusion (subscript d) and convection (subscript c). 
So, we write 

m = Mg + M, 


(23a) 


Convection contributes an amount pi.V,,, while the diffusional 
contribution can be computed from equations (21) and (22). 
Introducing this information into (23a) and rearranging, we find 


es i, + ee’ as) (230) 
p(wv)'/? _— 1 w Se lw l@ _ 
Proceeding in a similar way for component 2, and using the fact 
that W, + W, = 1, there is obtained 

ms Nu, 


= (1 — Wiw)He — 


' Wie — Wie 
Pes Se (Ms to) 


(24) 
The combined mass transfer of both components at the surface 
is given by 


m= m + Mm (25a) 


Adding equations (236) and (24), we get 


m 
= H. or 


7 m= pV,, 
sue) a p 


(25b) 
So, as expected, it is the convective velocity V,,, which transports 
mass for the combined flow. 

Now, we turn to applications. In the discussion of the bound- 
ary conditions, it was noted that in many situations there is a 
physical constraint which relates the velocity V,, and the 
mass fractions W;, and W;,,. The constraint which is most fre- 
quently encountered is the condition of no net mass flow of com- 
ponent 2 (e.g., the main stream component) into or out of the 
disk surface. When the mass addition or removal of component 
1 is due to evaporation, sublimation, or freezing, it is clear that 
component 2 will be unable to enter or leave the surface. In the 
case of a coolant gas passing through a porous wall, the condition 
of no net mass flow of component 2 into the wall is still correct, 
provided that the coolant gas in the supply tank is pure com- 
ponent 2.5 Proceeding to the mathematical formulation of this 
constraint, we observe that 


m, = 0 = Mea + Mee 


So, to make m, = 0, the diffusive flow of component 2 into the wall 
is balanced by a convective outflow. Utilizing equation (24) with 
m = 0, we get 


H {Sc) < Wie — Wie 


iq : < Wan (26) 


Nu, 


or, in terms of physical variables 


at 
ew , = Www dz A 


For a given H,, Nu, is known. So, equation (26) expresses the 
fact that for no net mass flow of component 2 into the wall, only 
two of the quantities W;,, W:.., and H, may be selected inde- 
pendently. When m, = 0, it follows from equations (25a) and 
(25b) that 


(27) 


* Additional discussion will be found in reference [1]. 
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Fig. 8 Mass-fraction valves at wall for m,. = O and Wi. = 0 


m =m = pV,, (28 


An important special case of mass-transfer cooling occurs when 
the mass fraction of the coolant gas is zero in the free stream; i.e., 
W;.. = 0. Then equation (26) becomes 


1 


Wey 8 re 
1 + Nu,/H Se) 


(29 


So, Wi. is fixed when H, is specified and vice versa. Utilizing the 
Nusselt number results in Fig. 7, we have plotted the variation of 
Wi. with H, in Fig. 8. It is seen that the coolant mass fraction 
(Wi) at the wall increases rapidly with blowing rate and is 
greater than 0.95 for H, > 1.3. 

Thickness of Viscous and Thermal Layers; Ambient Inflow. Our solu- 
tions show that the significant velocity and temperature variations 
in the fluid are confined to the region adjacent to the disk 
To define the thickness of these layers, we use certain standard 
measures. 

The first of these is the displacement thickness. Inasmuch as 
we are dealing with a three-dimensional problem, the initial 
thought might be to evaluate separate displacement thicknesses 
for both the radial and tangential directions. However, since the 
radial flow is zero both at the disk surface and at infinity, a radial 
Then 


for the tangential direction, we define a displacement thickness as 


@ V P eo 
Sais = f sd dz or Sais (vy w)'/2 = f Gdn (30 
o @ 0 


In physical terms, 54;, gives the thickness of a fictitious layer of 
fluid which is rotating at a uniform tangential velocity rw and is 
carrying a tangential mass flow equal to that carried by the 
actual tangential velocity distribution. Values of the displace- 
ment thickness are given in Table 1. It is seen that suction ap- 
preciably reduces the thickness of the viscous layer, while blowing 
increases the thickness. 


displacement thickness would have very little meaning. 
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A momentum thickness for flow about a rotating disk has been 

defined by Stuart [2] as 
,/(v/a)/ = f Gi — G@)dy (31) 

While this expression has a form similar to that for the boundary- 
layer momentum thickness, we are unable to give it a clear 
physical meaning. Values of 6,, are listed in Table 1 and show 
qualitative trends similar to those for dais. ‘ 

As a measure of the extent of the thermal layer, we may intro- 
duce a thermal thickness based on the temperature excess T — 
T’, above the ambient fluid. Then, 


5, ={ JOS a dz or airfare = f @dn (32) 
0 Te Teo 0 


Physically speaking, 5, is the thickness of a fictitious fluid layer 
ut temperature 7',, whose integrated temperature excess over T’,, 
is identical with that of the actual temperature distribution. 
Numerical values of the thermal thickness are listed in Table 1 
as a function of the mass-transfer velocity H,. With blowing, 
the thermal thickness increases; while with suction, it decreases. 

The extent of the thermal layer is sometimes characterized by 
a convection thickness.* In reference [9], the definition of such 
a thickness was motivated by the results of an over-all energy 
balance. Setting up such a balance for the present problem, we 


find 
N oa 
—— -H,- f H’@ dn 
0 


fe (33) 
Pr 


The integral represents the convection of energy in the radial 
direction. So, in analogy to previous work, we define 


(34) 


1/ . Nu 
i /(v/ay me — f H’6dn = —— + H, 
0 Pr 


The convective thickness can be evaluated using Fig. 7 or Table 1, 
since Nu = —6(0). It may easily be verified that 5, increases 
with blowing and decreases with suction. 

It may also be of interest to know the quantity of ambient 
fluid which is drawn inward toward the rotating disk. The inflow 
velocity of the ambient fluid is V,,, and its dimensionless counter- 
part is H,. A listing of H.-values is given in Table 1. As ex- 
pected on the basis of previous discussion, H,, increases with 
suction and decreases with blowing. The information given in 
Table 1 may also be to compute the radial flow. Imagine a 
cylindrical control surface of radius r extending from the disk 
surface to the ambient fluid. Then the flow passing through 
this cylindrical surface is 


tadial flow = prr*[V,, — V..] = prr*(wv)'/*(H, — H,] 


For large suction, Table 1 shows that H,, — H,, is very small, 
indicating a small radial flow. The effect of blowing is to increase 
the radial flow. 


Asymptotic Solutions 

For large suction (i.e., large negative values of H,,), it is possible 
to find simple asymptotic solutions of the governing equations. 
The key to the simplification is the fact, graphically displayed in 
Fig. 2, that the axial velocity V, is essentially constant throughout 
the flow when the suction is strong. In terms of the dimensionless 
variables of the analysis, this means that H is essentially inde- 
pendent of 7 for a fixed value of H,. With this, equations (4a) 
and (6a) become 


* Reference [9], pp. 118-119. 
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0” = (Pr)Hf’ and ©" = (Sc)H,®’ (34a) 


\ solution satisfying the boundary conditions is 


0 = (Pr) Hen ® = e(Se) Hur (34b) 


from which it follows that 


6(0) = (Pr)H,, (0) = (Sc)H, (34c) 
For Pr = Se = 0.7 and H, = —4.0, equation (34c) predicts that 
0'(0) = &(0) = —2.8. This is in excellent agreement with the 
value —2.802 which appears in Table 1. Proceeding in the same 
manner, it is easy to show that solution of equation (11) for G is 


G=elm G0) =H, (35) 
The G'(0) prediction of equation (35) for H, = —4 is very close 
to the value 4.005 given in Table 1. 

Continuing, we may use equation (10) to predict values of 
H"(0). Noting that (#’)*/2 is smaller than the other terms, we 
integrate between limits of 7 = 0 and 7 = © and get 


H"(0) = +r 


(36) 


For H, = —4, equation (36) gives H"(0) = —0.25, which is in 
excellent agreement with the value of —0.2495 in Table 1. 
With these results, it is easy to derive that the thickness 


parameters take the following form for large negative values of 
#.: 
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Sais 1 é,, 1 6, 


(vjw)* “H? (v/a) ~2H! (r/o) 


ioe 5 
(Pr)H,’ 


§,=0 (37) 
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Heat Transfer and Effectiveness for a 
Turbulent Boundary Layer With Tangential 


Fluid Injection 


Experimental results are presented for the effectiveness and for the heat-transfer coef- 
ficient for a film cooling system in which air was used both for the film and for the free- 


stream fluids. 


Injection occurred at a single tangential slot near the leading edge of the 


plate and the slot size was varied. All flows were turbulent and the injection velocities 
covered a range from much less to much greater than the free-stream velocity. Correla- 
tions are realized for both the effectiveness and for the heat-transfer coefficient and, as in 
the past experience with such systems, separate specifications are needed for injection 
velocities greater and less than the free-stream velocity. 


Via is a presentation of experimental results on a 
film cooling system using air both as the free stream and “‘film”’ 
fluids, the flow being two dimensional, turbulent, and subsonic. 
The system examined was a flat plate with a slot located at its 
upstream edge and the film air emerged from this slot tangen- 
tially. In such an arrangement the injected air serves to shield 
the plate from the main stream, and so inhibits the heat transfer 
between the main stream and the plate. When the plate is in- 
sulated, the effect of the injection can be characterized completely 
in terms of the ratio of the excess of plate over free-stream tem- 
perature to the excess of the injected air over the free-stream air 
temperature. This ratio is called the effectiveness. If there is 
a heat flux at the plate surface, it is necessary to know in addition 
the local heat-transfer coefficient in order to evaluate the flux. 
Both the effectiveness and the heat-transfer coefficient were de- 
terinined in the experiments here described. 

It is the general nature of the problem that first efforts were 
directed to the determination of the effectiveness. The pioneer 
investigation of Wieghardt [1]' produced such values for a slot in 
which nearly tangential injection was achieved, and that re- 
search first indicated that a maximum existed in the effectiveness 
when the velocities of the free stream and injected air were of the 
same order. Chin [2] has recently noted these and other results, 


1 Numbers in brackets designate References at end of paper. 
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in connection with the presentation of experimental values of the 
effectiveness which embraced a large range of variables, including 
significant variations in density and of the boundary-layer thick- 
ness just upstream of the tangential injection slot. Correlation 
of all these results was achieved empirically by the use of an ex- 
pression made complicated by the many variables involved. 

Analysis has not yet borne significantly on this problem be- 
cause of the complicated nature of the flow, affected as it is by 
the geometry of the slot and the relative values of the velocities 
of the free stream and injected flows. Only for very low or very 
high injection rates are there any indications from theory. For 
the low rates, Klein and Tribus [3] considered that the entire flow 
was so dominated by the free-stream flow that only the thermal 
effect of the injection might be significant, and for heated injec- 
tion this might be considered to have the same effect as a line 
source of heat at the leading edge of the plate. If the source 
strength, Q, is taken to be the energy rate of the injected flow 
PsUisCpst,, then the result for such a case is: 


t /s —0.8 

© = 5.77 (=) (‘“) (“*) (1) 

t, a ¥ v 
This expression was shown to predict the order of magnitude of 
the results of Wieghardt but it fails to predict the results given by 
Chin. 

When the injection-flow velocity exceeds that of the free 
stream, the injection flow itself is the dominant influence on the 
nature of the flow in a region that extends far downstream of the 
slot. The extreme situation is, of course, presented in the ab- 
sence of a free-stream flow, in which case the flow has been aptly 





A, B,C = variables defined in Equations 
(6), (10), (12) 


t 
specific heat at constant pres- 


sure 


local heat-transfer coefficient ture 


temperature 

stream temperature, deg F; 
, injection air, «4 free 
stream, ¢, wall temperature, 
t, adiabatic wall tempera- 


above _free- thermal diffusivity 
ebsolute viscosity 
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density 
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named the “wall jet” by Glauert [4], who predicted analytically 
the nature of the velocity profiles for it, showing that similarity 
does not exist but is approached closely for limited ranges of Reyn- 
olds numbers. The development of the flow along the plate is 
specified less clearly, making difficult the evaluation of the tem- 
perature distribution or the heat flux at the wall from that solu- 
tion of the hydrodynamic problem. Experimental evidence 
related to these quantities for the wall jet has, however, been 
provided by Jakob [5]. 

The results reported here are directed toward a further clari- 
fication of the nature of the effectiveness and the heat-transfer 
coefficient with particular reference to the effect of changing the 
slot size. Results have been obtained for three slot sizes with 
ratios of injection to free stream velocity both less and greater 
than one, in the latter case attaining values that approach wall 
jet conditions. 


Apparatus and Procedure 


The test surface was a bakelite plate, 12 in. wide, 18 in. long, 
and '/, in. thick, the plate being the top wall of the 4'/, by 12-in. 
rectangular test section of a small, once-through, wind tunnel. 
Air from the test section passed through a diffuser, centrifugal 
blower, throttle, and back into the room. This air was drawn 
from the room into the test section through a nozzle. 

The injection slot was located at the upstream edge of the plate, 
immediately downstream of the nozzle, and it spanned com- 
pletely the 12-in. width of the plate. Fig. 1(a) indicates a sec- 
tion through the slot unit and shows the manner of adjustment of 
the slot size, involving the movement of the downstream part 
of the slot block and of the entire test plate that was attached to 
it. In this way the tangential injection was preserved when the 
slot size was changed. Air entered the slot from a flow system 
containing a positive-displacement blower, surge tank, flowmeter, 
and a heater and cooler for the adjustment of the temperature. 
This temperature was measured by five iron-constantan thermo- 
couples spanning the slot block, with the center thermocouple on 
the center line. 

» The test plate contained on its surface five nichrome ribbons, 
each 1 in. wide and 0.002 in. thick, placed longitudinally with 


the center ribbon on the plate centerline. Heating was produced 


FIRST THERMO. LOCATION 


— HEATING RIBBON 


$= 0.063 to 0.250" 


;" 
—- —_— o 
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BRASS PLATE 


(a) Adjustable slot used to obtain the results of the paper 
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$20.125 
(b) Detail of an older slot unit, certain results from which are shown in Fig. 3 
Fig. 1 Section through the injection slot 
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by the passage of alternating electric current through the ribbons 
in series. lIron-constantan thermocouples were placed imme- 
diately below the ribbon, in small slots in the plate surface, with 
the primary set of junctions under the center ribbon. Pressure 
taps were located in '/j-in. spaces between the three center rib- 
bons and the outer ribbons, with successive taps on alternate 
sides. The back, exterior surface of the plate was insulated, and 
additional thermocouples were located at this surface. 

Certain problems existed in the realization of uniformity in the 
temperature and velocity of the air emerging across the spanof the 
injection slot. There was a small variation in velocity due to 
the relatively small plenum chamber located just upstream of the 
slot block and partly also to nonuniformity in the slot height. 
This velocity change was not very great, being less than 2 per 
cent over the central 11 in. of the slot width. The slot height 
itself varied by +0.002 in. due to irregularities at the edges, and 
the settings were made so that the quoted openings were average 
values. Variations in the temperature of as much as 6 per cent 
of the excess of injection over free-stream temperature occurred, 
particularly near the outer edges of the slot, though the tempera- 
ture excess in the central six inches was generally constant to within 
2 percent. This variation was due to heat transfer from the in- 
jection system, particularly in the plenum chamber upstream of 
the slot, and this was consequently more severe at the lower in- 
jection rates. Reduction of this heat transfer would have re- 
quired a reduction in size of the upstream flow assembly, with a 
consequent increase in the nonuniformity of the flow. 

When the system was operated with heated injection and with- 
out heating of the plate, adiabatic conditions on the plate surface 
were approximated well in most cases, and the observed sur- 
face temperature ¢, was taken as equal to the adiabatic surface 
temperature t,. Here these temperatures, and temperature of 
the injection air ¢, are all taken with free-stream temperature as 
datum. Then the effectiveness was evaluated directly from the 
experimental results as 


t/t, = t,/t, (2) 


All the results are presented on this basis, despite the error in- 
volved in taking the wall temperature as the adiabatic wall 
temperature and despite the error in the precise value of the in- 
jection temperature ¢t,. The former error was always less than 
1'/, per cent and the latter less than 2 per cent except insofar as is 
concerned the larger disparity near the outer edges of the slot. 
This was serious only with low injection rates, and its effects 
would have been significant only far downstream. Under those 
circumstances and in that location, the effectiveness is very low 
and the accuracy of the determination there is dominated by 
errors in temperature indication. When the effectiveness was 
less than 0.10 this error may have been as much as 10 per cent. 

When the plate is heated, the excess of plate over free-stream 
temperature depends upon the injection temperature as well as 
upon the parameters associated with the flow. For constant 
properties, this case may be considered to be the superposition of 
the adiabatic-wall jet, with heated injection, and the case of a 
heated plate, with injection at the free-stream temperature. 
This consideration indicates that the effective temperature dif- 
ference is that between the plate-surface temperature and the 
adiabatic wall temperature corresponding to the existing flow 
conditions and injection temperature. Then the heat-transfer 
coefficient is specified as 


h = q/(t, — t,) (3) 


In its evaluation, the heat flux q was obtained on the assump- 
tion that all the heat generated in the ribbon was transferred to 
the air stream, thus ignoring the very small radiative transfer 
and the larger effects of heat conduction. The largest possible 
error that could have been introduced in this way would have 


Transactions of the ASME 











DEGREES FAHRENHEIT 


Q2 04 O06 


0.8 1.0 1.2 1.4 1.6 


x, FEET 


Fig. 2 Typical wall temperatures with adiabatic and with heated operation 
Runs 129 and 130 are shown, the former being the adiabatic case 


been 4 per cent; generally it was much less. With this operation 
the injection air temperature was set close to the free-stream 
temperature, so that the adiabatic wall temperature, obtained 
from the effectiveness results, was also very close to free-stream 
temperature. Temperature differences were of the order of 25 F 
and the error in this determination together with the error in the 
flux contributed to an estimated maximum error of 5 per cent in 
the heat-transfer coefficient. 

In operation, temperatures in the free stream were between 
50 F and 70 F and injection temperatures were between 0 F and 
70 F above the free-stream temperature, with practically all ef- 
fectiveness determinations being made with the 70 F excess tem- 
perature. Free-stream velocities ranged from 50 to 150 fps, and 
injection velocities from 50 to 250 fps. Three slot heights were 
used, 0.250, 0.125, and 0.063-in. 

Fig. 2 shows typical results for adiabatic wall and for heated 
wall operation, and by its distance scale also defines the location 
of the thermocouples along the plate. Only here are tempera- 
tures indicated in the usual Fahrenheit scale; in all subsequent 
presentations the temperatures are given in degrees Fahrenheit 
with free-stream temperature as datum. 

For presentation the results are divided, with those for mass 
velocity ratios less and greater than one being considered sepa~- 
rately. Tables 1 and 2 summarize some of the experimental 
conditions and serve to identify the points used in the figures. 


Adiabatic Wall Temperatures With Low Injection Velocities 
Results for the adiabatic wall temperature, such as shown in 

Fig. 2, are presented in Fig. 3 in terms of the effectiveness, and 

are shown there in terms of the number of slot heights downstream 


of the injection slot. Effectiveness values are given for the three 
slot heights, for nearly equal ratios of injection to free-stream 
mass velocities, with a maximum ratio of 0.88. Since in all these 
runs the density ratio was substantially invariable at p:/p, = 
1.14, the mass-velocity ratio indicates the velocity ratio also. 
A salient feature of the representation is the approximate de- 
pendence, particularly at low velocity ratios, on the value of 
(z/s). This is obviously at variance with the indication of 
Equation (1) and, as will be seen, with other proposed correla- 
tions. Typical of all the runs is an initially almost constant value 
of the effectiveness which extends downstream an increasing dis- 
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Table 1 Mass-velocity ratios less than unity 
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tance as the mass-velocity ratio increases. This is followed by a 
transition to an approximate power-law dependence on distance. 
Consistent behavior is evident in the power-law regime, particu- 
larly for mass-velocity ratios of 0.60 and less, to indicate a propor- 
tionality to (z/s) to the 0.80 power. Lines showing such an ap- 
proximation are indicated in Fig. 3. 

It is obviously possible to achieve a correlation of the results in 
the power-law regime by alternating the abscissa of Fig.3. This is 
done by specifying the distance indicated by the extrapolation of 
the lines in that figure to indicate the distance, (z/s),, at which 
they indicate an effectiveness of unity. These distances are 
shown in Fig. 4 and a power law is indicated for their representa- 
tion. In so far asa final correlation is concerned, the location of 
this line is critical and the one indicated is actually the one giving 
the best final representation of the results. It is: 


1.5 
(=) = 56 (2+) (4) 
8 /i pili 
If this distance is made the basis of measurement of distance 
downstream, then the effectiveness can be expressed as 
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Fig.3 Effectiveness for mass-velocity ratios less than unity 


The points are identified in Table 1. 


Lines a, b, ¢, d, and e are the best fit for the mass-velocity ratios indicated. 


Lines f, g, h are similar best fit lines indicating results thot were obtained with the slot shown in Fig. 1(b). 














Fig. 4 Initial distance for the power laws 
The distance (x/s); is that at which curves a, b, ¢, d, e of Fig. 3 indicate an 
effectiveness of unity. Line A is the best fit to points a, b, c, d. Points f, 
g, h refer similarly to the same curves in Fig. 3. The diamond points refer 
to Fig. 8 and indicate values of 1.10 or 0.90 in that figure. Line B is that 
given by Wieghardt’s results, 
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Fig. 5 shows the correlation of the results that is achieved on this 
basis and this representation is best for the consideration of the 
effect of the various system parameters. For instance, the best 
slot height for a given injection mass flow is the smallest slot, for 
at constant z and fixed flow, p,u,s, the effectiveness in the power 
law region varies as s~*-*. The maximum effectiveness wall, of 
course, is obtained with pu, ~ 0.9 py. 

Fig. 3 also contains lines which indicate experimental results 
that were obtained from a different, though similar, system in- 
corporating the slot shown in Fig. 1(b). With this unit only an 
1/,-in. slot was available, which differed essentially from the unit 
shown in Fig. 1(a) in its curved approach section. This yielded 
an emerging flow similar to that expected for flow in a curved 
channel, at a turbulence level that must have been considerably 
higher than that emerging from an adjustable slot. ‘The results 
for the effectiveness are, however, only slightly different, and 
that possibly due to other causes. The dependence on distance 
is essentially confirmed, though the corresponding points in Fig. 
4 are slightly below Equation (4). Within this margin, the na- 
ture of the injection slot does not affect the results. 

Wieghardt [1] interpreted his results in a similar way and if 
those results are appraised in the manner used in Fig. 4, they 
define a different power law for the point (z/s),. Since the slope 
of that relation is unity, he was able to represent his results in 
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Fig. 5 Correlation of the effectiveness for low injection rates 
Curve A is Equation (5) 
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Fig.6 The effectiveness presented according to Chin 
The points are those of Fig. 3 and the curves are Chin's correlation 


terms of the single group (p,u,8/pimz). It is evident that while 
the present results are of the same magnitude and have the same 
dependence on z/s, the effect of the mass-velocity ratio is dif- 
ferent. 

Chin [2] has presented similar results for a system incorporat- 
ing a 0.106-in. slot similar to the one shown in Fig. 1(b). The 
initial boundary-layer thicknesses were greater and were varied, 
and there were in those results greater changes in the density ra- 
tio. For the region of final power-law behavior, similar to that 
defined by Equation (5), Chin correlated the values of the ef- 
fectiveness by 

ta = 12.7 A 0.6 


, (#)*(s)" (42) (=#)"" (2) 

; = —_ —_— — — 6) 
p, u, v, yy 8 

or, approximately, by taking the viscosity as proportional to the 

temperature 
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The present results are represented on this basis in Fig. 6 and 


where 
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that representation emphasizes the lower magnitude of the pres- 
ent results, which is largely due to the 0.8 rather than the 0.65 
power dependence. The results for the individual slot heights 
are fairly well aligned, since in group A the mass-velocity ratio 
enters to a power not too different from that indicated by Equa- 
tion(4). In the representation of Fig. 6, the distance L was taken 
as 2.5 in., based on the results of boundary-layer traverses made 
just upstream of the slot. 

Important also in a comparison of Equations (5) and (6) is the 
absence in Equation (5) of a separate temperature dependence 
such as indicated in the form of the group as it is given by Equa- 
tion (7). Such an effect was not easily established in the present 
experiments, in which the temperature ratio could be changed 
only in the range 1.14 > 7',/7, > 1.06, the lower limit being en- 
forced by acceptable accuracy in the results. Within this range, 
no separate temperature effect was detected when the mass-veloc- 
ity ratio was held constant, but the change in effectiveness ac- 
cording to Equation (6) would have been only 4 per cent. 

It is appropriate also to examine the values of the effectiveness 
in relation to Equation (1), which is a prediction for a line source 
at the leading edge of a plate. This is done in Fig. 7, where 
there are shown results only for the lowest mass-velocity ratios, 
which might be expected to provide the best correspondence with 
the theory. Since slot and free-stream Reynolds numbers are 
used in the figure, Equation (1) is taken in the form 
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Fig.7 Effectiveness values compared to Equation (1) 
Curve A is Equation 1(a) and Curve B is Equation (8) 
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with the factor u,/ taken as 1.14, typical of most of the operat- 
ing conditions. There is shown also in the figure a prediction 
made from a Lighthill-type analysis based on the '/;-power-law 
velocity profile and a Prandtl number of one. The result is 
somewhat different than Equation (1), just as the unheated 
starting-length correction produced by such an analysis is dif- 
ferent from the Rubesin result for an unheated starting length 
that is the genesis of Equation (1). While this difference is rela- 
tively small, that for the line source of heat is large. The re- 
sult, with a factor of (4,/s) inserted arbitrarily, is 


Se = 3.1(0.70)° (4 (42 mz \~** 
t, Mi Vv, V; 


As shown in Fig. 7, the factor u,/ is taken as 1.14. 

In the figure, the results for the three slot heights are brack- 
eted by the two equations, with those for the '/i.-in slot being 
closest to Equation l(a). If it is implied that the results perti- 
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nent to the smallest slot should be those that approach best the 
assumption of the line source, then Klein’s analysis is favored. 
Even so, no great extrapolation of such correspondence is pos- 
sible, for Equation (1) indicates a proportionality of the effective- 
ness to the slot height, whereas Equation (5) indicates a propor- 
tionality to the 0.80 power of the slot height and it is the dif- 
ference that causes the spread in the results for the three slot 
heights that is shown in Fig. 7. In this sense the prediction for 
the line source of heat includes almost the same additional in- 
fluence of slot height as does Chin’s correlation. 


Heat Transfer With Low Injection Velocities 


Heat-transfer performance is specified according to the local 
coefficient as defined by Equation (3), and this is shown in Fig. 8, 
being presented there in comparison to the local coefficient for the 
free-stream flow over a flat plate that is specified by the Colburn 
equation: 

=. = 0.037 (“ (9) 

PitiCp 

Fig. 8 shows that such values are attained within about 70 slot 
heights, with the local coefficients approaching this value in a 
way dependent upon the magnitude of the injection velocity. 
An appraisal of the rapidity of the approach is possible by defin- 
ing the distance downstream needed to attain an arbitrary de- 
parture from Equation (9), and a 10 per cent departure was 
selected. Because the nature of the individual dependence of the 
coefficients on the downstream distance, the 10 per cent point is 
not easy to specify accurately and there is a consequent scatter in 
these points as they are shown in Fig. 4. There the points do 
show a trend similar to those points, obtained from the results for 
the effectiveness, that were used to establish Equation (4), and 
they thereby support the inference that after an initial flow regime 
that is controlled by the mixing flow there exists a downstream 
region dependent only on the nature of the free-stream flow. 

In the region immediately downstream of the slot there exists a 
complicated behavior in which, as is indicated in Fig. 8, the heat- 
transfer coefficient depends on the ratio of the mass velocities, as 
well as on the free-stream conditions. Besides this influence 
there is also that of flow separation at the slot when the injection 
velocity is low. If it is zero, the separated flow reattaches at 
about six slot heights downstream, to give a maximum coefficient 
at that point. Moving downstream of this point, it is known that 
the heat-transfer coefficient rapidly attains a value characteristic 
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Heat-transfer coefficients for mass-velocity ratios less than unity 


Local heat-transfer coefficients are here compared to the coefficient specified by 


Equation (9). 


Points are identified in Table |. 
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Fig.9 Heat-transfer coefficient near the slot 


There is exhibited the dependence of the coefficient on the injection velocity. 
Curves B are curve B of Fig. 12 evaluated for the two positions. 


of flow over a flat plate. With flow through the slot, the maxi- 
mum heat transfer is reduced as the flow pattern is changed, and 
Fig. 9 illustrates this effect for the first two positions downstream 
of the slot, at z/s = 4.8 and 9.6, for the 0.250 in. slot and a free- 
stream velocity of 118 fps. As the injection flow is increased, 
there is first a rapid reduction in the coefficient, followed by an 
increase. This increase, particularly for the second position, 
turns out to be almost completely predictable from the correla- 
tion of the heat-transfer coefficient for high injection velocities 
that is presented later. 


Effectiveness With High Injection Velocities 


The increase of the effectiveness with increasing mass-veloc- 
ity ratio that is portrayed in Fig. 3 terminates at a mass-velocity 


ratio of the order of 0.90. At higher ratios the effectiveness is 
practically constant until a ratio of about 1.1 is attained, then the 
effectiveness begins to diminish. This reduction is much less 
sensitive to the velocity ratio, and is accompanied by an increased 
influence of other system parameters. This behavior is generally 
revealed by the results as shown in Fig. 10, where the representa- 
tion is the same as that of Fig. 3. No correlation or indication 
thereof is provided in this way, and to realize some clarity the 
presentation is separated for mass-velocity ratios less than three 
and greater than three. Fig. 10(6), for the higher ratios, does 
indicate that in the limit the effectiveness is still of the order of 
what is attained at mass-velocity ratios of 0.60. 

Chin [2] presented a few results at velocity ratios greater than 
unity and correlated them, for 1.21 < Se < 1.65, on the basis of 


u 
the group 
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P, v, Vi 8 
For B > 60 the effectiveness is given by 


te 


— = 3.93 B-*@ 
t, 


(10) 
One result, for u,/u: = 2.85, was about 20 per cent below this line. 
If this group is used for the results shown in Fig. 10 then cor- 
relation is achieved within +5 per cent for those results for a 
mass-velocity ratio greater than 2.5. In the final power-law re- 
gion the relation specifying the effectiveness is 
te ; 7 
= = 3.63 B-°- 


B> 20 (11) 
To account for those results in which the mass-velocity ratio 
was between 1.08 and 2.5, an account must be made for the dif- 
ference between the injection and free-stream velocities. In this 
change, the free-stream Reynolds number (u,L,/v,) was removed, 
for its contributions were small in the correlation of Equation (11) 
and its retention leads to ambiguity as the free-stream velocity 
approaches zero in the limit. Thus a new group was chosen: 


e-(S STE)" 


Fig. 11 presents on this basis all the results that are shown in Fig. 
10, to show a correlation which includes even the run for a mass- 
velocity ratio of 1.08 and which at the same time is ostensibly 
valid for the wall-jet case. For the final power-law region, the 
effectiveness can be expressed as: 
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Fig. 10 Effectiveness for mass-velocity ratios greater than unity 


The points are defined in Table 2. 


Fig. 10(a) contains results for mass-velocity ratios less 


than 3 and Fig. 10(b) for those above 3. Curve C is the proposal of Jakob for the wall jet. 


1.0 


I. ; 
- 
(pt) (= 
Correlation of the effectiveness for high injection rates 


Curve A is Equation (12), curves B and C correspond to Curve C of Fig. 10, for slot Reynolds 
numbers of 4340 and 17,400, respectively 


Fig. 11 


fe 1.09 0-05 (12) 
t, 

Jakob, in examining a wall jet, evaluated an effectiveness based 
on the maximum temperature in the boundary layer rather than on 
the adiabatic wall temperature. With an adiabatic wall these 
would be the same; but with heat transfer, as did exist in Jakob’s 
experiment, they might be different, and the difference would de- 
pend on the relative magnitude of the heat transfer. This dif- 
ference is not easy to appraise, though Jakob’s results infer that 
the heat transfer was small enough to make the effectiveness 
values comparable. Within this uncertainty, and in recognition 
of the differences in injection-slot geometry, Jakob’s result is 
shown in Fig. 10(b). There it is of the order of the present results 
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10 


wey Ye Ys > 5 x 


for the highest mass-velocity ratios. It is shown in a different 
way in Fig. 11, where the curve of Fig. 10(6) is plotted for the 
highest and lowest-slot Reynolds numbers used in Jakob’s experi- 
ments. Again there is adequate correspondence with the present 
results to indicate their probable applicability even in the limit- 
ing case of the wall jet. 


Heat Transfer With High Injection Velocities 


As indicated in Table 2, determinations of the heat-transfer co- 
efficient were made for the same range of conditions as those for 
which the effectiveness was determined. These coefficients are 
presented in Fig. 12, being contained there in a Stanton number, 
as a function of the slot Reynolds number and the relative down- 
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Fig. 12 Heat transfer for mass-velocity ratios greater than unity 


The points are identified in Table 2. 


Curves B and C are Equations (13) and (14). 


Curves A are 


predictions according to Equation (9) for the Runs identified by the points in the right margin. 
Curves D and E are Jakob's results, Equation (15), for slot Reynolds numbers of 1000 and 7000. 


stream distance. Correlation is achieved, and the appropriate 
functions can be stated as two power laws. 


h 0.3 0.3 
-am(22)"(2) 
Puc, v, 8 

h 0.3 0.6 

eer (+4) () 
PUL, V, 3 


These are a convenience for the representation of the results but 
the uncertainty in the dimension z may contribute to the 
existence of the two equations. An increase in the effective 
value of z, such as to account for an effective origin of the flow 
upstream of the slot, would so shift the results that a single equa- 
tion, with an 0.60-power dependence on z, would fairly represent 
many of the results. The entire situation is not clear enough for 
such an adjustment and it is significant also that Zerbe [6] ob- 
tained a —0.4 power dependence for results in which the distance 
was adjusted for an effective origin upstream of the slot. 


Jakob [5], on the other hand, made no adjustment and correlated 
his results in the form 


2 ~v. 
ee o1s(*#)* (<) o 

PUL, v, 8 
Here the heat-transfer coefficient is defined in terms of the dif- 
ference between the wall temperature and the maximum tem- 
perature in the boundary layer, and is subject to the same ques- 
tion as noted previously in connection with the associated ef- 
fectiveness as defined in terms of that maximum temperature. 
There is a fair correspondence with the present results as demon- 
strated in Fig. 12 by curves showing the indication of Equation 
(15) for the maximum and minimum slot Reynolds numbers of 
the present experiments. This supports the idea that the cor- 
relation indicated by Equations (13) and (14) implies a “slot- 
controlled” flow that is almost independent of free-stream in- 
fluence and is therefore practically the same as that of the wall jet. 
When the ratio of mass flows is of the order of unity, the in- 
fluence of the free-stream flow is ultimately evident in a departure 
of the heat-transfer coefficient from the indication of Equation 
14). 
to values typical of flat-plate flow, but this simple behavior is not 
continued for a ratio of two. In this latter case the heat-transfer 
coefficients remain significantly above the “flat-plate’’ value, 
and although tending toward it, that value was not attained 


(14) 


> 40 
8 


(15) 
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At a ratio of unity there is an almost immediate transition — 


within the available plate length. This behavior is exhibited in 
Fig. 12 by lines showing the heat-transfer coefficient as predicted 
from Equation (9) for those runs identified by the symbols in the 
right margin of the figure. 


Conclusion 


For mass-velocity ratios of less than unity, and particularly for 
ratios less than 0.90, the present results for the effectiveness in- 
dicate the existence of a power-law dependence on the ratio of 
distance to slot height, downstream of a point that depends on 
the ratio of the mass velocities. Consequently, a correlation in 
terms of these two quantities can be specified for this power-law 
region. It is, however, different in nature from the previous 
proposals of Wieghardt [1] and Chin [2], and it predicts results 
that are nearer the former and definitely less than the latter. 
Consequently, the status of this problem remains uncertain to 
some degree despite its considerable experimental history 

In this same flow regime, the measured heat-transfer coef- 
ficients, new in this presentation, turn out to be practically the 
same as those for turbulent flow on a flat plate at distances down- 
stream greater than about 70 slot heights. In the region nearer 
the slot the behavior of the coefficient is complicated, but there 
are indications that in part of the region the coefficient depends 
only on the flow from the slot. 

When the mass velocity of the injected flow exceeds that of the 
free stream, the effectiveness depends less critically on the im- 
portant flow parameters. Thus, while the effectiveness is re- 
duced as the injection flow increases, even for very high injection 
rates the effectiveness remains greater than that for a mass veloc- 
ity of 0.60. Correlation of these results is possible on a basis 
similar to that used by Chin. 

In this regime the heat-transfer coefficient is again capable of 
correlation, yielding a Stanton number that can be expressed in 
terms of the slot Reynolds number and the relative downstream 
distance, the relation being of such nature that the heat-transfer 
coefficient is completely determined by the slot flow for considera- 
ble distances downstream of the slot, even when the velocities of 
free stream and slot flow are nearly equal. This simple behavior 
of the heat-transfer coefficient arises from its dependence in the 
flow immediately adjacent to the wall, and this depends primarily 
on the flow from the slot. Contrasted to this, the effectiveness 
is related to the velocity distribution in the external part of the 
boundary layer, between the velocity maximum and the free- 


NOVEMBER 1960 / 311 





stream value, and this distribution apparently depends more 
critically on the flow and system parameters, with the attendant 
difficulty in generalizing the results for the effectiveness. 
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DISCUSSION 
H. E. Weber? 


I wish to commend the author on a well-designed experiment. 
He has taken care to insure a thin primary boundary layer at the 
beginning of the slot, a uniform primary stream velocity, and a 


? Supervisor, Thermodynamics, Flight Propulsion Laboratory De- 
partment, General Electric Company, Danville, Calif. 
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purely tangential slot stream inlet. It is possible that some of the 
discrepancies or scatter in the data on film cooling effectiveness 
obtained by various investigators are due to the variation in 
boundary layer thickness of the primary stream at the slot inlet. 
It can be shown that an initial boundary layer will reduce the rate 
of mixing between the slot coolant and primary streams. On 
this basis we would expect lower values of effectiveness for thin 
initial boundary layers for which the mixing rates are high. 

Also, I would like to ask whether the author has any data or 
suggested methods for treatment of single slot film cooling with 
accelerated main stream flow. Is it possible to use the local value 
of primary mass velocity and other stream properties to evaluate 
effectiveness in the case of acceleration? 


Author's Closure 


Since the time at which this paper was prepared, the system 
has been operated with greater initial boundary-layer thicknesses, 
obtained by extending the test section upstream and by using ° 
grit roughness at the end of the nozzle section. With this 
modification the initial boundary layer was about ten times 
as thick as it was for the operation reported here. Substantial 
changes in the effectiveness were found only for the 0.125 and 
0.063 in. slots, as a relatively small decrease in effectiveness at 
larger distances downstream. This evidence, which it is hoped 
will appear later as a Brief Note in this Journal’, does not sub- 
stantiate Mr. Weber’s inference that the effectiveness with a 
thin initial boundary layer might be less than with a thicker one 

The small amount of evidence now at hand for the effect of 
main-stream acceleration on the effectiveness does not enable an 
appraisal of how that might be accounted for. There is some 
indication that, at low ratios of injection to free-stream flow, the 
effectiveness is but little altered by strong accelerations occurring 
relatively far downstream from the slot. 


* Appearing in this issue, pp. 392-393. 
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Sublimation Mass Transfer Through 
Compressible Boundary Layers on a 
Flat Plate 


Data are reported on rates of sublimation mass transfer from an adiabatic, sharp- 
edged flat plate exposed to air streams at Mach numbers of 0.43, 2.0, and 3.5. Thick- 
ness decrease of the subliming naphthalene coating, plate surface temperature, and flow 
conditions were measured. An analysis of friction and heat transfer in turbulent 
compressible flow has been extended to mass transfer at low rates. Agreement between 
theory and data is good over the entire range of Reynolds numbers from 3 X 10‘ to 9 X 
10°. The effect of compressibility on mass transfer is found to be slightly greater than 
on friction. The measurement of the sublimation rate of thin coatings of solids pro- 
vides a powerful technique of obtaining local friction coefficients, being simpler and of a 
wider applicability than the method involving force measurements on small floating sur- 
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face elements. 


Bis advances in the design of high-speed air- 
craft and missiles emphasize the need for exact knowledge of skin 
friction and heat transfer under extreme flow conditions. Both 
theoretical and experimental studies of the effect of gas com- 
pressibility on friction and heat transfer have related these two 
processes. Very little work on mass transfer at high speeds has 
been reported, though the experimental study of mass transfer is 
potentially simpler than heat-transfer or skin-friction measure- 
ments. The experimental methods currently available for meas- 
uring local friction coefficients are either complex or inaccurate, 
whereas local mass transfer by sublimation from a solid body can 
be measured quite accurately without great difficulty. When the 
relationships between heat, mass, and momentum transfer are 
established for supersonic flow, such mass-transfer data can be 
used to determine friction and heat transfer under similar condi- 
tions. 

This paper reports data on rates of naphthalene sublimation 
from an adiabatic, sharp-edged flat plate exposed to subsonic 
and supersonic air streams in parallel flow with negligible pres- 
sure gradients. To permit correlation and extrapolation of the 
data, a theoretical analysis of heat transfer and friction by Deiss- 
ler and Loeffler [1]' has been extended to mass transfer. 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tue American Society or MecHanicat ENGINEERS. 

Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 


Society. Manuscript received at ASME Headquarters, August 21, 
1959. Paper No. 59—A-137. 


Equipment and Procedure 


Local rates of mass transfer from a flat plate to an air stream 
were obtained by measuring the rate of decrease of thickness of a 
thin coating of naphthalene on the exposed surface of the plate. 
The temperature at various points on the surface and the flow 
conditions of the air stream were measured also. Local mass- 
transfer coefficients and dimensionless Stanton numbers were 
calculated from the data obtained. 

Two series of experiments, series A and B, were made in the 
continuous-type, supersonic wind tunnel at the Naval Supersonic 
Laboratory of the Massachusetts Institute of Technology. The 
test section of this wind tunnel was 18 in. wide and 18 or 24 in, 
high, depending on the Mach number. The temperature and 
pressure of the air stream could be controlled accurately, and it 
was possible to maintain steady flow over extended periods of 
time. Apparatus was available for taking Schlieren pictures of 
the test section. Table 1 summarizes test schedules and operat- 
ing conditions. 

Two flat-plate models were constructed. They were both 33 
in. long and 18 in. wide, spanning the test section of the wind 
tunnel. Each was of a sandwich-type construction with a stain- 
less-steel skin insulated from the steel supporting plate by a 
1/,-in-thick layer of Rubatex blown-rubber insulation. Tem- 
peratures were measured by stainless-steel-constantan thermo- 
couples embedded in the stainless-steel skin. In the first model, 
used in series A experiments, there were 33 thermocouples. 
Twenty-five of them were spaced along the center line of the 
plate, and eight were used to measure the spanwise temperature 
distribution. In the second model, used for series B experiments, 
there were 72 thermocouples, 46 of which were spaced along two 





Nomenclature® 


local friction coefficient 


average friction coefficient 


heat capacity at constant pres- 
sure 


molecular diffusivity of mass 
heat-transfer coefficient 


* Consistent absolute units except where 
specifically indicated 
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mechanical equivalent of heat 

thermal conductivity 

exponent in viscosity-tempera- 
ture relation 

Mach number in free stream 

constant 


flux of mass across plane parallel 
to transfer surface 


vapor pressure, mm Hg 
flux of heat across plane parallel 
to transfer surface 
temperature recovery factor 
universal gas constant 
distance from origin of turbulence 
temperature parameter, Equa- 
tion (16) 
(Continued on next page) 
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AIR STREAM 


Fig. 1 
oF in.) 


Length 
0 
test, 
min, sec 
16-0 
13-20 
23-0 
30-35 
19-10 
A-6 
B-1 


B-2 
B-4 


30-15 
46-0 

30-45 
38-30 


* 1 point. 


lines 1 in. on either side of the plate center line. 


Adiabatic fiat plate (1) stainless-steel skin (2) i 


Table 1 


Mach 
no. 


3 


3. 


3 


Lonti ‘ A 





Test schedules and operating conditions 


Stagna- Stagna- 
tion tion 
pressure temp 
(P (T 
stagn), stagn), 
psia deg F 
50 24.0 102.0 
24.0 


125.0 
24.0 7 


90.7 


24.0 90.4 


9.0 91.0 
9.0 
20.0 
15.0 
15.0 


91.0 
86.2 
91.0 
88.8 


3.78 
3.78 


Plate construc- 


Region 
laminar 
turbulent 
laminar 
laminar 
turbulent 
laminar 
turbulent 
laminar 
turbulent 
laminar 
turbulent 
turbulent 
turbulent 


del; the skin of the first was 


—-Data obtained— 


No. of 
traces 


el ee lh eal 


towne wore 


tion is shown in Fig. 1. The second plate was flat essentially to 
within 0.005 in., the first one being slightly more wavy. Both 
plates had nearly razor-sharp edges widening into 15-deg half 
wedges. 

Smooth naphthalene coatings, about 10 to 20 mils thick, were 
applied to the plate surface, covering a strip about 12 in. wide 
along the center of the plate. Molten naphthalene was applied 


by the use of a traveling brass box 12 X 3 X 1'/; in. having a slot 
along the center of the long, narrow bottom surface. On the 
slot there were movable jaws with which the slot width could be 
varied. Generally, slot widths of the order of 1 to 2 mils were 
used. Immediately behind the slot, looking from the direction 
in which the distributor was moved, there was a smooth half 
cylinder attached to one jaw extending over its whole length. 
Small tefion legs supported the distributor so that the half cylin- 


Nomenclature 





absolute temperature 

velocity in z-direction, parallel 
to plate surface 

velocity 
(15) 


distance from plate leading edge 


parameter, Equation 


distance normal to surface 
distance 
(14) 


= weight fraction naphthalene in 
air 


parameter, Equation 


concentration parameter, Equa- 
tion (17) 
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Subscripts 

i = incompressible value 

wall conditions 

outer edge of boundary layer; 
free-stream conditions 

outer edge of region near wall 


w 


6 — 


1 = 


Greek Symbols 

frictional heating parameter, 
Equation (16) 

heat-capacity ratio 

= eddy diffusivity 
eddy diffusivity of mass, heat, 

momentum 

constant 


= viscosity 

= kinematic viscosity 
= density 

= shear stress 


Dimensionless Groups 

Pr = Prandtl number, c,u/k 

Re, Reynolds number for turbulent 
flow, tup/p 

Reynolds number, zup/u 

Schmidt number, u/pD 

heat-transfer Stanton number, 
h/c,pu 

St, mass-transfer Stanton number, 


Equation (1) 
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1. Trace before test 
2. Trace after test 


3. Thickness decrease 


MIL LIVOLTS 


10 


DISTANCE FROM LEADING EDGE, INCHES 


Fig. 2 


der was 10 to 20 mils above the plate surface. 
was wound with heating wire and insulated. 

To apply a coating, the distributor was filled with molten 
naphthalene and placed at either end of the plate with the slot 
downward. Pressure was then applied to force the melt out, and 
the distributor was moved by hand along the plate at about 1 fps. 
The narrow slot distributed the molten naphthalene uniformly 
along ite length, the melt was squeezed under the cylindrical 
hump, and a flat, smooth surface formed which solidified about a 
second later. Before each test the leading edge of the coating 
was smoothed into a beveled shape with a razor blade and rubbed 
with a cloth dampened in acetone. 

Records of the naphthalene surface profile on two lines along 
the plate were obtained by use of sensitive strain gages (Statham 
Instrument Company strain gages No. G7A) equipped with pick- 
up needles touching the surface. The strain gages were mounted 
on a movable bridge supported at the edges of the plate. Their 
output was fed to two Bristol recorders, the drives of which were 
synchronized with the motor pulling the strain-gage bridge along 
the plate toward the rear. The output of a strain gage was 
proportional to the position of the pick-up needle and thus in- 
dicative of the coating thickness. 

A continuous trace of the naphthalene surface profile along the 
plate was made before and after each test, following exactly the 
same line on the plate. The thickness decrease of the naphtha- 
lene coating was then related to the amount sublimed during 
the test. Fig. 2 shows the surface traces made before and after 
run A-1 together with the resulting profile of naphthalene thick- 
ness decrease. In this test the boundary layer was laminar for 
the first 10 in., resulting in a low sublimation rate, and in the last 
10 in. the flow was turbulent, giving a much higher rate of trans- 
fer. The location of the transition zone is evident. In series B 
experiments surface profile traces and temperature measurements 
were obtained along the same lines, parallel to air flow. 


The distributor 
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Surface thickness traces before and after test A-1, and profile of naphthalene thickness decrease 


In series A thermocouple readings relative to an ice reference 
junction were recorded manually from a Brown self-balancing 
potentiometer. In this way about one reading was obtained 
every 3 min from each thermocouple, and temperature data dur- 
ing the unsteady tunnel start-up and shutdown periods were 
incomplete. In series B the output voltages from the 72 thermo- 
couples were fed six at a time to six Brown potentiometers. 
These in turn were connected to an IBM card punch, and a 
record of six thermocouple readings could be obtained in about 10 
sec. The complete and reliable temperature data obtained from 
this setup were used to estimate the unsteady period tempera- 
tures for the experiments of series A. The tunnel stagnation 
temperature was measured by 12 copper-constantan thermo- 
couples in the tunnel stilling section. Fig. 3 shows the variation 
of the tunnel stagnation temperature and the plate surface tem- 
perature during run B-4 as recorded by one thermocouple near 
the leading edge. Fig. 4 shows the time-average temperature as 
measured by the 46 thermocouples during the 39-min duration 
of the same run. 

The installation of the plate model in the wind tunnel was 
time-consuming, and so the naphthalene coatings were applied 
to the plate in position in the tunnel. All surface profile measure- 
ments were also made with the plate in place. During each run 
all relevant flow conditions were recorded, and Schlieren pictures 
were taken. A typical Schlieren picture is shown in Fig. 5, 
where the plate is shown exposed to an air stream approaching at 
a Mach number of 2. 

The following raw data were obtained: Tunnel stagnation 
pressure and temperature, approach Mach number, thickness 
decrease versus distance along one or two lines on the plate, and 
temperature versus distance along the plate. 


Analysis of Data 


Mass-transfer data are conveniently presented as mass-transfer 
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Fig. 3. Tunnel stagnation temperature and plate-surface temperature near leading edge during test B-4 
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Fig. 4 Surface temperatures along plate during test B-4 (M = 2). 


coefficients and mass-transfer Stanton numbers. The former is 
the mass flux divided by the over-all concentration difference. 
The latter is properly thought of-as the ratio of the mass flux to 
the rate of transfer needed to increase the free-stream flow (per 
unit area of the free-stream cross section) to the same weight 
fraction of diffusing substance as exists at the wall. The Stanton 
number based on free-stream conditions is then defined by: 
Ne 
St. = (1) 


where N, is the mass flux, w represents weight fraction, and the 
subscript 6 refers to free-stream conditions. 

Mass flux was calculated from the measured decrease in thick- 
ness of the surface coating and the known exposure time, using 
measured values of the density of the naphthalene coating. The 
concentration at the plate surface was that of air saturated with 
naphthalene at the surface temperature, calculated from the 
vapor-pressure data given in the Appendix. The concentration 
in the free stream was zero. Both thickness decrease and tem- 
perature data were smoothed with position on the plate before 
the Stanton numbers were calculated (as functions of position 
or distance from the plate leading edge). Local values of St,, 
can be related to friction coefficients and to Stanton numbers for 
heat transfer. 

For purposes of presenting and correlating the data, it is desira- 
ble to relate the position on the plate to a length Reynolds num- 
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Positions (a) and (b) 1 in. on either side of the plate center line. 


ber Re.. For the laminar region Re, was defined in terms of the 
free-stream velocity, density, viscosity, and distance from the 
leading edge of the plate. For the turbulent region free-stream 
properties were again used, but the distance term was related to 
an “origin of turbulence’ arbitrarily defined. 

The difficulty is illustrated in Fig. 6, which shows the nature 
of the variation of momentum thickness, local friction coefficient, 
and surface temperature through the transition zone. Seiff [2] 
defines the origin of turbulence such that the total momentum loss 
in the laminar and transition zones is equal to that of a hypothe- 
tical turbulent region extrapolated forward from the actual region 
of turbulence (point a, Fig. 6). Coles [3] and Hakkinen [4] 
obtained good correlations of their data by using the point of 
maximum shear stress (point b, Fig. 6). A third possibility is the 
middle of the transition zone corresponding approximately to the 
maximum surface temperature (point c, Fig. 6). This last gave 
the best correlation of the present data and is used here in defin- 
ing the length Reynolds number for turbulent flow denoted by 
Re,. Except in the tests of series A at Mach 3.5 transition was 
abrupt and the origin of turbulence was indicated to be essenti- 
ally the same by all three methods. 


Transfer Relations for Incompressible Flow 


For laminar incompressible boundary-layer flow along a flat 
plate, the Blasius exact solution of the boundary-layer equations 
gives the local friction coefficient c, as 
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Fig. 5 Schlieren picture of model in wind tunnel. Test B-4(M = 2). 


MOMEMT UM THICKNESS cy = 0.664 (Re,)~'/ (2) 


Pohlhausen’s exact solution for heat transfer is also applicable 

to mass transfer if the Prandtl number is replaced by the Schmidt 

number. This solution can be represented accurately in the 
POZZZZ Schmidt or Prandtl number range of 0.4 to 6 by 


St(Pr)?? = Sta(Se)?* = ~ = 0.332(Re.)-"2 (3) 


LOCAL FRICTION 

COEFFICIENT, Cp For turbulent boundary-layer flow numerous semiempirical 
relations have been suggested. These include the Prandtl- 
Schlichting friction formulas and the von Karman-Schoenherr 
skin-friction law. The latter gives the local friction coefficient 
as 


(e7)~** = 1.7 + 4.15 logi( Recy) (4) 


The various relations have been presented and compared by 

Schlichting [5]. An analysis by Deissler and Loeffler [1], to be 

satin, italia ates discussed later, also gives an incompressible skin-friction law in 
OR RECOVERY FACTOR good agreement with the others. 

The Reynolds’ analogy relating friction and heat transfer takes 
into account the similarity of the mechanisms of heat and 
momentum transfer by turbulent eddies but makes no allowance 
for molecular motion; ie., it neglects the presence of a region 

A near the wall where transfer occurs predominantly by molecular 
Rie motion. Later modifications, following that of von Karman [6], 

(c) have assumed molecular and eddy transport to occur in parallel 
Fig. 6 Three methods of specifying the origin of turbulence and introduced various assumptions as to the nature of variation 
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of eddy diffusivity ¢ with distance from the wall. These de- 
velopments have recently been reviewed and compared by one 
of the authors [7]. For values of Pr or Sc greater than 1.0, the 
three most important analyses are those of Lin, Moulton, and 
Putnam [8], Deissler [9], and Deissler and Loeffler [1]. 

When the Schmidt number is large, a very small amount of 
turbulence near the wall can increase the mass transfer considera- 
bly and must be taken into account. Lin, Moulton, and Put- 
nam [8] introduced an empirical allowance for eddy diffusivity 
in the region very near the wall by the following assumed rela- 
tions: 


y* 3 
=wi— i}; 0<y*<5 5 
o? (**) 7 @) 


+ 
jv = ¥ — 0.949; 5<y*+ <33 (6) 


where the dimensionless distance parameter y* is defined by 
Equation (14), € is the eddy diffusivity, and v the kinematic 
viscosity. Beyond y* = 33 the Reynolds’ analogy was em- 
ployed, assuming the heat or mass flux proportional to the shear 
stress. 

Deissler [9] assumed that near the wall (to y+ = 26) the eddy 
diffusivity could be represented by 

e/v = ntuty*(1 — e~™“*v") (7) 
where the dimensionless velocity parameter u* is defined by 
Equation (15) and the empirical constant n has the value of 0.124. 
In the region away from the wall, i.e., beyond y* = 26, the von 
Karman logarithmic velocity distribution was employed. Cal- 
culated values of the Stanton number have been presented 
graphically in Reference [9] for pipe flow and a limited range of 
Reynolds numbers. 

The analysis by Deissler and Loeffler to be discussed in the 
next section was developed primarily for compressible flow, but 
with constant fluid properties it is nearly identical to the Deissler 
inalysis, only neglecting the effect of kinematic viscosity on eddy 
motion [the term in parentheses in Equation (7) is omitted and n 
is taken as 0.109}. 

For flow over a flat plate at Re, = 10°, cy is approximately 
0.0036, and the Reynolds’ analogy gives St,. = c;//2 = 0.00180. 
For Sec = 2.5 (naphthalene-air) the various allowances for 
molecular transport and variation of € across the stream give 
smaller values of St,,, the extreme being 0.00098 predicted by 
Chilton and Colburn [10]. The Lin, Moulton, and Putnam 
value is 0.00123, the Deissler result 0.00124, and that of Deissler 
and Loeffler, 0.00129. 


Transfer Relations for Compressible Flow 


In low-speed flow, fluid properties are usually assumed con- 
stant and so the velocity profile is independent of temperature 
variations. In compressible flow, however, steep tempera- 
ture gradients caused by frictional heating, exist in the boundary 
layer. Therefore variation of fluid properties with temperature 
must be accounted for and the velocity and temperature pro- 
files must be considered jointly, since one affects the other. 

Skin friction under compressible-flow conditions has been 
studied extensively. For laminar-boundary-layer flow various 
theoretical and empirical equations are available for predicting 
the effect of compressibility on the friction coefficient [11, 12). 
Due to the small effect on c;, e.g., 11 per cent reduction at M = 
3.5, these analyses are in reasonably good agreement within them- 
selves and with experimental data 

For turbulent-boundary-layer flow von Karman suggested, as 
a first approximation, the use of his incompressible friction law, 
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Fig. 7 Effect of compressibility on friction. X Hakkinen |4}, c//c/, is 
Re; = 10% A Coles [3], ¢//c;.i,6.6 < Re: X 107* < 8.9; O Korkegi 
[16], es/ey.i, Res = 5.5 X 105 O and Kester, cr/cri,6 < Re: 
xX 10-* < 16; 1, Van Driest [14], Re; = 107; 2, Deissler-Loeffier, [1), 
Re; = 10’; 3, von Karman, Re; = 10’. 


Equation (4), with density and viscosity evaluated at the wall 
temperature rather than at free-stream conditions. This method 
overestimates the effect of compressibility; some weighted aver- 
age of the wall and free-stream temperatures, such as suggested 
by Eckert [11], is more appropriate. 

Analyses proposed subsequently often deviate widely [13]. 
Van Driest [14] performed an analysis which yielded compres- 
sible friction and heat-transfer coefficients. An analysis for an 
insulated plate by Frankl and Voishel, extended by Rubesin, et 
al. [15] gives, partly due to internal cancellation of errors, friction 
coefficients which agree very well with experimental data. Adia- 
batic friction coefficients from the Deissler and Loeffler analysis 
to be discussed next, are almost identical to those from the ex- 
tended Frankl and Voishel analysis. 

In Fig. 7 the von Karman, Van Driest, and Deissler and Loef- 
fler compressible-friction relations are compared with experimen- 
tal data. Data from direct friction measurements on sharp- 
edged flat plates and cylinders by Coles [3], Hakkinen [4], 
Chapman and Kester [13], and Korkegi [16] have been plotted as 
cy/ey,, versus M. The subscript i refers to the corresponding in- 
compressible value (at the same Reynolds number). The Deissler 
and Loeffler analysis is seen to be an excellent representation of 
the experimental data. 

Several modifications of the Reynolds’ analogy for heat trans- 
fer in turbulent compressible flow have been suggested [17]. 
Among these, the heat-transfer coefficients obtained from the 
Deissler and Loeffler analysis again agree well with available data 
{1, 18}. 

Since the Deissler and Loeffler analysis has been shown to 
represent the best available friction and heat-transfer data in 
compressible turbulent boundary layers on flat plates, it has been 
extended in the next section to include mass transfer under similar 
conditions. 


Extension of the Deissler and Loeffler Analysis to Mass 
Transfer 


The equations for the transfer of momentum, heat, and mass 
through compressible turbulent boundary layers for steady, 
parallel flow past fiat plates, with negligible pressure gradients, 
may be given as 


du 
= — (8 
T = (u + pes) dy (8) 


dT 
q = —(k + peer) . (9) 


’ du 
3 —u (wu + pes) dy 
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d 
N = —(pD + pea) = (10) 
dy 


where 7 is the shear stress at the plane parallel to and at a dis- 
tance y from the wall, and g and N represent the flux of heat and 
mass across that plane. The eddy diffusivities are denoted by 
€s, €s, and €4, corresponding to the molecular transport properties 
u/p, k/pe,,and D. u, T, and w, which appear differentiated with 
respect to the distance y, are the time mean velocity, temperature, 
and weight fraction of the diffusing component. These equations 
are identical to those used when fluid properties are constant, ex- 
cept for the inclusion of the last term in the heat-transfer equation 
to account for the conversion of mechanical energy into heat. 

In dimensionless form Equations (8), (9), and (19) become, 
for the case of an adiabatic wall (q¢q = 0): 


T és 
gm (4 re —) 
Te Me Pw Mw/ Pw 
7 -o-($i 42-4 at*’ 
Qe ke Pre Pw Me/Prw dy* 
—2u* (4 + 
Me 
_ Spe (°7 re —-) dw* 
Ne PeDe Sew Pw be/Pw dy* 


The dimensionless parameters are defined by: 


du* 


(11) 
dy* 


du* 
dy* 


La —-) 
Pw Me/ Pw 


. (Tw/Pw)'” 
y* og 
Mw / Pw 
. u 
s  (Te/Pe)** 
ATs — TipPe _ 1 — (T/T) 
Te a 





, . (We — WP To/Po)'® 
wt = -—-—-—--———— 

Ra 
The subscript w refers to wall conditions. 

In the analysis the boundary layer is divided into two regions, 
the predominantly laminar “region close to the wall,” for y* < 
26, and the fully turbulent “region away from the wall,” for 
y* > 26. In the region close to the wall, eddy motion is allowed 
for in addition to the molecular transfer. The eddy diffusivity 
of momentum is represented by the empirical relation: 

€> 
— = nutyt (18) 
v 
where the constant n = 0.109 has been determined from pipe data 
at constant fluid properties. In the turbulent region the von 
Karman similarity hypothesis, expressed as 
(du/dy)* 


é = «x? ———_ 


19 
(du/dy*) " 
with x = 0.36 is used. It has thus been assumed that the eddy- 
diffusivity expressions obtained from flow with constant fluid 
properties also hold when the fluid properties vary. For the sub- 
sequent analysis the eddy diffusivities of momentum, heat, and 
mass are equated; i.e., 

& =~ = 4 = € (20) 


The viscosity of air is assumed to vary as the 0.68 power of the 
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absolute temperature. The Prandtl number and the specific 
heat are assumed to be constant. For mass transfer the Schmidt 
number is also assumed to be independent of temperature, 
though for naphthalene in air it is estimated to vary as 7'~*-™ 
(Appendix). 

With the preceding assumptions, the property ratios in Equa- 
tions (11), (12), and (13) can be written as: 


m7 (ry Ge)” 


— (22) 
Pw T/T. 


D ( T \it+= ( T \i.8 
Sa =) o z) 
Introducing Equation (16), it is evident that all property ratios 
are given in terms of a@ and t*’. 
In solving Equations (11) to (13) the variations of the shear 


stress and the heat and mass fluxes across the boundary layer 
have been assumed identical and negligible: 


(21) 


(23) 


T q 


—-s— a —e i 


Tw qe Ne 


(24) 


The validity of this and other assumptions, as pertaining to heat 
and momentum transfer, has been tested and discussed in Refer- 
ence [1]. It should be permissible to make corresponding as- 
sumptions for mass transfer, at least when Sc is between 1 and 
2.5, provided that the transfer rate is so low as not to affect the 
velocity and temperature profiles in the boundary layer. This 
was the case in the present sublimation study. 

For the region near the wall (y+ <26), substitution of the 
property ratios into Equations (11) to (13) gives, in integral 
form: 


dy* 


= 
u* = 

n*uty* 
0 1 — att’) + ————_ 
( ) 1 — at*’ 


at 2utdy* 
af f a — at*’)» n*u*ty* 
0 ———_—— + 


Pr 1— att! 


wt = i dy* 
(1 — at*’)= 
0 (i — at" * + 


In the region away from the wall the molecular transfer terms 
are neglected. Equations (11), (12), and (13), with condition 
(20), and integration from y,*+ = 26 to y* gives: 





(25) 








n*uty* (27) 


1 — att’ 


t*’ re a+’ = (ut)? nae (tu +) 
wt —w,* = ut — wt 


where the subscript 1 refers to the value at y* = 26. 

Equations (25) and (26) have been solved simultaneously by 
Deissler and Loeffler [1] by iterative numerical integrations. 
With u* and ¢*’ given, w* at y* < 26 can be obtained from Equa- 
tion (27) for any desired value of Sc by simple graphical integra- 
tion. For the region away from the wall (y* > 26), substitution 
of Equation (28) and the von Karman similarity hypothesis, 
Equation (19) into Equation (11), gives a relation between u* and 
y*, with a as parameter. The t*’ and w* profiles can then be 
obtained by use of Equations (28) and (29). 

The dimensionless velocity and temperature profiles through 
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Fig. 9 Variation of local friction coefficients with Reynolds and Mach numbers as pre- 


dicted by Deissier and Loeffler. 


the boundary layer are given in Reference [1]. Fig. 8 gives the 
dimensionless concentration profile for a value of Se of 2.50 cal- 
culated from Equations (27) and (29) by the procedure de- 
scribed. The curve for the frictional heating parameter a of zero 
corresponds to incompressible flow; those for a = 0.001 and 
().002 correspond to increased frictional heating of the flat-plate 
surface. 
In the terms of this analysis the local friction coefficient cy is 
given by 
27. 21 — a) 
i iva Fe L 


= (30) 
psus* 


(us*)* 
where the subscript 5 refers to the outer edge of the boundary 


layer. The mass-transfer Stanton number St,,, defined by Equa- 
tion (1), becomes 


Ne 1 — ats*’ cy us* 
an = = — =—— — 


(We — Ws)pstis us *ws* 2 wt 


St (31) 
which illustrates the correction to the Reynolds’ analogy. 
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insulated fiat plate, Pr = 0.73. 


To calculate St,, at any desired Reynolds and Mach number, 
the dimensionless parameters must be evaluated. The integra- 
tions necessary for relating these parameters to Re; and M can 
be avoided by use of Fig. 9, which gives the corresponding local 
friction coefficients from [1]. The procedure used for calculating 
the theoretical St, curves shown in Fig. 12 was as follows: 

1 Obtain c; from Fig. 9 at the selected M and Re; 


2 Obtain 7’, from the selected 7's and the equation 


— 
Te =T; (: Sy oat. m) (32) 


9 
- 


where the theoretical recovery factor r is obtained from Figs. 16 
and 18 of Reference [1], and ¥ is the heat-capacity ratio (1.4 
for air). 

3 Calculate a, us*, and ts*’ from Equations (16) and (30) 
and the Mach number relation: 


| 9 
<a 
M = u;* 


- (33) 
(y — 10 — atts’) 
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Fig. 10 Mass-transfer Stanton number versus Reynolds number Re, (based on 
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Tests A-3 and A-4, position (a), M = 3.5. 


REYNOLOS NUMBER Rey 


Fig. 11 
distance from leading edge). 


4 Obtain ys* from Fig. 4(u* versus y*, a for adiabatic plate) 
or Fig. 6 (¢*’ versus y*, a@) of Reference [1]. The two values 
should agree. 

5 Obtain w,* from Fig. 8. 

6 Calculate St,, by the use of Equation (31). 


Discussion of Results 


Representative data at Mach 2.0 and 3.5 are shown in Figs. 10 
and 11 as St, versus Re,. Natural transition occurred in the 
tests plotted in Fig. 10; in the test shown in Fig. 11 transition 
was sharply induced by a disturbance near the end of the laminar 
region. In both these, and most other tests, continuous data 
are available through the transition zone, but no attempt has 
been made to correlate them. 

Since sublimation rates in the laminar-flow region are con- 
siderably lower than those in the turbulent region, the accuracy 
in the measurement of the small thickness decreases was poor. 
Reliable data could be obtained if an experiment were devoted 
exclusively to laminar mass transfer, but not in conjunction with 
turbulent measurements. Therefore these data have not been 
analyzed in detail, but are compared to the Pohlhausen incom- 
pressible laminar heat-transfer solution, Equation (3), represented 
by the solid lines in Figs. 10 and 11. 


Subsonic Results 


Fig. 12 shows the experimental mass-transfer Stanton numbers 
at Mach numbers of 0.43, 2.0, and 3.5, plotted versus the turbu- 
lent-length Reynolds number Re;. The figure also shows the 
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Mass-transfer Stanton number versus Reynolds number Re. (based on 
Test 8-2, position (a), M = 2. 


calculated results of the extended Deissler and Loeffler analysis 
for Mach numbers of 0, 2, 3.5, 4, and 6. This is analogous to the 
cy plot in Fig. 9. 

Data at M = 0.43 represent the average from two position 
traces, The maximum deviation from the average was 2 per 
cent occurring at the highest Reynolds number (lowest transfer 
rate). 

According to the analysis St,, at M = 0.43 should be about 
3 per cent below the incompressible value. The subsonic data 
points in Fig. 12 fall about 2 to 5 per cent below the M = 0 curve. 
This indicated agreement is better than would be expected, since 
the experimental error was 3 to 4 per cent. 

With such excellent agreement over the range of Reynolds 
numbers from Re; = 3 X 10‘ to 9 X 10*, both theory and these 
subsonic data provide a reliable basis for the evaluation of sub- 
sequent supersonic results, and thus for a study of compressi- 
bility effects. One of the major uncertainties present in such in- 
vestigations has thereby been eliminated. 


Supersonic Results 


Turbulent Mach 3.5 data were obtained in four series A tests. 
Data from one position of runs A-3 and A-4 are most reliable be- 
cause of good surface traces and acceptable temperature measure- 
ments. The experimental errors, largely arising from uncertain 
and inadequate temperature measurements, may be 5 to 10 per 
cent of the St. values. These data are plotted in Fig. 12 versus 
Re, the Reynolds number based on the distance from the 
origin of turbulence. Their average falls 3 per cent above the 
theoretical curve with the most reliable data just below it. 
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Fig. 13 Effect of compressibility on mass transfer. Experimental data 


compared with extended Deissier and Loeffler analysis. Re; = 3 X 
10°, Sc = 2.5. 


Some turbulent Mach 2 data were obtained in run A-5, but 
they were plagued by several uncertainties, including an unusual 
transition in two stages which made their correlation difficult. 
Results from runs B-2 and B-4, with two separate traces from 
each, have been plotted in Fig. 12. 
is about 3 per cent. 

These data agree well with the theoretical curve at Re; = 10° 
but fall some 5 per cent below it at higher Reynolds numbers. 
They are remarkably consistent within themselves. Transition 
in these runs was “induced” by disturbances and not natural; 
this may have affected the subsequent mass transfer, but it is 
difficult to assess any such effect, and it could hardly be great. 
The excellent internal consistency of the data may be fortuitous, 
but it does establish a very definite experimental value, deviating 


The estimated error in St,, 
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Test A-3, b, M = 3.5; & Test A-4, a, M = 3.5 (all for Se = 2.5). 


from the theoretical by very little more than the probable experi- 
mental error. 

The Stanton numbers at Re; = 3 X 10* have been divided by 
their incompressible theoretical value at the same Reynolds num- 
ber (Sta.; = 1.096 X 10-*) and plotted versus the Mach 
number in Fig. 13. This is analogous to the treatment of friction 
coefficients in Fig. 7. Agreement with the theoretical curve is 
good. The Mach 0.43 point falls on the curve, the Mach 2 point 
falls 3.4 per cent below, and the Mach 3.5 point 1.4 per cent above 
the theoretical curve, the percentages being based on the incom- 
pressible value. 


Evaluation of Theory 


A comparison between the experimental mass-transfer data 
and the Deissler and Loeffler analysis, extended to mass transfer, 
has been presented. The data support the theoretical results 
in both incompressible and compressible flow. Similar good 
agreement has been shown between theory and local skin-friction 
data obtained experimentally by direct force measurements. 
Comparisons with heat-transfer measurements have been made 
elsewhere [1, 18], also with favorable results. 

It must be concluded that this analysis predicts all three trans- 
fer processes in incompressible as well as compressible flow to a 
reasonable accuracy. The mass-transfer extension holds at least 
for Schmidt numbers between 1 and 2.5. If much higher 
Schmidt numbers were considered, the extended theory would 
have to be modified to include the damping effect of kinematic 
viscosity on eddy properties in the region near the wall. 

A comparison of the effect of compressibility on momentum, 
heat, and mass transfer, as predicted by the Deissler and Loeffler 
analysis and its extension at Re; = 3 X 104, is given in Fig. 14. 
The effect on heat transfer and friction is about the same, whereas 
with Se = 2.5, the reduction in St,, is about 10 per cent larger. 
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Fig. 14 Effect of compressibility on heat, mass, and momentum transfer, 
as predicted by the extended Deissier and Loeffler analysis 
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Fig. 15 Variation of the Reynolds’ analogy factor with Reynolds and 


Mach numbers. Upper curves are for Deissier and Loeffler theory; low- 
est is Chilton-Colburn analogy (Sc = 2.5). 


This difference is a function of the Schmidt number, as can be 
deduced from the theory 

The ratio 2 St,./cy for Se = 2.50 has been plotted in Fig. 15 as 
a function of the Reynolds number, with the Mach number as pa- 
rameter. This indicates the same trend with respect to the Mach 
number. The Chilton-Colburn analogy factor, Sc~*/*, has been 
included for comparison; by the Reynolds’ analogy the ordinate 
is unity. 


Conclusion 


Sublimation mass transfer through compressible boundary 
layers on a flat plate has been measured. The results have been 
related to a theoretical analysis of turbulent heat, mass, and 
momentum transfer. The following conclusions are drawn: 


1 The technique used to determine sublimation mass transfer 
by measurement of the thickness decrease of the subliming solid 
layer and of model surface temperature can yield accurate mass- 
transfer data under both subsonic and supersonic flow conditiors. 

2 An analysis of skin friction and heat transfer in turbulent 
compressible flow by Deissler and Loeffler has been extended 
to mass transfer at low rates, with Sc = 2.5. Agreement between 
theory and the measured data at Mach numbers of 0.43, 2.0, and 
3.5 is good over the experimental range of Reynolds numbers. 

3 An analogy between heat, mass, and momentum transfer 
on @ flat plate with zero inclination in turbulent compressible 
flow has been established. The substantiation is limited to low 
values of Sc or Pr. 
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4 The effect of compressibility on skin friction and heat trans- 
fer in air is essentially identical, whereas for mass transfer at Se = 
2.5 it is about 10 percent larger. This difference is zero at Sc = 1 
and increases with the Schmidt number. Thus the Reynolds’ 
analogy factor for mass transfer, 2 St,./cy, is a function of both 
Reynolds and Mach numbers. 

5 The measurement of the rate of sublimation of thin coatings 
of solids provides a powerful technique for obtaining local fric- 
tion coefficients. This technique is simpler and would appear to 
have wider applicability than the method involvinr force meas- 
urements on small floating surface elements. 


To utilize this method fully, it will be necessury to determine 
both theoretically and experimentally, the effect of pressure 
gradients in flow over surfaces of various shapes. 
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APPENDIX 
Some physical properties of naphthalene (purified by recrystal- 
lization from alcohol): 
3765 . 

Vapor pressure [19]: logeP = 7. + 11.55 where P is 

expressed in mm Hg and 7 in deg K 
Density: Pycnometer measurement [20] = 

at 20C 

Cast material [18] = 1.078 + 0.012 g/cm’ at 20 C 

Coefficient of volumetric expansion = 0.00028/ deg C 
Diffusivity in air = 0.0611 cm?/sec at 25 C and 1 atm 
Schmidt number in air = u/(pD) = 7 x T°; T = deg K 

(100 to 500 K), Sc = 2.50 at 265 K 


The two density values in the “International Critical Tables”’ 
[20], at 17 and 20 C were presumably taken with a pycnometer 
and represent the density of naphthalene with no air enclosed in 
the pores. The coatings, however, were crystalline and some- 
what porous. Therefore the density of the naphthalene coatings 
as used was measured, the foregoing figure representing the aver- 
age of 17 measurements, with the + value at 95 per cent 
confidence level. Since the temperature coefficient extrapolated 
from [20] was abnormally high, it was measured with a dila- 
tometer. 

Diffusivity and Schmidt number were calculated according to 
the procedure recommended in [21]. Since the calculated dif- 
fusivity (D = 0.0620 or 0.0614) agreed well with the experimental 
value (0.0611), the foregoing calculated Schmidt number relation 
is. believed to give the most reliable published values for the 
naphthalene-in-air system. 
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DISCUSSION 
Frank Kreith? 


The authors have presented an interesting method of deducing 
skin friction coefficients from measurements of sublimation rates 


of naphthalene. The analogy between heat, mass, and momen- 
tum transfer has in the past usually been restricted to relating 
heat and mass transfer or to deduce heat or mass-transfer co- 
efficients from known information on skin-friction coefficients. 
The reason given by the authors for reversing the procedure, i.e., 
predict the skin friction from mass-transfer rates, is that local 
skin-friction measurements are either more complex or less 
accurate than the measurements of local sublimation rates. 
This statement implies that the accuracy of their measurements 
has been evaluated and found to be satisfactory in all respects. 
This discusser has over the past few years studied mass transfer 
from a naphthalene surface cast on a rotating plate. In the 
course of this work observations have been made which lead one 
to question the basic premise of the authors—namely, that the 
sublimation rates measured with the profilometer can be used 
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with satisfactory accuracy as the primary source of data for 
calculating the skin friction. 

It has been found in work done since our paper* was published 
that the rate of sublimation from the naphthalene surface of a 
rotating disk depends very much on the surface conditions. The 
rate of sublimation from a surface which is not completely smooth 
can easily exceed the rate from a surface machined smooth after 
casting by as much as 25 per cent. Since no direct relation 
between the increase in friction due to roughness and the cor- 
responding increase in mass transfer or heat transfer exists, and 
since theoretical work on this question is still incomplete, this 
observation made it necessary in the work with the rotating disk to 
“ealibrate’’ each surface by comparing the rate of mass transfer 
from it with some arbitrarily selected standard. In the work with 
the rotating disk theoretical calculations, which had previously 
been checked by independent heat as well as mass-transfer ex- 
periments, were used as the “standard.” 

In the experiments described in this paper, the sublimation 
rates from only a very few test surfaces were measured and no 
rigorous control over the surface conditions was maintained as 
seen from Fig. 2. Moreover, the interpretation of the test data 
was based on a “starting length’’ which, as shown in Fig. 6, is not 
unambiguously defined. In fact, the slopes of the curves in 
Fig. 12 depend not only on the surface conditions but also on the 
definition of Re,. The accuracy of the comparison of the au- 
thors’ data with the theory of Deissler and Loeffler seems therefore 
questionable on two accounts. But even if the starting length 
is accurately known, without a complete knowledge of the effect 
of surface conditions on the rate of sublimation, the authors’ 
method for obtaining local friction coefficients from rate of sub- 
limation measurements should be used with caution. 


Authors’ Closure 


Professor Kreith questions the accuracy and reproducibility 
of sublimation rate measurements. He also questions the 
comparison of data and theory because of the arbitrary defini- 
tion of Re,,. 

The precision attained in measuring the decrease in thickness 
of the naphthalene coating is suggested indirectly by the top two 
curves of Fig. 2. We believe that with the strain gages and 
instrumentation employed this decrease was measured to better 
than 3 per cent. It would appear to be more difficult to obtain 
similar precision by direct force measurements which are limited 
to flat surfaces in the measurement of skin friction. Actually, 
the principal source of error doubtless lay in the temperature 
measurements and not in the measurements of sublimation 
rate. 

Properly prepared surfaces gave quite reproducible results. 
Preliminary studies emphasized the need for smooth surfaces 
which did not roughen during a test. Large crystals are formed 
if the naphthalene is cooled slowly, giving a coating which may be 
smoothed initially but which becomes rough before the test is 
complete. This condition was avoided in all tests reported. 
Small crystals formed by rapid solidification of the naphthalene 
gave surfaces which remained smooth and during a test attained 
a polished appearance, uniform in the longitudinal direction. 

The problem of defining a starting length, or origin of turbu- 
lence, is encountered in most friction and heat-transfer studies. 
The manner in which Re, is defined affects the correlation of the 
data but not the comparison of transfer coefficients for heat, mass, 
and momentum. 
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Tix rLow of fluids in ducts having noncircular cross 
sections has been studied by the authors and reported in a number 
of publications [1, 2, 3, 4]. In one of the cross sections investi- 
gated, that of an isosceles triangle with a height to base ratio of 10, 
it was observed that the flow in the narrow apex region behaved 
in a very peculiar manner in the neighborhood of the transition 
point. It was shown by flow-visualization techniques and veloc- 
ity-field measurements that the influence of the converging walls 
in corner regions was such as to exert a stabilizing influence on 
the flow field. Thus, although the flow in the core of the fluid 
near the triangle base was turbulent, a significant portion of the 
fluid near the apex was laminar and remained so at high Reynolds 
numbers. This stabilizing phenomenon gave rise to the specula- 
tion that in external flow it might be possible to delay transition 
by installing wedge-shaped grooves in the flow direction. Thus 
an interest was generated in studying the boundary-layer develop- 
ment in such grooves. The present paper reports the results of 
such an investigation using the von Karman-Pohlhausen-Krou- 
jiline integral equations to study the velocity and thermal] bound- 
ary-layer growth and the associated skin friction and heat trans- 
fer. 


Momentum Analysis 


When fluid flows along a plane surface with grooves such as 
illustrated in Fig. 1, boundary layers will build up next to the 
solid walls of the surface. A constant-pressure main stream 
such as that over a flat plate can be expected to exist beyond the 
boundary layers. These boundary layers, which at first occur 
only in the immediate vicinity of the solid walls, will increase in 
thickness in the downstream direction and eventually overflow 
from the grooves. 

By proposing appropriate velocity and temperature distribu- 
tions within the boundary layers and through the use of momen- 
tum and energy integral equations, it is possible to calculate the 


1 Numbers in brackets designate References at end of paper. 
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Nomenciature— 


Laminar Skin Friction and Heat 
Transfer on Flat Plates With Wedge- 
Shaped Grooves in Flow Direction 


Fig. 1 Flow over a grooved fiat plate 


rate of boundary-layer growth in the flow direction and thus to 
determine the related skin friction and heat transfer. In this 
analysis a rectangular co-ordinate system, such as shown in Fig. 
2, will be used. As illustrated in the figure, the z-axis is taken 
along, and the y-axis perpendicular to, one wall of the groove. 
The z-axis is in the direction of the flow. The angle between the 
walls of the groove is 2a. 

To simplify the investigation it is only necessary because of 
symmetry to consider half of the flow area between the grooves. 
The boundary layer is designated as the region between the 
dotted lines and the solid wall in Fig. 2. The dotted lines, which 
denote the outer edges of the boundary layer, are drawn parallel 
to the solid walls and are described as meeting at a sharp angle at 
the center line. 

The boundary-layer thickness is denoted by 6 along the center 
line of the groove in Fig. 2. The distance along the wall corre- 
sponding to 6 is designated by R. It will be specified that a 
boundary layer with a flat-plate velocity profile exists along the 
wall of the groove beyond z = R and that the velocity field in the 
corner of the groove joins smoothly to the flat-plate profile at 
z= R. 





= specific heat at constant pressure 
’ = drag force based on total groove- projection 
surface area 
heat-transfer coefficient 
—k( OT /dy)y-0 
"tie= te 
k thermal conductivity 


Fig. 2 
co-ordinate 
L = length of groove wall, Fig. 2 
q specific heat flux, Btu/hr-sq ft 


co-ordinate 


co-ordinate 


Journal of Heat Transfer 


heat flux, Btu/hr 

of boundary-layer 
thickness on z-axis, Fig. 2 T,-T. 

local temperature 

velocity in z-direction 

distance across top of groove, 


groove half angle, Fig. 2 
boundary-layer thickness, Fig. 2 
w 
ratio of boundary-layer thickness 
mass density 
dynamic viscosity 
Subscripts 
fp = flat-plate conditions 


(Continued on next page) 
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,*o 
Fig. 2 Co-ordinate system and nomenciature 


The proposed velocity profile in the corner region is constructed 
in part from the results obtained in [5]. In this analysis a similar 
situation was studied except that the two solid walls were infinite 
in extent in the z-direction, and at right angles to each other. 
The velocity field given in this reference is a solution of the 
Navier-Stokes’ equations using Prandtl’s boundary-layer assump- 
tions. This solution was adapted to the present problem by the 
supposition that the dimensionless velocity profile along the center 
line of the 90-deg corner is applicable for grooves of any opening 
angle provided that the boundary-layer thickness 6 is less than 
the notch depth, L cos a 

With the specifications just discussed, there are now three 
conditions which may be applied to the velocity field within the 
grooves. The first is that, at z = R, the corner velocity profile 
must be identical with that for the boundary layer along a flat 
plate and that the corner and side boundary layers should join 
smoothly. Second, the center-line velocity profile is taken as 
matching the one given in [5]. Third, the velocity should 
vanish at all solid surfaces. 

For laminar boundary layers along a flat plate, the velocity 
profile is given according to [6] as: 


== (a) (8) 


(1) 


where u, is the free-stream velocity taken as a constant and dp, 
the flat-plate boundary-layer thickness, is a function of z or the 


flow direction. The Nomenclature may be consulted for the 
meaning of other symbols. Since it has been specified that the 
thickness of the boundary layer existing at z = R is a constant 
for each z-location at a given free-stream Reynolds number, the 
velocity profile in Equation (1) may be written as: 


u ? s 

- (et) - (Eh. 

u, R tan a R tana 
Thus Equation (2) specifies une velocity distribution in the 
region R< z2< LandO0<y< Rtana. It is therefore taken 


(2) 


Nomenclature. 


that the velocity component in the z-direction is negligibly small 
in this region. 

Also frgm the considerations just discussed, the velocity distri- 
bution given subsequently may be specified in the corner region 
O0<2<Rand0<y<ztana 


had = [ »/=() — “n(z . 
u, \R R 
ny, ( 2) ( Tih YR aR Ws 
* n(2) ? R tan a R tana (3) 
The derivation of Equation (3) is given in detail in Appendix 1. 
The velocity distributions given in Equations (2) and (3) may 
now be used in the integral momentum boundary-layer equation 
to determine the rate of boundary-layer growth. For the co- 
ordinate system described in Fig. 2, and for a control volume 
consisting of the groove walls, the outer edge of the boundary 


layer and two planes parallel to the z-y-plane and a distance of 
dz apart, the two-dimensional integral equation is written as: 


d R prtana L pPRtana 
“Sf ewes ffl ae] 
dz 0/0 RJO 
d R prtana L pRtane 
sul (f pudyar + ff pu dy de | 
dz| Jo Jo 0 Jo 
L 
ou 
= — dz (4) 
f, (2). ( 


The first term on the left-hand side of Equation (4) represents 
the difference between momentum entering and leaving the two 
planes, the second term represents the momentum exchange rate 
with the free stream and the right-hand side equals the shear 
stresses acting on the fluid at the walls. When Equation (4) is 
written for constant properties in dimensionless form it reduces to 


Muara tle ff" *(1-*)a(gtz)a(3)] 
+ del ff 2(0-2)e(ek)(3)] 


z 
~ 5 
— d ( ;) (5) 
Rtana — 
If the velocity expressions from Equations (2) and (3) are now 
inserted in Equation (5) and the appropriate integrations per- 
formed, the following first-order linear differential equation re- 

sults: 


ieL® (z) - (2) J~ [> (a) - “ater 


with 


(6) 


b, = 0.13928572 
bz = 0.05986989 


b, = 1.50000000 
by = 0.14583334 





boundary layer on side of groove, 
Fig. 2 
ee Dimensionless Groups 
free-stream conditions 
thermal boundary layer 
wall conditions 
z-co-ordinate 
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z = flow direction or 2-co-ordinate 


fi = local friction factor = 


Nu = Nusselt number = AZ/k 


Pr = Prandtl number 

od) 
Re = Reynolds ber | Re, = —— 
(™) ynolds num e( r 
f oy / yo 


pu,?/2- 


z* = dimensionless z2-co-ordinate, 


7 Z 1 ] 
P L tan a Ret tane 
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Integration of Equation (6) then gives the relation between 
boundary-layer thickness, in this case R/L, and the z-location 


(*) ng (ey 7x in| : (?)] : G = a) te 


with 


d, = 7.49021839 
d, = 0.41053637 


d; = 77.04224279 
d, = 0.09722223 


Before proceeding to a discussion of the skin friction, the rate 
of boundary-layer growth in the corner regions will be examined. 
Not only is this growth related to wall friction in external flow, 
but it is of interest in connection with the prediction of hydro- 
dynamic entrance lengths in noncircular ducts in internal flows. 

Equation (7) indicates that the dimensionless boundary-layer 
thickness 6/L is a function of Re,, z/L, and a. This suggests a 
comparison, at the same Re;, between the growth of the boundary 
layer in the z-direction on a flat plate and in grooves of various 
values of a. Such a comparison will be made for the situation 
when 6 = L cos a; i.e., where the groove is filled. Then the z- 
distance for the groove may be easily obtained from Equation (7). 
The ratio 6/4; is calculated from Equation (7) and from the 
well-known flat-plate solution. 


4.642 


bt = 
P V Re, 

into which the foregoing value of z is inserted. 
Such a comparison is shown in Fig. 3 where 


(5/5tp)3 = L cosa 


is plotted against the wedge angle 2 a 

The figure indicates that, at small wedge angles, the rate of 
boundary-layer growth in the groove is very much greater than 
for a flat plate. Only at angles greater than 140 deg are the two 
boundary-layer growths very nearly the same. At an angle of 20 
deg, for example, when the boundary layer has filled the groove, 
at the same 2-distance and free-stream conditions, the flat-plate 
boundary layer is lese than one tenth as thick. 

A general representation of the results for any boundary-layer 
thickness is given in Fig. 4. The abscissa of this figure is a 
dimensionless co-ordinate in the flow direction which contains a 
Reynolds number based on the groove dimension and which for 
convenience is referred to as z*. On the left-hand ordinate is the 
dimensionless boundary-layer thickness R/L, which is equal to 6 
cos a/L. From Fig. 2 this is also seen to be equal to 6:/L tan a 
and thus the left ordinate shows the growth of both the boundary 
layer in the corner 6, and along the side 59, when the curve 
marked wedge is used as the connection from z*. On the right- 
hand ordinate is shown for reference the dimensionless boundary- 
layer thickness for a flat plate 6;,/L tan a. The connection 
between this ordinate and z* is the curve marked flat plate. The 
upper curve in Fig. 4 is obtained from Equation (7) and the lower 
curve from a rearrangement of Equation (8) after the insertion of 
the reference length L tan a. 

It is of interest to note from Fig. 4 that the rate of growth of a 
normal flat-plate boundary is less than the rate of growth of the 
boundary layer on the side of the groove whose thickness is dp. 
This is so because the rate of growth of 5, is controlled in part by 
the boundary-layer processes in the corner region. It also may 
be seen that the differences between 5) and 5;, becomes less where 
the boundary layers in the groove are thin. 

Figs. 5 and 6 show the local characteristics of the velocity field 
within the groove. In Fig. 5, lines of constant u/u, are plotted 
at a given value of R/L and for a wedge angle of 45deg. Particu- 
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Fig. 3 Comparison of groove and fiat-plate, boundary-layer thickness 
at equal Reynolds numbers and z-distances under condition that bound- 
ary layer fills groove 
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Fig. 4 Variation of dimensionless boundary-layer thickness in grooves 
and on fiat plates with dimensionless z-co-ordinate 
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Fig. 5 Lines of constant velocity in groove, 2a = 45 deg 
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Fig. 6 Variation of local friction factor with x at various dimensionless 
z-locations. Integral solutions solid line, solution from [5] dashed line. 


lar note should be taken of the sharp angles at which the lines of 
constant velocity meet at the wedge center line. It will be 
shown later that this type of intersection has little effect on the 
over-all skin friction in the groove. Fig. 6 is a plot of the local 
friction factor over the distance z at various values of R/L and 
z*. The present solution which is independent of angle in this 
presentation is shown as solid lines and for comparison purposes 
the exact solution for the 90-deg infinite corner from [5] is shown 
by dashed lines 

It is seen from Fig. 6 that the local friction factor from the 
present work rises from a zero value in the corner through a maxi- 
mum in the vicinity of z = R and then attains a constant value 
for z > R where the flat-plate velocity profile exists. Comparison 
with the exact solution indicates that this peculiar variation is 
likely due to the assumed shape of the velocity field. 

Two other points of interest may be seen in Fig. 6. The 
prediction of the boundary-layer thickness 5 by the present 
analysis is in excellent agreement with [5] for all values of R/L. 
In addition, while the local friction factors indicate deviations, 
the integral-solution average friction over the groove compares 


well with the more exact analysis. The difference in the worst 
case is 3 per cent. 


Additional Comparisons With Other Solutions 


In any integral solution of boundary-layer problems it is diffi- 
cult to assess the influence of the assumptions made regarding the 
shape of the velocity field. One possible method of investigation 
is to compare the integral results with available exact solutions as 
was done in the foregoing. Another approach is to carry out 
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Fig. 7 Comparison of local friction factor at a given z-location for three 
solutions. Solution A (solid line), Solution B (dotted line), Solution C 
(dashed line). 


solutions with different velocity assumptions and examine the 
final results. This will be done in the following paragraphs for 
three different assumed velocity distributions. 

The three solutions which are available for comparison will be 
called Solutions A, B, and C. Solution A is the present analysis 
whose basic assumptions have already been discussed. Solution 
B has been obtained by specifying that a flat-plate velocity profile 
exists both in the corner and side regions of the groove. In other 
words, Equation (2) applies on the side walls in the region R < 
z< L,0 < y < d)and in the corner region0<z2< R,O<y<z 
tan a. Solution C is presented in [7] and involves quite a dif- 
ferent set of assumptions regarding the velocity field. In this 
reference the boundary layer near the peaks of the grooved-sur- 
face side is specified to have a flat-plate velocity profile which 
grows at the same rate as on a normal flat plate. The shape of 
the outer border of the boundary layer near the corner is taken as 
a hyperbola which fits smoothly into the outer border of the bound- 
ary layers near the peaks. In [7] a number of polynomials of 
different degrees were used to describe the shape of the velocity 
profile within the boundary layer. In the comparison to follow, 
the velocity profile in Solution C is a sixth-degree polynomial. 

Three comparisons have been made among the three solutions 
and are shown in Figs. 7, 8, and 9. Fig. 7 has the local friction 
factor f,,, plotted against the dimensionless z-co-ordinate. Solu- 
tion A has been discussed before. It is shown as a full line. 
Solution B (indicated by dots) shows, as would be expected from 
the single velocity profile assumed, a constant value of the local 
friction factor. Solution C has a friction-factor distribution 
which unlike the other solutions is angle dependent. Therefore 
it is presented for three angles. It is interesting to note that 
Solution C for small angles shows the same general characteristics 
as Solution A in that the local friction factor rises from a value 
zero in the corner, goes through a maximum, and then drops to 
the flat-plate value on the side of the wedge. The differences in 
flat-plate friction factors in Fig. 7 between Solutions A and C 
may be attributed to the different side boundary-layer growth 
rates discussed previously. 

Fig. 8 shows the friction factor f averaged at a given z-location 
as it varies with the dimensionless distance z* in flow direction. 
Once again, Solution C which is angle dependent in this represen- 
tation is given for three angles. In addition, the fiat-plate value 
is presented for comparison. In this figure, the differences be- 
tween the three solutions, which were apparent in Fig. 7, are 
minimized because of the averaging process. 
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A final comparison between the three solutions is presented in 
Fig. 9. The dimensionless drag, which is equal to fg 3Re,%(L/z), 
at a fixed aspect ratio z/W and free-stream Reynolds number 
Re,, is plotted over the angle a. Solution A is shown as 
solid points, Solution B as circles, and Solution C as hollow 
squares. Two main points of interest may be noted. First, it is 
remarkable that all three solutions agree very closely. Second, 
at small angles the total drag of the grooved surface is much 
larger than that of a flat plate with the same projected area. At 
groove angles of approximately 150 degrees, the drags are equal 

















Energy Analysis 


In a manner analogous to that used to solve for the skin fric- 
tion in the groove, the heat transfer may be calculated also. If 
the law of conservation of energy is applied to the flow of a 
laminar, constant-property fluid through the same control vol- 
ume as used previously, the following integral boundary-layer 
equation results: 


Rt ztaneae an 
d = u 7 
dc,u,T, 1 — — } dy dz 
dz 0 /0 %, r, FLAT PLATE —- 
i L Ri tane s T SOWTION A 
tf 
| peau f f . ( - — ) dy ic| SOLUTION B 
dz RiJO u, y. SOLUTION C 


f (°) 
= k dz (9 
0 Ou | yo 


The specification will be made that the dimensionless tempera- 
ture profile in the corner region, 0 < z < R,O0< y < z tan ais 
given by a relation similar to the velocity profile: 


eae ; 
Shes */a(=) «n (2) - I2 20 x10" 
T,—T. R, R, 


Zz ! 
( SNE y ( y 7 rb [cere Re tone 
+ 17/,, ‘ : on : (10 
R, R, tan ;) Rk, tan a Fig. 8 Comparison of three solutions for friction factor of a grooved 


surface (averaged over x) and of friction factor on a fiat plate 












































Note that the subscript ¢ relates to the thermal boundary layer 
In a similar way, the temperature distribution on the groove | | } 
side walls in the region R, < z < L,0 < y < R, tan a is given by 
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r-T, y y\' 
= 3/, cea - (11) 
T,- T. (<x) : (x) 


24 














A new dependent variable £ is now defined which is equal to 


The wall temperature will be assumed locally constant. 
the ratio of thermal to velocity boundary-layer thickness | 








If the temperature distributions given by Equations (10) and ’ NY 
(11) are inserted in Equation (9) and the indicated differentiations — 
and integrations are performed, the following nonlinear first- -—. 


FLAT PLATE e—_j 
order differential equation may be obtained: | 
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Fig. 9 Comparison of dimensionless drag on a grooved surface and on 
a fiat surface of dimensions Wz 
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where 


0.2648646 


Pr 


B, = £4(0.27243216 — 0.474101638 — + 0.46757256 & 
—0.139167765 —* — 0.0278544 E* + 0.009855597 &] 


B, = &[—0.13621608 + 0.00972972 £*] 


Bs, = £(0.81729648 — 1.896406552 — + 2.33786280 £ 
0.835006536 £* — 0.19498080 £* + 0.078844776 &) 


B, = £*{—0.54486432 + 0.07783776 £] 
1.5000000 — 0.14583334(R/L) 


‘T > = = — ee a ee eee 
F\(R/E) = 56964286 — 0.05986980 R/L) 

The solution of Equation (12) was accomplished by using the 
‘“‘method of isoclines’”’ and utilizing Remington Rand 1103 com- 
puter. In this calculation, the Prandtl number was specified as 
Pr = 0.7. The solution may be displayed in terms of & against 
z*, as shown in Fig. 10. In the figure it will be noted that & is 
practically independent of z* (£ = 1.14) except when z* is very 
small. As z* approaches zero, — approaches the value for a flat 
This is not surprising since near the leading edge of a 
grooved plate the boundary layers would be expected to develop 
in the same manner as near the leading edge of a flat plate. 

It also may be shown from the equations that, for a Prandtl 
number equal to unity, the value of & is independent of z* and 
has the value 1. Thus Fig. 10 gives a first indication of the 
variation of — with Prandtl number 

Using the results in Fig. 10 and the relations given in Appendix 
2, it is now possible to discuss the heat-transfer situation in the 
groove. This will be done in the next section. 


plate. 


Discussion of Heat-Transfer Results 


In Fig. 11, the distribution of the local Nusselt number over the 
length z is shown for four z*-locations, for a Prandtl number of 
0.7, and for four values of R/L. A comparison with Fig. 6 indi- 
cates that the local Nusselt number and friction factor vary in a 
similar manner. The Nusselt number rises from a value zero in 
the corner, goes through a maximum, and approaches the fixed 
value at the side of the groove from above. This, again, is ob- 
viously determined by the assumed shape of the temperature 
field. 
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Fig. 11 Variation of local Nusselt number with x at various dimension- 
less z-locations 
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Fig. 12 Variation of average Nusselt numbers in dimensionless z-direc- 
tion (dashed lines for grooved surface, solid lines for flat plate) 


Fig. 12 shows as dashed lines the variation of the groove 
Nusselt numbers averaged over z only and over both z and z 
against the dimensionless distance z*. This figure determines 
the heat-transfer performance of a grooved surface with length z 
for a Prandtl number of 0.7 once the Reynolds number Rez tana, 
the groove angle, and side length L are specified. Also shown for 
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Fig. 13 Comparison of heat transferred from a grooved surface to that 
transferred from a fiat surface of dimensions Wz 
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Fig. 14 Ratio of heat flux to drag for grooved surfaces of various 
groove angles 


comparison, as solid lines, are the relations for the local and 
average Nusselt number on a flat plate. 

Fig. 13 shows a dimensionless heat-flux parameter transferred 
from a grooved surface at particular values of Prandtl number, 
Reynolds number Re,, and aspect ratio z/W. The heat-flux 
parameter which is identical with an average Nusselt number 
hz/k is plotted over the groove half angle a. For comparison 
purposes, the heat flux transferred from a flat plate of area zW is 
also shown. The heat transferred from the grooved surface 
is larger than that from the flat plate at groove half angles less 
than approximately 55 deg. 

Of interest in possible applications of grooved surfaces is the 
variation with groove angle of the ratio of the heat flux to the 
drag. This ratio is shown in Fig. 14 for the same values of 
Prandtl number, Reynolds number Re,, and aspect ratio 2/W. 
It may be seen that, under the prescribed conditions, the ratio of 
heat flux to drag is essentially independent of the groove angle. 
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Summary and Conclusions 


An analysis was made of the skin friction and heat transfer in 
laminar flow over flat plates with wedge-shaped grooves in the 
flow direction by means of integral boundary-layer equations. It 
was found that the boundary layers in the groove grow at a faster 
rate than flat-plate boundary layers under comparable conditions 
and that this effect becomes more pronounced at small groove 
angles. In addition, the skin friction and heat transfer are, in 
general, larger for a grooved surface than for a flat surface al- 
though at groove angles greater than 90 deg, the difference is not 
excessive. Thus grooving of a surface may be used to increase 
the heat transfer if the flow is laminar in any case. On the other 
hand, if the flow can be prevented from becoming turbulent due 
to the stabilizing influence of the converging walls, a grooved sur- 
face may cause a reduction in the surface heat transfer. 


Acknowledgments 


The authors gratefully acknowledge the assistance of Messrs. 
J. Yen, R. Schmidt, and R. Sampson in the preparation of this 
paper. 


References 


1 E.R.G. Eckert and T. F. Irvine, Jr., “Simultaneous Turbulent 
and Laminar Flow in Ducts With Noncircular Cross Sections,” 
Journal of the Aer tical Sci , vol. 22, 1955, p. 65. 

2 E. R. G. Eckert and T. F. Irvine, Jr., “Flow in Corners of 
Passages With Noncircular Cross Sections,” Trans. ASME, vol. 78, 





Factor, Transition and Hydrodynamic Entrance Length Studies of 
Ducts With Triangular and Rectangular Cross Sections,”” Proceedings 
of the Fifth Midwestern Conference on Fluid Mechanics, University 
of Michigan Press, 1957. 

4 E.R. G. Eckert, T. F. Irvine, Jr., and J. Yen, ‘Local Laminar 
Heat Transfer in Wedge-Shaped Passages,”’ Trans. ASME, vol. 80, 
1958, p. 1433. 

5 G. F. Carrier, ‘“The Boundary Layer in a Corner,”’ Quarterly of 
Applied Mathematics, vol. 4, 1947, p. 367. 

6 E.R.G. Eckert and R. M. Drake, “Heat and Mass Transfer,” 
McGraw-Hill Book Company, Inc., New York, N.Y., 1959. 

7 L.G. Loitsianskii and V. P. Bolshakov, ‘‘On Motion of Fluid in 
Boundary Layer Near Line of Intersection of Two Planes,’"” NACA 
TM 1308, November, 1951. 


APPENDIX 1 
Development of Velocity Field in the Groove 


The equation proposed for the velocity field, Equation (3), is 
u z z\? z\? 
- = 1 _ -~ Cc pmo 
=-[a(j) +4 (5) +(5)'] 
pais it: i, 
[c. (; tan -) = (; tan :) ] (13) 


As discussed in the text, the conditions for evaluating the coeffi- 
cients in Equation (13) are: 


u y -  . 
R, ee ‘he (; tan -) ‘ls (; tan :) 


(a) atz 


(b) at z 


Ou 
R,— =0 
oz 


a 2u6 


u 


(c) at y 


u 
(d) at p = x tan @ and z < R, — agrees with reference [5} 
u 
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To satisfy the conditions (a), (b), and (c) 


CAC, + C2 + Cy) = */s (14) 
(15) 


(16) 


CLC, + C2 + Cy) = — "fe 
(C; + C; + Cy) = 0 
or from the foregoing 
Cy, = — 3C; (17) 


In order to satisfy condition (d), the center-line profile is taken 


= au 5) + ae (G) + a0 (G)' + 4B) + 4e() 


By comparing this with Equation (13) along the center line, y = 
x tan a, the following relations are seen to hold: 


A; = C,C, 
= CC, 
= OC, + Cy 
= CLC; 
= CC; 


Introducing (14), (15), (16), 
ing: 


17) into (18) then yields the follow- 


A, + '/2 As 


. 3 As + Ag 


Since there are now five unknowns, A; to Ag, and only four equa- 
tions, one of the five A’s may be additionally specified. This is 
done so as to obtain the best agreement between the center-line 
profile of [5]. An investigation showed that a selection of A; = 
29/4 satisfied this condition very closely. 
(19) 


Thus from Equation 


Ay; = — 10, Ag = 11/6, As = 10/3, Ae = — 17/12 


Using the relations (18), the velocity field in the groove is then 
given by 
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a> [vm (5) - (6) + (5)'] 
[> (atea) - (eee)') 


which satisfies all of the conditions (a), (b), (c), and (d). 


APPENDIX 2 
Summary of Relations Used in Figures 


Fig. 6 


(a) fR [145 ( ) 
a &Ltana = |; : 
. nies R R 


3 LR 


(b) R e*@—-=>7><- 
{Retna = > PT <L 


Fig. 8 (a) Solution A 


f ( —* _) 027857144 (# 0.11973978 (? r 
**\ 7 tan a Bs scans L peek L 


Fig. 9 (a) Solution A 


(Re,)? | 0.1393 z 
pF ‘ ae 


pe? z Ty y 
;) 4 sin @ cos @ 
Fig. 11 


Nu L z z\? z\? 
-- = —| 5.5786 — 6.7499 2.5263 
z/L tan a Ac ’ (Z) ws (7) : - (5)'] 


Nu 1.3158 R, 2 


:/Ltana (7) L * L 
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Fig. 12 
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For groove 


Nuss _ 4) 1 31578 — 0.14583 (7) | 
z/Ltana R b} s 


Transactions of the ASME 





R. VISKANTA’? 


School of Mechanica! Engineering, 
Purdue University, Lafayette, ind. 


Y. $. TOULOUKIAN 


Professor of Mechanical Engineering, 
Pérdue University, Lafayette, ind. 
Mem. ASME 


flux at the wall 


Heat Transfer to Liquid Metals 
With Variable Properties 


The problem of heat transfer to liquid metals with variable physical properties for the 
case of fully developed turbulent flow in cylindrical tubes of constant diameter is studied, 
the fluid under consideration being heated or cooled by a constant and uniform heat 
The similarity theory between momentum and heat transfer is used. 


Using the von Karman universal velocity profile the differential equations for turbulent 

flow with heat transfer are solved for the Prandtl number and the kinematic viscosity, 
each having five different sets of temperature-dependent exponents of a, and az. 
Calculated temperature distributions, mixing-cup temperatures, as well as relations 
between Nusselt versus Peclet numbers are presented for the cases of heat addition, heat 
extraction, and the nonvariable-property case. 


I. RECENT years considerable attention has been 
focused on the liquid metals as heat-transfer media for nuclear 
reactors. This interest in liquid metals is primarily because of 
their high thermal conductivities, relatively low viscosities, and 
high boiling-point temperatures at low vapor pressures. As a 
result, under similar hydrodynamic and thermal conditions, higher 
temperature differences and higher heat fluxes can be attained 
with liquid metals as compared to conventional heat-transfer 
media 

A need for determining the effect of the variation of thermo- 
physical properties across a tube on the heat-transfer process at 
very high heat fluxes and high temperatures is indicated. The 
fact that the variation of physical properties due to temperature 
variation has an effect on the heat-transfer process has been 
recognized by Nusselt [17].? 

The disagreement between the experimental and theoretical! 
results in heat-transfer parameters is due, in part at least, to the 
variation of physical properties of fluids with the temperature 
This variation necessitates more or less arbitrary selection of a 
reference temperature. Therefore it is of interest to inquire 


1 On leave of absence from Reactor Engineering Division, Argonne 
National Laboratory, Lemont, Ill. 

? Numbers in brackets designate References at end of paper. 
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Annual Meeting, Atlantic City, N.-J., November 29—-December 4, 
1959, of Tae American Soctety or MecHanicat ENGINEERS. 

Nore: Statements and opinions sdvanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
17, 1959. Paper No. 59—A-148. 


Nomenclature 


analytically, at least, into the effect of temperature variation and 
heat flux upon the magnitude of convective heat transfer in fully 
developed turbulent flow of liquid metals. The case of constant 
and uniform heat addition or extraction is postulated in this 
work. 

Since the development of differential equations for temperature 
distribution involves the inclusion of physical properties as power 
functions of temperature, it is also of interest to inquire into the 
dependence of the predicted heat-transfer correlation on the 
values determined for the exponents of kinematic viscosity, 
Prandtl number, density, and specific heat. The variation of 
thermal conductivity with temperature is accounted for in the 
Prandtl number. It is shown later in this paper that, of the four 
quantities listed in the foregoing, the viscosity and the Prandtl 
number are the only major quantities involved, while the tem- 
perature dependence of density and specific heat constitutes only 
a second-order effect. The present paper is written with the hope 
that it will shed some light on the over-all question of tempera- 
ture dependence of thermophysical properties in heat-transfer 
calculations in liquid metals. 

The material presented in this paper is a continuation of the 
work at Purdue University and is a combination of the analyses 
given in references [3, 11, 14]. Temperature profiles along the 
radius of the tube and mixing-cup temperatures are calculated 
and Nusselt numbers are predicted. 


Basic Equations 


It can be shown [10] that the three Navier-Stokes’ equations 
of motion, the energy equation, and the continuity equation for 
incompressible flow reduce to 





= area, sq ft 
= exponent in equation (5) for 
variation of Prandtl number 


coefficient 


defined as K = 
(Np-/(N pr) wo] '4 


dimensionless tube radius, ro* = 
(T./ Pw) *{ro/¥) 


with temperature 

exponent in equation (6) for 
variation of kinematic viscosity 
with temperature 

specific heat at constant pressure, 
Btu lb~ deg F= 

diameter of pipe, ft 

convective film heat-transfer co- 
efficient between pipe wall and 
fluid, Btu hr~! ft~* deg F~* 
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thermal conductivity, Btu hr~ 
ft-' deg F- 

Nusselt number, Nx, = AD/k 

Peclet number, Np. = Np,-Nre 

Prandtl number, Np, = c,u/k 

Reynolds number, Na. = u,,D/v 

rate of heat flow, Btu/hr 

distance from center line of tube, 
ft 

radius of tube, ft 


dimensionless temperature ratio, 
T = (t, — t)/(t, — t.) 

mean local temperature, deg F 

mixing-cup temperature defined 
by equation (13) 

dimensionless temperature pa- 
rameter, * = (t, — t)eyyTA/ 
Gl To/Pu)/* = 1/B(1 — t/t,) 

mean local velocity in z-direc- 
tion, fps 
(Continued on next page) 
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Ca y du 
( - ) = (€y + ¥) —- 
p To dy 


a dt 
m (:- Le etoe 
c,pA, To dy 

if the following assumptions are made: 


1 The flow is fully developed and steady. 

2 All parameters are independent of the angular co-ordinate. 

3 The temperature gradient dt/dzr is independent of z, r, ¢. 

4 Boussinesq’s concept of “eddy diffusivity” for momentum 
and heat transfer is valid 

5 It is assumed that q,/q, = (A,/A,)(r/ro). 


The quantities €, and ¢, are known as eddy diffusivities for 
momentum and heat transfer, respectively, the values of which 
are dependent upon the amount and kind of turbulent mixing 
existing at a point in the flowing fluid. 

When written in dimensionless form, equations (1) and (2) 


become 
y* Pe | du* ‘ 
li--— = — ( —- (3 
( x) (%) ” ye dy* ’ 


(-2)G)2)-2Gere)& 
ro* p ey v, \ dy* 


Physical Properties of Liquid Metals 


Calculation of Nusselt numbers requires accurate knowledge of 
physical properties of liquid metals, particularly the specific heat 
at constant pressure c,; the kinematic viscosity vy; the thermal 
conductivity k; the density p; and the derived quantity Prandtl 
number Np, 

In this paper the density and specific heat are considered con- 
stant with temperature variation.* The variation with tempera- 
ture of c, and p of liquid metals is of a much lower order of magni- 
tude than the variation of vy and Np,. That is, the variation of 
physical properties for NaK, 56 per cent Na by weight, in the 
temperature range from 200 to 1300 F (based on 1300 F) is as 
follows: k varies by 11.4 per cent; p by 19.9 per cent; ¢, by 8.4 
per cent; v by 200 per cent; and Prandtl number by 400 per cent. 
The variation with temperature of thermal conductivity will not 
be discussed separately because it does not appear as a separate 
parameter in the differential equations. 

The variation with temperature of kinematic viscosity and 
Prandtl number of liquid metals can be shown to be adequately 
represented by equations of the form: 


Ne, ( t y" 
- = = (1 — Bt*)™ 
(N Pr \w a 


* The actual effect of this assumption is shown in the discussion of 
results by some spot-check calculations where the temperature 
variation of these quantities has been included 


Nomenclature 


-- *)" = a = ay (6) 


Veo ty 

The Prandtl number and the kinematic viscosity of five com- 
monly used liquid metals have been correlated by means of equa- 
tions (5) and (6) and the values of the exponents a; and az are 
tabulated in Table 1. These exponents represent the available 
data in general to within +5 per cent or better with few isolated 
instances when the departures may reach a maximum of +10 per 
cent. These departures are of the same order of magnitude or 
better than the accuracy assigned to the experimental data 


Table 1 Values of the exponents a, and a, in equations (5) and (6) 
giving temperature dependence of N;, and v for five liquid metals 


Exponents in 
equations (5) and (6) 
ine- 
Temp matic 
range, Prandtl viscosity, 
deg F Ref. no., a a: 
100-600 [13] —0.55 —0.35 
200-1300 {13} —0.60 —0.60 
400-1400 —0.70 —0.50 
200-1300 —0.80 —0.65 
300-1100 —1.15 —0.75 


Fluid 
Mercury 


NaK (eutectic). . . 
NaK (56% Na)... 
Pb-Bi (eutectic)... 


Temperature Profiles 


Eddy Diffusivities. The coupling of equations for momentum and 
heat transfer is made possible through the ratio of eddy diffusivity 
of momentum and heat transfer. Reference [11] postulates a 
model for turbulent heat exchange and derives the following 
analytical expression for the ratio of eddy diffusivities: 


6 f -2% ~ 9.04 ,  —00Le 
CT Sey aw > ve as vm | (7) 
® n? 


Only the first two terms of the foregoing infinite series were 
used in temperature-profile calculations since preliminary esti- 
mates have shown that the maximum error introduced by neglect- 
ing higher-order terms in equation (7) was less than 2 per cent for 
Prandtl numbers smaller.than 0.05.* 

Velocity Profiles. In this work the well-known von Karman 
generalized velocity profile is used which is divided into three 
zones. Attempts to account for this in a rigorous manner are of 
doubtful value; the only soundly established conclusion is that a 
combination of dimensional analysis and mixing-length con- 
siderations lead to the hypothesis that u* = f(y*). This velocity 
profile was chosen because of its simplicity, which makes the 
analytical treatment of the problem much easier. Furthermore, 
it has been shown [11] that for fluids with Prandtl numbers close 
to zero their temperature profiles should depend very little on the 


‘The prediction of ¢ and its agreement with the limited experi- 


mental data are also discussed in reference [7, 8,9]. The empirical 
relations reported in these references do not contribute new insight 
over and above the considerations outlined in reference [11]. 





generalized mean local velocity, 
u* = u(r, /p,)'/* 

distance in radial direction meas- 
ured from tube wall, ft 

generalized perpendicular dis- 
tance from wall, y* = 
((To/Pw)'*/voly 

dimensionless distance, z= y/ro = 
y*/ro* 

= thermal diffusivity, a = k/pe,, 

ft?/sec 
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dimensionless heat-transfer pa- 
rameter, 8 = q,(7,/p,)'/*/ 
Cpe eA 

eddy diffusivity for heat transfer, 
ft?/sec 

eddy diffusivity for momentum 
transfer, ft?/sec 

kinematic viscosity, ft?/sec 

mass density, lb sec*/ft* 

ratio of eddy diffusivities, ¢ = 
€n/€m 


T= 


@= 


Subscripts 


c 


fluid shear stress, psf 


angular cylindrical co-ordinate in 
radians 


refers to center of pipe 


refers to mixing-cup temperature 
refers to r-direction 


refers to wall of pipe 
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velocity profile and therefore uncertainties in the exactness o! 
this profile are not important in the estimation of temperature 
profiles. However, it will be shown later in this paper that the 
form of the velocity profile has a marked effect on the mixing-cup 
temperature and therefore on the Nusselt number. 

In the von Karman velocity profile the demarcation points be- 
tween the laminar sublayer and buffer layer, and between the 
buffer layer and turbulent core, depend to some extent on in- 
dividual judgment; the following values and the resulting formu- 
las are those generally accepted as best representing the facts: 


Laminar sublayer: 
Buffer layer: 
Turbulent core: 


u* = y* O¢y* <5 
u* = —3.05 + 5lny*, 5 < y* < W 
u® =55+25lny*, 30 < y* 


Temperature Profiles. As stated earlier, the specific heat and 
density are assumed to be constant with temperature variation 
and since there is no turbulent mixing in the laminar sublayer, 
o@ = 0. The differential equations for temperature distribution 
in the three regimes of flow were derived in reference [19] and 
are reproduced in the following: 

Laminar sublayer 


dt* + 
ie (1 be ) (Wedd = prams 
dy To 


Buffer layer 


* 
(2) 
at* %°* 


dy* = E ae Bt* or — 
a . 


——mmomens oe (J — aery* +02" (1 ~ 
o(Ne-r)e 


Turbulent core: 
. 
T.* 


Tye Bt* a2— a ‘ ad 
| - ar — — (1 = Bir + oy" (1 - “)] 
o( Nr). ro" 


(10 





In equations (9) and (10), ¢ is a function of Prandtl number 
and therefore varies with temperature along the tube radius 


Determination of Heat- Transfer Parameters 


The mean velocity of a fluid flowing in a pipe can be defined as 


re 
: f, pudre 
° 


Assuming that p is constant and writing equation (11) in dimen- 
sionless form one gets 


re® 
7 u*(r* — y*)dy* 


u os 


“ | ag (ro* — y*)dy* 


The mixing-cup temperature is defined as 





Te i 
+ tupe,(re — y)dy 


Lal re 
f, upe,(rs — y)dy 





Writing in dimensionless form, equation (13) reduces to 
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ying t*u*(re* — y*)dy* 
t,* = " 
is u*(ro* in y*)dy* 


The Peclet number, with the fluid properties evaluated at the wall 
temperature, is defined as 


D vpe 7] 
Npe deo = (N re) N ere = (2 (ee = 2u,,*To* (B 
Ve YS ie 
(15) 
Using the dimensionless co-ordinates and introducing the kine- 
matic viscosity and Prandtl number variation with temperature 


the Peclet number defined at the mixing cup temperature be- 
comes 





(14) 


(Nee)m = 2g *ro*( Nerd l — Bt,*)*~* (16) 


The Nusselt numbers calculated in this paper are based on the 
heat-transfer coefficient h, defined by Newton’s law of cooling, 
in terms of the temperature difference between the wall tem- 
perature and the mixing-cup temperature; namely, 


GD 


(Nyum = belle - 1,)A. 


(17) 


By the use of the definitions of u,,*, t,,*, the expression for Nusselt 
number can be written as 


, = ere . I (20) (22) 
Rear ae Wout f tyot 


. 7 
- 2re Aros G:— Bt,,*)™—% (18a) 

The differential equations (8), (9), and (10) for the temperature 
distribution were solved by the Runge-Kutta numerical method 
employing a Datatron digital computer. The increments of the 
independent variable y*, ranged from 1 to 50 depending on the 
value of the dimensionless tube radius ro*. The integration of 
equations (12) and (14), for the mean velocity and mixing-cup 
temperature, was also performed on the digital computer using 
varying increments of the dimensionless distance y*, between the 
limits of y* = O and y* = ro*. 

The computations were performed for four different Prandtl 
numbers and five sets of values of the exponents a; and az. 
Nusselt number calculations included the nonvariable property 
a; = a; = 0; heat addition 8 = 0.025, and heat extraction 8 = 
— 0.025. 


Discussion of Results 


In the earlier part of this paper it was stated that the results 
obtained in this work are based only on the consideration of 
variable vy and Np,. In order to ascertain the validity of the as- 
sumption that the temperature dependence of p and c, has a 
negligible effect on the results, a number of calculations were per- 
formed to indicate the influence of variable p and c, at extreme 
conditions. From these spot-check calculations, the results for 
the most extreme condition are given in Table 2. 

In Table 2 the parameters t,,* and (Np.)» were chosen instead 
of 7 and Nx, for reasons of simplicity. The comparative results 
are equally valid and the foregoing presentation obviates the 
need for reproducing 7’ = f(z) and Nr. = f(T) for various valuus 
of B. Of course (NRe)w is independent of 8. 

From the extremes of the figures seen in Table 2, it is felt that 
the simplifying assumption of considering p and c, constant is 
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Table 2 
[((Ner)w = 0.02, (Nee)e = 100,000, (qu)/A = 8.75 X 10’ Btu br=! {t~*] 


_— ee 


All Only » 


Dimensionless heat- properties and Np, Per cent properties and Np, 
variable variable difference 


trensfer parameter 
a, =a, = 0; (8 =O) 
B = +0.025. 
g = —0.025.. 


33.20 
23.95 
39.69 
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Curve 1, Reference (11) end Present Mork, (a,,) = 228,000 
Surve 2, Reference (11) and Present Work, 4)" = 17,400 


Curve 3, Present Work (ty)” = S00n,000 
° 


Fig. 1 Temperature distribution for different Reynolds numbers reported 
by Isakoff and Drew [4] compared with the present work for (Np,). = 
0.02 and the predictions of reference [ 11} 
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Fig. 2 Dimensionless temperature distribution 


fully within the limits of uncertainty of both heat-transfer theory 
and data. 

In Fig. 1, the predicted temperature profiles for (Npr). = 0.02 
are compared with the theoretical results of reference [11] and 
experimental data of Isakoff and Drew [4] for mercury, Np, = 
0.0239. The calculated results of the present study exactly 
coincide with the theoretical predictions of reference [11] (curves 
1 and 2), and are in good agreement with the data of Isakoff and 
Drew, except at z < 0.2 where considerable scatter of the experi- 
mental data exists. The temperature profiles for 8 = +0.025 
and a, = a; = 0 practically coincide with each other and cannot be 
distinguished in Fig. 1. Even curve 3 of this figure indicates that 
the influence of variable properties of Ng, of the order of 5 x 10° 
is no greater than 7 per cent. 

From Fig. 2, it can be observed that for re* < 1000 (Re = 37,- 
336 
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— ee 


N46 

All Only » 

Per cent 

variable difference 
104.32 0 

133 . 67 —0.35 
86.95 +0.60 


variable 

0 104.32 
+0.54 134.14 
—0.58 86.43 


500), the temperature profiles are almust identical for the three 
cases indicated; namely, the nonvariable-property case a, = a: = 
0; heat addition to the fluid 8 = 0.025;* and heat extracti n 
from the fluid 8 = —0.025. These results indicate that increas- 
ing the rate of heat addition, as evidenced by positive heat-trans- 
fer parameter 8 causes a slight decrease in the values of ¢* for 
constant y* as comparéd with those of nonvariable-property case, 
whereas an opposite effect is indicated for heat extraction. 

Fig. 2 also indicates that at a constant y* the difference between 
the temperature profiles for the nonvariable-property case and 
heat addition or heat extraction is small; however, as the 
Prandtl number is increased this difference becomes greater. 
This is due to the fact that as Np, is increased {* increases and 
since Np, and v are functions of (* as given by equations (5) and 
(6), respectively, the difference between the temperature profiles 
for the nonvariable-property case and heat addition or heat ex- 
traction widens. 

Additional calculations [19] of temperature profiles for two 
fluids having the same Prandt! number (Np,), = 0.01, but dif- 
ferent exponents a, and a,’ (a, = —0.70, a, = —0.50, and a, = 
—0.80, ag = —0.65) show that for the case of 8 = +0.025 at y* 
= 5000 the maximum difference between the values of ¢* is of 
the order of 1 per cent, which indicates that the influence of the 
exponents on the temperature profile is rather small. 

In Fig. 3, the predicted Nusselt numbers of this work are 
plotted against the Peclet numbers for mercury (Npr). = 90.02, 
for the case a; = a, = 0. The results are compared with the em- 
pirical equations of Lyon [12], Deissler [2], Mikheyev, et al. [15) 
(for clean tubes), and the theoretical results of Lykoudis and 
Touloukian [11]. Nusselt numbers predicted by Lyon’s equa- 
tions for 0 = l are too high. The curve representing the equation 
of Deissler, while predicting lower values of Ny. than those of 
Lyon’s, definitely distorts the function, Nnu = f(N pe). 

The predictions of reference [11] are, in general, good agreement 
with the present results for the case a, = a, = 0; however, there 
is a difference in Ny, of about 12 per cent at Np, = 100,000. The 
discrepancy between the two results is seen to be primarily due 
to the difference in the velocity profiles selected. Since these two 
velocity profiles yielded temperature profiles which are in excellent 
agreement, Fig. 1, curves 1 and 2, the discrepancy in Nyy, lies in 
the difference in the mixing-cup temperatures and the mixing-cup 
velocities obtained from these two velocity profiles. These two 
mean quantities affect the Ny, in different ways; namely, the 
lower t,,* of the von Karman profile tends for higher Nx, and 
the higher u,,* of the von Karman profile tends to higher Np,; 
the net result being that the Ny, versus Np,-function using the 


‘In reference [3] this case is called 8 = 0 or isothermal. One must 
note that this interpretation is physically meaningless since 8 = 0 
means zero heat input which is not the case. In equation (18) the 
term (1 — 8t,,*)4:—4: should be made equal to 1 by setting a: = a2=0 
0 rather than 8 = 0. This reasoning is further supported by the fact 
that should 8 be allowed to become zero then the definition of t* (see 
Nomenclature) breaks down since ¢* becomes infinite. 

* For lead-bismuth eutectic, 8 = 0.025 corresponds to heat flux 
of (q/A)D = 3.12 X 10° Btu hr~' ft~', for Nprp = 0.025 at Nre = 
230,000. Similarly for Np, = 0.020 at Nae = 3.9 X 10* the heat flux 
of (q/A)D = 8.75 X 10°, Btu hr=! ft=!. 

7 This is the case of NaK eutectic and NaK, 56 per cent Na, as 
seen from Table 1. 
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Fig. 3 Comparison of various predictions of Nusselt number variation 
with Peciet number for mercury (Np,). = 0.02 


von Karman velocity profile is in general higher than that result- 
ing from the Lykoudis-Touloukian profile (Fig. 4).* 

Similar to the case of the temperature profiles discussed earlier, 
calculations indicate [19] that for two fluids having the same 
Prandtl number (Np,). = 0.01, (NR. = 228,000), but different 
sets of exponents a; and a,(a, = —0.70 anda, = —0.50, and a, = 
—0.80 and a, = —0.65) show that for the case of 8 = +0.025 
the difference in Nusselt numbers is of the order of 1.5 per cent 
As expected, the results are identical for the case a, = a, = 0. 

From Fig. 5 it can be seen that the agreement of the present 
work with the experimental data of Johnson, et al. [6], for Vp, = 
0.025 is good in trend. The magnitude is on the average about 
12 per cent lower than the theoretical predictions for the non- 
variable-property case. To the extent that the maximum value 
of the parameter 8 in the reported data was calculated to be 
0.0054, its comparison with the case of a; = a, = 0 was con- 
sidered more appropriate than the other two cases, 8 = +0.025 

Finally, it can be seen from Fig. 5 that at Np, = 5000 (Np, = 
2 X 10) the effect of heat addition (8 = 0.025) is to increase 
the Nusselt number by 13 per cent while heat extraction (8 = 
— 0.025) exhibits a decrease of 7 per cent. The corresponding 
maximum figures for mercury, Fig. 6, Np, = 0.02, Np. = 100,000 
(Nre = 5 X 10°), are found to be about 26 and 17 per cent, re- 
spectively. On the basis of these findings it can be stated that 
for liquid metals the effect of the variation in properties as func- 
tion of temperature is only moderate even for extremely high heat- 
flux conditions and Reynolds numbers. 

At the time of its presentation, in August, 1957, reference [11] 
had attempted to compare the theoretical predictions with the 
then existing experimental data. Since that time there has been 
a noticeable increase in the Russian literature on liquid-metal! heat 
transfer [1, 7, 8, 9, 16], which not only report new data but also 
review most of the past works and present both analytical and 
empirical correlations. 

Mikheyev [15] reports the following empirical correlation equa- 
tion which includes a correction factor for property tempera- 
ture dependence: 


Nyy = (3.2 + 0.021N».°*Np,")K (19 


* In this figure the independent parameter ro* was used in place of 
Npe in order to be able to separate the effect of the velocity profile on 
tm*. This would not be possible with the use of Np, since the latter 
depends on both the velocity profile and the mean temperature 
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Fig. 5 Comparison of experimental data of Johnson, et al. [6], with 
present work 
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Fig. 6 Variation of Nusselt number with Peciet number for mercury 
(Npr)w = 0.02 
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Table 3 R ded correlation equations in the Russian literature 

for liquid-metal heat transfer in fully developed turbulent flow 

Nyw = 3.0 + 0.014Np,o4* [15] Oxidized steel tubes, with- 
out any precaution from 
oxidation 

2 + 0.021 

Ne." |K {15} 


(15) 
ll, 7, 8] 


Nuw = [3 
Nae? N Oxidized tubes for all fluids 
(including liquid metals) 

Comparatively clean tube 
surfaces 

Nonpurified liquid metals 
in normal operation with 
no special care to prevent 
contamination: 

300 < Nee < 15000 


Nwu = 4.5 X 0.014Np,"* 


Vu 5 + 0.0021Np, 


where n is a continuous function of the Prandtl number; how- 
ever, in practice n is taken as 0.90 for liquid metals. The co- 
efficient K = [Np-/(Npr)w]'/* as determined from experimental 
results accounts for the influence of physical properties on heat 
transfer. Equation (19) gives essentially the same temperature- 
dependence prediction as in the present work and confirms the 
general trend of variation in Nyy versus Nre. Table 3 gives a 
summary of correlating equations recommended in the Russian 
literature. It can be seen that all equations are of the form of 
equation (19) (or can be reduced to that form). It is also to be 
noted that the first term on the right-hand side represents the 
limiting value of the Ny, for each case when the Np, > 0. For 
all the equations cited this value is less than the theoretical value 
of Nww = 6.8 (Np, — 0) which value is confirmed by the theoreti- 
cal works of Lyon [12], Trefethen [18], Lykoudis [11], as well as 
Kutateladze [9] who derives the following equation based on the 
similarity theory between momentum and heat transfer: 


Nyu = 6.8 + 0.07650°-*!Np,?-*!N p,?-7* (20) 


An, 


a at | 
raat oh 





. & me ~ Mitheyer ot 21, (16) 
- Borighensti\ and Cuteteladse () 
~ Sovikow et «1. (17) 


Fig. 7 Experimental data on heat transfer to NaK alloy and to Ne re- 
produced from reference (7| 


Fig. 7 which is reproduced from reference [7] forcefully indi- 
cates the effect of oxide content of the fluid on the heat-transfer 
coefficient. The data of this figure show the change in Ny, with 
various amounts of oxide content in NaK and Na experiments. 
The data giving the highest Nx, did not contain oxides exceeding 
0.003%.* Next lowest data [16] and the lowest data [1, 15] were 
obtained in systems not provided with cold traps and therefore 
likely to accumulate higher oxide contents. 

Additional careful studies [7] with NaK alloys in copper tubes 
support the conclusions derived from the data in Fig. 7. A special 
experiment was conducted lasting approximately 450 hr and the 
heat-transfer coefficient was measured at intervals. It was ob- 
served that when the fluid was purified (oxides removed by means 
of a cold trap) after 275 hr of operation the heat-transfer co- 
efficient was increased by approximately 20 per cent. Upon re- 
oxidizing of the fluid by addition of contaminated liquid metal the 
heat-transfer coefficient dropped back to its value prior to purifi- 
cation. 


* Data of Kirillov, Subbotin, Suvorov, Troyanov as reported in 
reference [7] with no direct reference to authors’ work. 
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Reference {16} seems to be the only one to study systematically 
the effect of contact resistance in liquid metals. Experiments with 
Na against clean surfaces of copper, stainless steel, and nickel 
show the thermal-contact resistance to be less than the maximum 
possible measurement error of 2.44 x 10~* hr ft* deg F Btu~. 
Such a maximum thermal resistance can reduce the film heat- 
transfer coefficient by approximately 20 per cent (when h = 10,- 
000 Btu hr~! ft~* deg F~'). This study seems to be the only one 
to report a thermal-contact resistance of such magnitude, and in 
the absence of additional supporting information it could be con- 
strued that the total magnitude of the effect reported could easily 
incorporate some contribution due to oxidation. 


Conclusions 


In conclusion, it can be stated that there is adequate evidence 
to indicate that in operational systems one is likely to find Nwu 
numbers much lower than those predicted theoretically. It is 
also clear that, irrespective of the magnitude of the minimum Nu, 
the form of the function Ny. versus Np, can be predicted with 
confidence and that the effect of variable thermal properties can 
be incorporated into analytical solutions by the application of 
correction coefficients of the form given by Mikheyev or the 
present work. 

In the latter case the temperature-correction coefficient is ob- 
tained by multiplying and dividing the right-hand side of equa- 
tion (18) by (Np). and regrouping terms. 

( N NP) 


(Nude = (Nwude (2+): (Neve 


a 
(Nxule = (Wxsde( 22) 
a, 


where (a,,/a@,,) is the correction factor derived from the analytic 
expressions of this work. The correction factors proposed by 
Mikheyev and this work give the same trend of Nyu; however, 
they vary from 0 up to 10 per cent (at Np. = 100,000), the direc- 
tion of the deviation depending on the case of heat extraction or 
heat addition. 


(21) 
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DISCUSSION 
Richard N. Lyon*® 


It has been pointed out in reference [12] and in a subsequent 
paper [21] that if o is independent of the distance from the 
wall but not equal to unity, the approximate equation referred 
to in those references should be written: 


Nyx = 7 + 0.025 (oNp.)* (22) 


When this equation is plotted as Nx, versus aNp,, it is found, 
as expected, that it is in substantial agreement with similar 
plots of the results of this paper for 8 = 0 and those of Lykoudis 
and Touloukian [11]. Since the last two agree well with many 
experimental data, Equation (22) does too. 

In 1955, Lubarsky and Kaufman [22] proposed a purely 
empirical relationship which appeared to generalize a large 
fraction of the liquid metal heat-transfer data available at that 
time: 

Nww = 0.625 (Np.)** (23) 


It is interesting to note that when equation (23) is plotted as 
log Nxw versus log (oNp.) for the approximate limits in Np, 
for most liquid metals, Np, = 0.005 oro = 0.08 and Np, = 0.025 
or ¢ = 0.43, the two lines straddle the curves representing the 
results of this paper, the results of Lykoudis and Touloukian, 
and equation (22). It appears then that the straight line pre- 
dicted by Lubarsky and Kaufman is partly the result of a for- 
tuitous increase in N»,, and hence in ¢, when experimenters ob- 


tained data at the higher values of Np. 
” Oak Ridge National Laboratory, Oak Ridge, Tenn. 


_ Numbers [21] and [22] designate References at end of this discus- 
sion. 


Journal of Heat Transfer 


The authors of the present paper are to be congratulated for 
settling another uncertainty in the theory of liquid metal heat 
transfer. Their work, together with that of Deissler [2], Ly- 
koudis and Touloukian [11], and others on the eddy diffusivity 
of heat, rounds out reasonably well our understanding of the 
case of constant heat flow in liquid metals far from the entrance 
of a round tube. 

One notable exception remains: the low Np, region. The 
models used in the current theory do not permit a value of Nxu 
below about 6.75 in turbulent flow, yet reliable experimenters 
report such values. In the view of the discusser, the super- 
imposed effect of natural convection at low turbulent values of 
Nre, particularly in heavy liquids such as lead-bismuth and 
inercury, may be a principal cause of the discrepancy. 

The model employed by the authors of the present paper is a 
fine beginning in the theoretical determination of the influence 
of radial heat flow on liquid metal heat transfer. The next 
logical phase appears to be a study of the distortion of the velocity 
and temperature distribution as a result of superimposed natural 
convection, and a determination of the influence such distortions 
have on an average heat-transfer coefficient defined in terms which 
are compatible with the conditions of the experiments at low 
values of Nre. 


References 


21 R. N. Lyon, “Liquid Metal Heat Transfer Coefficients,” 
Chemical Engineering Progress, vol. 47, 1951, pp. 75-79. 

22 B. Lubarsky and 8S. J. Kaufman, “Review of Experimental 
Investigations of Liquid Metal Heat Transfer," NACA TN 3336, 
March. 1955. 


E. M. Sparrow’? 


The authors are to be commended on their meaningful efforts in 
clarifying the effects of variable fluid properties on liquid metal 
heat transfer. In connection with the analysis, it may be worth 
while to discuss briefly some aspects of the velocity distribution. 
Equation (3) governs the velocity distribution. Since v/v, 
depends on temperature, equation (6), it would be expected that 
the velocity distribution would be influenced by the temperature 
distribution. In such a circumstance, simultaneous solution 
of the velocity and temperature equations (3) and (4), respec- 
tively, would appear to be indicated. In view of this, it is some- 
what surprising that equation (3) is set aside and that the velocity 
profile is evaluated from von Karman’s expressions, which are 
normally associated with a constant property flow. 

As noted in the paper, the velocity profile can have a marked 
effect on the Nusselt number results. It would therefore be 
appreciated if the authors would explain more fully their treat- 
ment of the velocity distribution and, if possible, estimate the 
changes in their Nusselt numbers which could result if the 
velocity were obtained by simultaneous solution of the governing 
conservation equations. 


Authors’ Closure 


The authors wish to thank Dr. Lyon and Professor Sparrow for 
their interest and comments on this paper. 

The point Dr. Lyon raises in regards to the superimposed effect 
of natural convection at low Reynolds numbers is well taken. 
One should be able to observe this effect experimentally by direct- 
ing the flow upward and downward. However, Johnson, et 
al.,1* who performed experiments on mercury at Reynolds num- 


12 Professor of Mechanical Engineering, University of Minnesota, 
Minneapolis, Minn. Assoc. Mem. ASME. 

1 H. A. Johnson, W. J. Clabaugh, and J. P. Hartnett, “Heat 
Transfer to Mercury in Turbulent Pipe Flow,” Trans. ASME, vol. 
76, 1954, pp. 505-511, 
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bers as low as 11,000, found no noticeable effect on the heat 
transfer with the direction of flow. Even though such studies 
are of limited scope, the authors are of the opinion that the super- 
imposed effect of natural convection is not the principal cause of 
discrepancy between the theory and reliable experiments at low 
Peclet numbers. 

Concerning the discussion of Professor Sparrow, the authors 
agree that the velocity distribution would be influenced by the 
temperature distribution, through v/v, For that matter, 
the temperature gradient also could play an important role as 
seen from equation (24). Coupling the equations of momen- 
tum and energy through the ratio of eddy diffusivities of 
momentum and heat transfer, we obtain 


du* 


dy a4 
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Attempts were made to solve equations (24) and (25) simul- 
taneously, but had to be abandoned because of the difficulty in- 
herent in these equations. Since at the wall ¢ = 0, the velocity 
gradient becomes 1 and the temperature gradient is equal to Np,. 
Using these values as the starting point and proceeding with the 
numerical integrations, one finds unreasonable values of the 
velocity gradient. The reason for this is that the terms 


* ; di* 1 
[(: a ) (=) (“) / ana — (*) in the denomina- 
ro* p & / dy* Np; \v, 


tor of equation (24) are of the same order of magnitude. At- 
tempts to rearrange the equations as well as using smaller incre- 
ments of integration were of no avail and it was impossible to 
obtain results of reasonable accuracy for the velocity distribution. 
Therefore the authors felt that it was justifiable to use a velocity 
profile which has been substantiated experimentally, even 
though only for the nonvariable property case, than to calculate 
one, 
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A Summary of Experiments on 


W. C. REYNOLDS’ 
W. M. KAYS? 
S. J. KLINE® 


Turbulent Heat Transfer From 
a Nonisothermal Flat Plate 


The results of an extensive experimental investigation of heat transfer to a turbulent 
incompressible boundary layer from a nonisothermal flat plate are summarized. Data 
presented extend the range of low-Mach-number confirmation of the von Karman 
analogy to Reynolds numbers of 4 X 10° for an isothermal plate. Data for a step wall- 
temperature distribution confirm experimentally the preferable expression for this 1m- 
porlant superposition kernel case. Data from a variety of other examples confirm the 
use of the suberposition theories to predict heat transfer from nonisothermal surfaces. 


|. 1s well known that the heat flux from a point on 
a heated surface depends upon three things: (a) The flow condi- 
tions; (b) the local wall-to-fluid temperature difference; and (c) 
the wall-temperature distribution upstream of the point in ques- 
tion. The influence of these effects upon the convection conduc- 
tance has been the subject of numerous investigations. However, 
because of the infinitely many ways in which the surface tem- 
perature can vary, most studies have been restricted to relatively 
simple temperature distributions, with the bulk of all data being 
gathered for the special case of an isothermal surface. It has 
been pointed out by several authors [1, 2]‘ that for incompressible 
flow over a flat plate the linearity of the boundary-layer energy 
equation allows the use of superposition techniques. The neces- 
sary kernel function, or superposition base, is given by the heat- 
transfer conditions which prevail when the front portion of the 
plate is unheated, i.e., held isothermal at the free-stream fluid 
temperature, and the remainder of the plate is heated such as to 
be maintained at a different temperature. For turbulent flow, a 
number of analyses for this step wall-temperature-distribution 
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case have been made [2-6], and some experimental studies have 
been conducted [3, 6, 7]. For the special case under considera- 
tion (turbulent incompressible flow in zero pressure gradient), 
the various analyses lead to one of two forms. The earliest 
analysis, due to Rubesin, indicated that the local heat-transfer 
conductance downstream from the unheated starting length is 
given by 


St/Ste = [1 — (l/z)’"|-”” (1a) 


Independent analyses due to Seban [3], Sibulkin [4], Ferrari [5], 
and the present authors [6] yielded essentially identical results, 
and indicated that the local coefficients are given by 


Ve 


St/St, = [1 — (l/z)’"") (1b) 


Here St, denotes the Stanton number which would obtain if the 
plate were isothermal over its full length. Either of these two 
results may be used in superposition to predict heat flux for arbi- 
trary wall-temperature cases, but the results of such predictions 
often differ substantially. An extensive experimental study of 
this problem was begun at Stanford University in 1954 under the 
sponsorship of the NACA. This work is described in detail else- 
where (6, 8, 9, 11]; the present paper is intended as a summary 
of the results and conclusions of these experiments. 


Description of Apparatus and Techniques 


The plate used in this investigation had an active flow length 
of 60.5 in. and was tested in the 7.5-ft-diameter free-jet wind 
tunnel at the Guggenheim Aeronautical Laboratory of Stanford 
University. Reynolds numbers up to 3.5 X 10* could be ob- 
tained with air velocities up to 130 fps. 





specific heat at constant pressure, 
Btu/lb deg F 


mass velocity, G = pu,, |b/(hrsq 
ft) 


local convective heat-transfer co- 
efficient, h = g"/At, 
Btu/(hr sq ft deg F) 


unheated starting leagth, ft 


Prandtl number, Pr = yc,/k 
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convective heat flux from wall, 
Btu/(hr sq ft) 

Reynolds number based on J, 
Re, = Gl/p 

Reynolds number based on gz, 
Re, = Gz/p 

local Stanton number, St = 
h/(Ge,) 

local Stanton number for condi- 
tions of constant wall tem- 
perature 


wall temperature, deg R 

free-stream temperature, deg R 

local temperature difference (7, 
— T..), deg F 

free-stream velocity, fps 

distance from leading edge, ft 

density, pef 

viscosity, lb/(hr ft) 


variable of integration, ft 
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The active surface of the plate, shown in Fig. 1, was built up of 
24 individually heated copper strips thermally insulated from 
each other. Electric-strip heaters were soldered to the back side 
of each of the copper strips. Each heater was separately con- 
trolled so that the temperature or heat flux from each of the copper 
strips could be varied independently. The surface was var- 
nished and rubbed down several times to give a hydraulically 
smooth surface. The inactive side of the plate was well insulated 
so that the ‘‘back leak’? was minimized. Heat meters were in- 
stalled at several places on both the inactive side and at the ends 
of the heated strips to measure the back leak and end leak (2-5 
per cent of power input). The emissivity of the heated surface 
was measured in order that radiation from this surface could 
be determined (5 per cent of power input). The insulation be- 
tween the various strips provided a heat meter for evaluation of 
conduction between strips (very small, except at discontinuities). 

Iron-constantan thermocouples were located near the sur- 
face at the center of each strip and at several other points in the 
plate. The thermocouples were referenced to a small copper plate 
mounted to one side of the heated surface; the reference plate in 
turn was referenced to distilled-water ice. This arrangement pro- 
vided for a direct measurement of the surface-to-air temperature 
difference. Pressure taps located at several points on the active 
surface allowed measurement of static pressure on the flat plate, 
and a pitot tube was used to measure free-stream velocity. A 
watt meter was used to determine the power dissipated by each 
heater. 

Because of the plate configuration, the strip-center tempera- 
tures were somewhat higher than their average temperatures. 
An analysis for the mean surface temperature in terms of the 
center temperature was made. The analysis (approximately a 
13 per cent correction) was checked by measurement of the 
transverse temperature distribution, which was then integrated 
to give the mean temperature difference. Good agreement with 
the analysis was obtained. 

Fig. 1 shows the plate prior to installation in the wind tunnel. 
Note that the heated strips are wider near the front than near 
the rear; this is to minimize contamination of the hot boundary 
layer by sidewise mixing with the cold boundary layers on the 
unheated portions. Fig. 2 shows the plate installed in the wind 
tunnel (looking upstream). The thermocouple, power, and 
pressure leads can be seen coming from the sides of the plate. 

Prior to testing, the attitude of the plate was adjusted to ap- 
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proximate closely a uniform pressure distribution. Over the 
turbulent portion of the plate, the maximum static-pressure 
variation was less than 2 per cent of the dynamic pressure. Be- 
cause of the presence of a large flow straightener upstream of the 
test section, the free-stream turbulence intensity over the plate 
was of the order of 2 per cent.’ However, in view of the results 
of a recent study [10], it is felt that the influence of the free- 
stream turbulence is negligible compared to the nonisothermal 
effects investigated. Transition was stimulated artificially near 
the leading edge of the plate by a strip of scotch tape, and the 
boundary layer was fully turbulent over all but the first few 
strips. A study of the effect of transition-point location [11] in- 
dicated that the virtual origin of the boundary layer was es- 
sentially coincident with the leading edge of the plate, and all 
Reynolds numbers were computed using the length from the 
leading edge to the centers of the strips. Temperature differences 
not exceeding 50 deg F were employed, so that the effects of 
fluid-properties variations would be minor. 

An analysis of the experimental uncertainty in the data indi- 
cates that the probable error in the local Stanton and Reynolds 
numbers are +3 and +1 per cent, respectively. These values 
are in agreement with the standard deviation of the data from 
the line of best fit. 


Experimental Results 


Isothermal Plate. An initial series of data was obtained for an iso- 
thermal] plate [8]. Surprisingly, there are few experimental heat- 
transfer data in the literature for the turbulent flat-plate bound- 
ary layer, except at comparatively low Reynolds numbers where 
transition effects are uncertain, or at high Mach numbers 
where compressibility and large temperature-difference effects 
have considerable influence. The present data, Fig. 3, extend 
the range of available low Mach-number, heat-transfer data to 
Reynolds numbers up to 4,000,000. The local Stanton numbers, 
corrected for fluid-properties variations by the factor (T,/T.)°-* 
(see [8], this correction amounts to only 3-4 per cent) are plotted 
versus the local Reynolds numbers. The data compare very well 
with the von Karman analogy* when the data of Schultz-Grunow 

’ Determined by hot-wire measurements. 

* Based on similarity of heat flux and shear distribution in turbulent 
core, equal eddy diffusivities, using three region universal velocity 
profile. 


Fiat plate before mounting 
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are used to evaluate the local friction factors [8]. Over the Reyn- 
olds number range of interest, both the analogy and the data 
are represented very well by the simple expression 


St-Pr-“7,/T.,)* = 0.0296 Re,~*-? 


Again the subscript 7 is used to denote the Stanton numbers for 
the isothermal] plate. 

It is interesting to note that Equation (2) is similar to the famil- 
iar Colburn equation, except that the exponent to the Prandtl 
number is 0.4 rather than 2/3. For a Prandtl number of 0.7, the 
Colburn equation will overpredict the Stanton number by 10 per 
cent. The 0.4 exponent was chosen on the basis of Prandt| num- 
ber effect in the von Karman analogy in the range 0.6 < Pr < | 
It is further worth noting that the von Karman analogy is 


based on equality of momentum and thermal diffusivities, and 
the experimental data would indicate that either this assumption 
is adequate for Prandtl numbers near unity, or else there are 
other compensating effects. 

Step Wall-Temperature Distribution. The local Stanton numbers for 
the step waill-temperature-distribution runs are shown in Fig. 4. 
Note that the data differ markedly from the isothermal correla- 
tion discussed previously. Near the temperature step, the de- 
parture from the isothermal Stanton-number line is quite large, 
with the heat transfer being of the order of 50 per cent higher 
than predicted using the isothermal conductai. »c from Equation 
(2). Downstream from the step, the heat tran: ‘er gradually ap- 
proaches that which would be predicted from (2); this is fully as 
expected, for the boundary layer eventually “forgets’’ that it ever 
had an unheated starting length. 


Fig. 2 Wind-tunnel installation from inside of downstream collector 
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Fig. 3 Local Stanton numbers for an isothermal plate 
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\s shown in reference [6], the step-function data are in best 
agreement with the correction given by Equation (1b). The 
earlier Rubesin correction, (la), predicts heat fluxes which are 
too high. The Rubesin correction has been used extensively for 
some time, but the data show that Equation (1b) is definitely 
better. This will be demonstrated by comparisons of nonisother- 
mal data and predictions. The correlation of the step-function 
data by Equation (1b) is shown in Fig. 5 and is seen to be excellent. 


between the two suggested corrections. However, some recent 
data reported by Eichhorn, Eckert, and Anderson [7] also favor 
the latter correction, and are in good agreement with the data 
from the present study. 

In the light of all available evidence, the authors conclude that 
the best available step-function correction is that given by Equa- 
tion (16), which will henceforth be referred to as the Seban correc- 
tion. 

Before any conclusion is drawn regarding the preferability of Nonisothermal Examples. 

1b) over (1a), some discussion of other data is warranted. An 
experimental study by Scesa [3] was used as the basis for Rube- 
sin’s semiempirical analysis. Scesa’s data were obtained on a 
relatively small plate, and as a result he was not able to obtain 
data as close to the step as could be obtained with the apparatus 


A number of tests with nonuniform 
wall temperature were performed [9]. Some of the more interest- 
ing data are shown in Figs. 6 to 9. An excellent description of 
the superposition methods is presented by Eckert and Drake [14]. 

Fig. 6 shows a case in which the wall temperature in- 
creased linearly after a step at the leading edge. The measured 
used in the present study. The difference between the two corree- heat fluxes are compared with the predictions of nonisothermal 
tions, (la) and (15), is relatively small in the region of Scesa’s superposition theory, using both the Rubesin and Seban kernel 
data, and therefore his data are not too useful in distinguishing functions. In addition, the heat fluxes predicted from the iso- 
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thermal Equation (2), using the local temperature differences, are 
shown. Note that the Rubesin prediction is slightly high, the 
isothermal prediction slightly low, and the Seban prediction quite 
satisfactory. 

Fig. 7 shows a case for which the isothermal equation is com- 
pletely inadequate; namely, that of an insulated surface down- 
stream of an isothermal surface. The measured temperatures 
along the adiabatic portion of the plate are compared with the 
two predictions. With the exception of the first point on the in- 
sulated portion, the agreement with the Seban prediction is quite 
satisfactory, and the Rubesin prediction is high. The poor agree- 
ment of the first point is due to the fact that the first unheated 
strip receives some heat by conduction from the last heated strip, 
and therefore has a higher temperature than if it were truly 


adiabatic. Note that the isothermal conductance given in Equa- 


30 


tion (2) would predict an instantaneous decay of the wall tem- 
perature and a zero temperature difference downstream on all of 
the adiabatic portion. 

Fig. 8 shows an example in which the heat flux was specified, 
rather than the wall temperature. Here the superposition theory 
allows prediction of the wall-temperature variation. The heat- 
flux distribution was essentially a double pulse, as shown in Fig. 
8. The temperatures predicted by the Seban kernel are in good 
agreement with the measured temperatures. Again the predic- 
tions using the isothermal conductance are inadequate, with a 
zero temperature difference being predicted between the pulses. 

Fig. 9 shows an example in which the plate was heated in an 
arbitrary manner. The temperature distribution was approxi- 
mated by a series of steps and ramps, as shown, and the corre- 
sponding heat-flux distribution computed using the Seban kernel. 





STEP- RAMP UP EXAMPLE 


© MEASURED TEMPERATURE 


— 


| 
| 
| 


oo 





& MEASURED HEAT FLUX 








g 


w 
° 
°o 











SEBAN 
PREDICTION 


RUBE SIN 











BTUAHR FT?) 


nN 
° 
oO 


FLUX, 


HEAT 
re) 
° 





PREDICTION 





— HEAT FLUX FROM 





ISOTHERMAL 
EQUATION 


-4 

















20 


x 


24 
, FT 


28 32 


Fig.6 Step-ramp up nonisothermal example 





CONSTANT TEMPERATURE 


ADIABATIC WALL EXAMPLE 


| 





bh 


s2 


T 


eat 








m 
— 


sy 








4 


3 











*F 


© MEASURED TEMPERATURES 
i 





a 


x) 





+ 
| 


ee t 
| | 








TEMPERATURE DIFFERENCE, 
— 














RUBESIN PREDIC 





: 
NS 





T N > SN 
| © 
SEBAN 

PREDICTION 


aes 























| 











L6 


20 


x 


adiahati 


’ 





24 28 
,FT 


32 3.6 








peratur 


Journal of Heat Transfer 


wall nonisothermal example 


NOVEMBER 1960 / 345 











4 


PULSE HEAT INPUT EXAMPLE _ 


8 


A. 





4 

















felis! Tea 


TEMPERATURES 
PREDICTED USING 7 


8 








ISOTHERMAL hepsi 
EQUATION 


HEAT FLUX, BTU/HRET2 


Lf ae @ 
— 

















SEBAN 





TEMPERATURES - 


PREDICTED BY —! 
ANALYSIS — | | 





ley 




















/ T 
O MEASURED 
TEMPERATURES 
4& MEASURED HEAT FLUX 


| 
h. 1 
































Pep} | 














12 16 20 24 
x, FT 


28 32 36 40 


Fig. 8 Pulse heat-input nonisothermal example 


The predicted and measured heat fluxes are in good agreement, 
except for the first point, which is probably in a region of transi- 
tion. The prediction of the isothermal equation is not too bad, 
but certainly not as good as the prediction based on nonisother- 
mal theory. 

Tests also were run with a constant heat flux over the entire 
plate, and the results were in excellent agreement with the 
theory; e.g., with ithe result given in the Appendix [9]. 

In addition to the measurements of surface temperature and 
heat flux, extensive measurements of boundary-layer velocity and 
temperature profiles were made for points at various distances 
behind a surface temperature step. The measured temperature 
profiles are in excellent agreement with analogy theory [6]. 


Conclusions 


On the basis of the available data, it is concluded that the best 
step-function correction factor for turbulent incompressible flow 
for fluids with Prandtl number near unity over a flat plate is 


St/Stp = [1 — (l/z"/*))-/* (1b) 


The local Stanton number for an isothermal plate in the Reynolds 
number range of 108 to 4 X 10® may be computed from 


St-Pr°-“(7',/T .. 4 = 0.0296 Re,~*? (2) 


If the wall-temperature variation is not too severe, the iso- 
thermal convective conductances, given by Equation (2), may 
However, for 
severe temperature or heat-flux variations, and in particular for 
insulated surfaces, the isothermal conductances are inadequate, 


be used to predict heat fluxes with fair accuracy. 


and the effects of nonisothermality must be considered (see Ap- 
pendix). The superposition theory, using Equation (1b) as a 
base, is shown to correspond very closely to experiment for very 
severe surface temperature and heat-flux variations. 
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APPENDIX 


£ 
Summary of Turbulent Nonisothermal Heat-Transfer Solu- 
tions for a Flat Plate 

The wall-temperature and heat-flux variations for a number of 
important cases are summarized in Table 1. These solutions are 
derived in detail in reference [9], based on the superposition 
theorems [1, 2, 14] 

Some of the solutions are presented in terms of the incomplete 
beta functions, defined by 


Ba, b) = £ s*-(1 — s)*-"'ds 
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The complete beta function is related to the gamma function by 
B,(a, b) = T(a)T(b)/T(a + b) 


A convenient relation useful in shifting the arguments of the 
beta function is 


Ba, b) _ B,(a, b) = B,_{b, a) 


The pertinent incomplete beta functions have been computed 
[9], and are tabulated in Table 2. 

Table 3 serves to illustrate the qualitative effects of noniso- 
thermality on the heat-transfer coefficient. 

The foregoing cases can be considered as “fundamental solu- 
tions,’’ and superimposed directly in ramp-step approximations 
for heat-transfer calculations in nonisothermal problems, ref- 
erences [9, 12, 13, 14]. 
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Table 1 Summary of turbulent nonisothermal heot-transfer solutions for a flat plate 
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Table 2 Incomplete beta functions for turbulent nonisothermal heat transfer 
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An Experimental Study of the Effects of 
Nonuniform Wall Temperature on Heat 
Transfer in Laminar and Turbulent Axi- 
symmetric Flow Along a Cylinder 


Measurements of both the hydrodynamic and thermal characteristics of flow over an 
axial cylinder at subsonic speeds are reported. It was found that the boundary layer 


along an axial cylinder tends to become asymmetrical as il approaches the transition 
point. This asymmetry vanishes again in turbulent flow. For both laminar and turbu- 
lent flow, the average boundary-layer growth could be predicted by the standard flat-plate 
relationships, and simple methods were deduced for determining the effective hydrody- 
namic length of the boundary layers. Local and total heat-transfer measurements were 
made with both laminar and turbulent flow for various unheated starting lengths fol- 
lowed by linearly increasing wall temperatures. For laminar flow, agreement with 
theory was obtained, this agreement being improved by the Seban and Bond cylindrical 


curvature correction 
Seban. Isothermal 


20 per cent when the 


| * relationships governing heat transfer to flat 
plates in uniform flow with constant wall temperature have long 
been established. Recently, however, with the advent of high- 
speed flight and other examples of a modern technologicai age, 
the design engineer is faced with a more exacting set of specifica- 
tions and must perforce consider of importance effects once 
thought secondary. It is in this light that recent investigators 
have undertaken studies of the effects of nonuniform wall tem- 
perature on heat transfer in external flows. 


For both laminar and turbulent-boundary-layer flows, calcula- 
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Nomenclature 


The turbulent-flow results indicated preference for the theory of 


equations represent turbulent heat transfer within approximately 
wall-temperature variations are not too abrupt. 


tion procedures are available which permit the determination of 
heat transfer to bodies under the influence of variable wall tem- 
perature. There have been, in fact, several excellent analyses, and 
a recent effort by Hartnett, et al. [2], parallel to this experimental 
investigation, has been completed which presents in a simplified 
form for the design engineer calculation methods for both laminar 
and turbulent flow. These calculation methods require analytical 
expressions for the heat transfer with a step wall-temperature 
variation. For neither flow have such expressions been ob- 
tained exactly. However, for the laminar boundary layer the re- 
sults of calculations using the afore-mentioned methods applied 
to wall-temperature variations for which exact solutions are 
available show close agreement with the exact solutions. For 
turbulent-boundary-layer flow two semiempirical solutions for 
the step-type wall-temperature variation are available, that of 
Seban [3] and of Rubesin [4]. 

The first experimental investigations were those of Jakob and 
Dow [5] and Tessin and Jakob [6]. Both investigations were 
made in low-speed flow, and both used cylindrical test sections in 
axisymmetric flow. Unfortunately, only total heat-transfer 
measurements were made, and no strict accounting was taken of 





cylinder radius 


cylinder circumference 

local skin-friction coefficient 

local skin-friction coefficient, 
flai. plate 

local heat-transfer coefficient 

local heat-transfer  coeffi- 
cient, flat plate 

thermal conductivity 

heated length 

local heat flux 


total heat flux 
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temperature 

wall temperature 

iree-stream temperature 

wall temperature gradient 

axial velocity 

axial free-stream velocity 

axial length 

hydrodynamic starting 
length (unheated ) 

normal distance from cylin- 
der wall 


Prandtl number 


Reynolds number, u,2/v 


tabulated integrals [2] 

dimensionless axial length 

boundary-layer thickness 

boundary-layer displace- 
ment thickness 
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the location of the transition point or the effect of the transverse 
curvature. Later measurements by Scesa [3] employed a flat 
plate with separately controlled ribbon-type heaters embedded 
in the surface. The results for step-type variations in wall tem- 
perature with various unheated starting lengths offered no firm 
support for either the turbulent-flow semiempirical analysis of 
Seban or that of Rubesin. Close inspection of Scesa’s data, how- 
ever, does reveal a slight preference for the analysis of Seban. In 
addition, more general types of wall-temperature variation were 
not investigated. No investigation heretofore reported has in- 
cluded measurements with laminar boundary layers. 

It was, therefore, felt that a more complete study was war- 
ranted; one which would allow careful measurement and control 
of local wall temperature and heat flux, and at the same time per- 
mit a careful study of the hydrodynamic boundary layer so that 
questions of effective starting length could be answered. 

The study described herein reports the heat-transfer results 
obtained on a cylinder in axial flow with nonuniform wall tem- 
perature. Careful measurements of the unheated boundary 
layers were made prior to the bulk of the heat-transfer investiga- 
tion. The nonuniform wall temperatures reported involve un- 
heated starting lengths followed by a linearly increasing wall tem- 
perature. The selection of this type of wall-temperature varia- 
tion was dictated by the desirability of having the nonuniform 
wall-temperature effects continue undiminished in a downstream 
direction. In addition, corrections for conduction in the walls are 
then not required. All measurements reported herein were made 
in air (Pr = 0.7), the Reynolds number range covered was from 
0.15 X 10* to 2.5 K 10%. 

After the completion of the bulk of the work described in this 
paper, it was found that a similar investigation was under way at 
Stanford University. A report on the latter work has since be- 
come available [7]. In the areas in which both investigations 
overlap, the results are compatible. More recently, a paper by 
Sogin [16] has appeared which considers laminar flow over ablat- 
ing surfaces. 

















Experimental Apparatus 


The Wind Tunnel. All experiments were conducted in the low- 
speed, low-turbulence wind tunnel of the Heat Transfer Labora- 
tory, Mechanical Engineering Department, University of Minne- 
sota. A schematic diagram of the wind tunnel is shown in Fig. 1. 
The test section of the wind tunnel is 12 in. by 24 in. in cross sec- 
tion and is 30 in. long. Test section speeds between 60 and 170 
fps are possible. Upstream of the test section are mounted eight 
turbulence damping screens followed by a contraction section of 
area ratio 15 to 1. The turbulence level (ratio of root-mean- 
square fluctuation velocity to mean velocity) is less than 0.16 
per cent at tunnel speeds up to 140 fps. Local variation in mean 
velocity, excluding side-wall boundary layers, is less than 1 per 
cent at all speeds. Due to developing side-wall boundary layers, 
the mean flow velocity increases about 2 per cent over the length 
of the test section. The length Reynolds number of natural 
transition is above 10*. 

The Test Model. A cylinder mounted axially in the wind-tunnel 
test section was selected for this study since the troublesome edge 
effects associated with flat plates can in this way be avoided. 
The effects of transverse curvature and the possibility of asym- 
metry of the boundary layer are considered in the text which 
follows. 

A schematic diagram of the experimental model is shown in 
Fig. 2. The model consists basically of two parts, the outer shell, 
and the internal heater. 

The shell is constructed of stainless-steel type 304 tubing nomi- 
nal 2-in. OD by 0.05-in. wall thickness, 40-in. length. The shell 
was first normalized to relieve internal stresses and then lapped 
to a diameter of 2.002 + 0.001. Eighteen circumferential slots 
1/, in. wide and '/; in. long were milled in the surface to receive 
thermocouples for surface-temperature measurement. The slots 
are so arranged on the model surface that no thermocouple is 
axially in a direct line with any other thermocouple. Iron-con- 
stantan, inconel-sheathed thermocouples were used and were 
calibrated in a constant-temperature bath prior to installation. 
The thermocouples were installed through holes drilled in the 
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THERMOCOUPLE DETAIL 


Fig. 2 Diagram of test mode! and thermecouple installation 


bottom of the milled slots and stainless-steel caps were then silver- 
soldered in place. The sheathed thermocouples are led out the 
rear of the model and connection made to flexible lead wires of 
the same calibration furnished by the same manufacturer. A 
detailed sketch of the thermocouple installation is shown in Fig. 2. 

At the heat-transfer rates encountered in this investigation, the 
resistance to heat flow through the tube wall is small compared 
to the heat-flow resistance of the boundary layer, so that the 
junction temperatures of the thermocouples installed in the tube 
wall should differ negligibly from the true surface temperatures. 

Although some difficulties were experienced with the thermo- 
couple calibration, it is reasonably certain that the temperatures 
reported are accurate within +1 deg F. 

The shell preparation was completed by a finish lap followed by 
buffing to a high polish. The final dimensions of the shell are 
2.001 + 0.001 OD with a bow of less than 0.01 in. in the 40 in. 
length. 

The total normal emissivity of a sample of the shell material 
similarly prepared was measured by the Radiation Section of the 
Heat Transfer Laboratory. At 200 deg F the total normal 
emissivity was 0.16. 

The internal heater is 27.5 in. in length over-all and is sup- 
ported from both ends. Designed to allow within limits an arbi- 
trary variation in surface temperature, the heater is segmented 
longitudinally into fourteen individual heaters. The three front 
heaters are, respectively, 0.5, 0.6, and 1.2 in. long and the 
last heater is 1.2 in. long. Each of the other heaters is each 2.4 
in. long. 

Fig. 3 shows the heater construction. The internal heater is 
fabricated of stainless-steel, hypodermic-needle tubing held rigid 
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by chromium-plated radiation shields which also separate and 
provide power terminals for the individual heaters. Thermo- 
couples are located in alternate heater sections to allow an esti- 
mate of the heat conducted in the axial direction through the 
heater assembly. All electrical and thermocouple leads are 
brought out through the center of the heater and connected to 
junction blocks. To prevent free convection within the heater, 
the interstices are packed with glass-fiber insulation. 

The heating elements are of nichrome wire wound over glass- 
fiber tape and covered by electric resistor cement. The cement 
prevents electrical contact between windings and provides a 
high-emissivity surface. 

Heat exchange between the heater and the shell is principally 
by conduction through air and by radiation since the space be- 
tween the heater and the shell is small to minimize free convec- 
tion. The calculated longitudinal conductance for this heater as- 
sembly is about 0.004 Btu/hr deg F. 

Power to the individual heaters was supplied by a d-c motor- 
generator and controlled by slide-wire rheostats. Voltage and 
current-metering jacks were mounted on a control panel along 
with the rheostats. 

To promote as long a length of laminar boundary-layer flow as 
possible, an aluminum nosepiece was fitted to the model with 
auto-body refinishing cement covering the junction between 
nosepiece and model. The cement was smoothed until a surface 
continuous to touch was achieved. When turbulent results were 
desired, a 0.008-in. butt-welded wire ring was slipped over the 
nosepiece to about 1.75 in. ahead of the heated section. 

Insirumentation. Boundary-layer profiles were measured with 
small flattened total-pressure probes with attached free-stream 
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Fig. 3 Heater construction 


static-pressure probes Probe tips were made from 0 036-in. 
OD, stainless-steel, hypodermic-needle tubing, the end of which 
was thinned to 0.0015-in. wall thickness, then flattened to a 0.003- 
in. X 0.037-in. opening and honed smooth. A probe tip was ac- 
cepted only after examination under a microscope. The response 
time of such probe tips with the manometer used was less than | 
min. A sliding carriage with a micrometer head provided longi- 
tudinal and vertical positioning of the probes for measurement 
along the top of the cylinder. To check the boundary layers on 
the bottom and sides of the model, a probe with micrometer ad- 
justment was mounted through holes in the test-section windows. 

Rotational symmetry of the cylindrical boundary layer was 
checked by a total-pressure probe which was held a fixed distance 
from the model surface by a device which clamped over the 
model and could be turned. The tip, with a 0.006-in. x 0.038-in 
opening, was positioned 0.053 in. from the model surface by a 
solder teat resting on the surface behind the probe opening. 

Pressure differences were indicated on a vertical manometer and 
read to less than 0.001 in. of fluid with a Gaertner telemicroscope 
ind cathetometer. A model HWB, Flow Corporation hot-wire 
anemometer was used to indicate the presence of turbulence in 
the boundary layer. Thermoelectric emfs were measured with 
either a Brown-Rubicon, precision, self-balancing potentiometer 
or a Leeds and Northrup, portable Model 8662 potentiom- 
The individual direct-current powers were measured with 
a Weston Model | volt-ammeter with voltboxes and shunts. 


eter 


Experimental Procedure 


Throughout the 


study, hydrodynamic measurements 
made to determine the boundary-layer starting lengths and to 
study certain peculiarities which arose 


marized in a later section 


were 
This information is sum- 


For both the laminar and turbulent cases, a linear tempera- 
ture distribution was imposed on the test surface. This situation 
was significantly different from the isothermal, and also exhibited 
sufficient difference between the Seban and Rubesin turbulent 
predictions. It also was well suited to the experimental model 
and, in addition, being linear simplified the theoretical predictions. 

\ heat distribution, estimated to result in a linear tempera- 
ture profile, was set into the model. When equilibrium was 
reached, the temperature distribution on the test surface was re- 
corded and plotted. The power to the individual heaters was then 
readjusted, using the temperature profile as a guide, until a linear 
wall-temperature profile was established. The power input, wall 
and heater temperatures, and tunnel operating conditions were 
then recorded 


Although at times negligible, corrections to the measured power 
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input are necessary for heat generated in the power leads, conduc- 
tion in the heater and shell, and radiation heat transfer from the 
shell to the surroundings. 


Theoretical Predictions 


Heat Transfer. The parallel theoretical investigation [2] has 
presented a simplified method for calculating the heat transfer 
to surfaces with variable wall temperature. This method re- 
places the actual temperature profile by a broken line with 
straight segments and employs tabulated integrals in the cal- 
culation procedure. Since the present experimental investigation 
is concerned only with linear wall-temperature variations, the 
presentation of the results can be simplified by modifying the 
referenced calculation procedure and using only the tabulated 
integrals. 

For details of the procedure the reader is referred to [2]. For 
a linear wall temperature variation and Prandtl numbers not too 
far below 1 the results can be presented in the simple forms given 
in the following: 

Laminar local heat flux 


aT 
dt 


q(x) = 0.332k Pr’*Re, 

Laminar total heat flux 
Q(x) = 0.664bk Pr'*Re, 

Turbulent local heat flux (Seban 


Reet Te [s 1) - s( 


Turbulent local heat flux (Rubesin) 


aT, 
q(x) = 0.0296k Pr’/*Re,°* M(1) — M 
dé x 


Turbulent total heat flux (Seban) 


aT 
Q(z) = 0.0370bk Pr'/*Re,°4* — z [m 1)-R ( =)! 
dé z 


Turbulent total heat flux (Rubesin) 


iT {= 
Q(z) = 0.0370bk Pr'/*Re,24 —" x | N(1) — N © )] _ 
dg . 


q(x) = 0.0296k Pr 
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The several functions G, H, S, M, R, N, represent incomplete 
Beta functions and are tabulated in [2]. In Equations (1) to (6), 
an unheated starting length z) has been assumed. 

For purposes of comparison, the isothermal heat-transfer pre- 
dictions are: 

Laminar local 


k 
qx) = 0.332 
zt 


Pr'"Re,'/4T, — T..) 


Turbulent local 


q(x) = 0.0296 ) 


; Pr/Re,°* (TT, — T, 
z 

The corresponding total heat-flux quantities are simply obtained 
by integration over the length z. 

Transverse Curvature Effects. No exact solution of the laminar- 
boundary-layer equations for flow over a circular cylinder has 
been obtained as yet. Several attempts have been made, how- 
ever, to obtain solutions for situations in which the boundary- 
layer thickness is either small or large compared to the cylinder 
radius. Of these investigations, only that of Seban and Bond [8) 
considers heat transfer directly, the others being confined to skin- 
friction effects. 

Seban and Bond considered the situation wherein the boundary- 
layer thickness is of the same order of magnitude as the radius 
and obtained a series solution to the differential equations, but 
for the heat-transfer case they calculated only two terms, the 
first being the same as for the flat plate, the second giving a 
curvature correction depending on the ratio of boundary-layer 
thickness to cylinder radius. For the isothermal cylinder and 
Pr = 0.715 their result can be expressed by 


h=h,(1 + 0.58¢ 


where 


¢ = (4/a)(vz/u,.)'” 


a being the cylinder radius. 
The expression for the skin friction was carried out to three 
terms. As corrected by Kelly [9], it is 


c, = ¢,,(1 + 0.525¢ — 0.1207) (10 


The range of validity of Equation (9) is not known since only 
two terms in the series have been evaluated. However, Glauert 
and Lighthill [10] have estimated Equation (10) to be valid for 
¢ < 0.8, and since Equations (9) and (10) would be identical for 
Pr = 1, one can estimate for Pr = 0.715 that the third term which 
is missing from Equation (9) should become negligible at about 
the value of ¢ at which the third term in Equation (10) is negligi- 
ble (say, less than 1 per cent of the second term). Thus assuming 
0.120f? < (1 + 0.525f) (0.01) yields £& < 0.12, which for this 
problem (u,, = 100 fps, vy = 18 K 10~* sq ft per sec, a = 1/12 ft 
leads to x < 3.1 ft as the range of validity of the first two terms of 
Equation (10) and thus of Equation (9). 

It may be assumed that Equation (9), although holding strictly 
only for the isothermal-wall-temperature case holds approxi- 
mately for the nonisothermal case as well. 

Little information is available about the effect of trausverse 
curvature on heat transfer in a turbulent boundary layer. In or- 
der to estimate this effect, it was assumed to be roughly the same 
as the effect of curvature upon friction. H. U. Eckert [11] gives 


the expression 
cy 1 5\ 
#=i{1+-- (11 
Crip 34 


for a '/-power profile at low Mach numbers. In the present 
study, 6/a < 0.5, which would indicate a maximum correction 
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of about 3 per cent. Since the effect is small and uncertain, it was 
neglected in the turbulent predictions. 


Experimental Flow Study 


The basic purpose of this study is a determination of the in- 
fluence of variable wall temperature on convective heat transfer. 
For a proper evaluation of this effect, it is, however, extremely im- 
portant that the nature of the hydrodynamic boundary layer be 
known. Therefore the program included the actual measurement 
of the characteristics of the laminar and turbulent boundary- 
layer flows. These results, obtained at various times throughout 
the study, are summarized in this section. 

Velocity Profiles. Measurements of velocity profiles were made 
with the flattened pitot tubes. The contact of the probe with the 
model surface was indicated with an ohmmeter, distances from 
this point being measured with a micrometer. A sample laminar- 
velocity profile, corrected for displacement of the effective probe 
center, is shown in Fig. 4 along with the Blasius flat-plate profile. 
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Fig. 4 Typical velocity profiles 


A typical turbulent profile is also shown in Fig. 4. For turbu- 
lent profiles, a probe shift possibly is still present, but because of 
the profile fullness, measurements in the laminar sublayer are 
difficult, and no simple correction method is available. Because 
of these difficulties, and because the probe shifts have a smaller 
effect on the over-all cont~ur of the turbulent profiles, this correc- 
tion was neglected. 

Boundary-Layer Development. [Laminar Flow: In laminar flow 
along a flat plate, it is known that the boundary-layer thickness 
increases with the square root of the distance from the leading 
edge. This boundary-layer growth can be expressed in terms of 
the displacement thickness by the relationship (12) 


6* = 1.729 (— ) 
Ue 
where 6* is defined by 
0 ’ 


Equations (12) and (13) apply strictly only for flat plates, but 
should hold as well for axial cylinders in the length where nose- 
piece effects and transverse-curvature effects can be neglected. 
According to Seban and Bond [8], Scholkemeier [13] has shown 
that the boundary layer on a half-body, when the displacement 
thickness is small compared with the cylinder radius, will assume 
the characteristics of a flat plate 1'/, diameters from the stagna- 
tion point, measured along a meridian. These results should 
apply approximately for the present model, so that even very 


6* = (13) 
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near the beginning of the heating section the boundary layer 
should assume flat plate characteristics. 

The effects of transverse curvature have been investigated by 
various authors, but as yet no conclusive experimental study has 
appeared. The analytical studies of Seban and Bond [8], Kelly 
{9}, and Glauert and Lighthill [10] have shown that Equation 
(13) satisfactorily defines the displacement thickness, when 
5* is small compared to the cylinder radius a. In addition, and 
even more important, the results of these authors show that the 
displacement-thickness growth for the length of cylinder con- 
sidered in this investigation will differ negligibly from that pre- 
dicted by Equation (12). 

To determine starting lengths from velocity-profile informa- 
tion, the profiles were planimetered to find the displacement 
thickness and the displacement thickness squared was plotted 
versus an arbitrary length co-ordinate. The extrapolation of the 
(5*)* to zero then should yield the effective hydrodynamic start- 
ing length. It was found, however, that irregular deviations from 
the expected relation between distances from the effective start- 
ng point and the boundary-layer thickness existed. A possible 
cause for these deviations is a variation of the boundary-layer 
thickness around the periphery of the cylinder. Consequently, 
experiments were performed to investigate the circular symmetry. 

All iaminar boundary-layer profiles, when plotted as u/u, 
versus y/5*, agreed well with the Blasius’ profile [12]. This was 
true for profiles measured on the top of the cylinder and at selected 
points along the bottom and sides as well. These results indicate 
that the boundary layer, while exhibiting some irregular devia- 
tion from rotational symmetry, still embodied velocity profiles 
having the characteristic laminar shape. 

To investigate these anomalies more fully, the constant-height 
probe was used. This probe enabled measurements of the 
boundary-layer velocity at different circumferential as well as 
axial locations, and was first constructed to investigate the possi- 
ble effect of model angle of attack on the boundary-layer asym- 
metry. 

The angle of attack was adjusted nearly to zero using the con- 
stant-height probe by balancing total pressure readings in the 
boundary layer on top and bottom, then on the two sides. It 
was found, however, from total-pressure measurements at other 
circumferential locations, that a boundary-layer asymmetry was 
still present which could not be removed by such adjustments. 

At several longitudinal positions, eight circumferential readings 
of the total pressure at a fixed distance from the surface were 
taken. Fig. 5 shows the velocities which exist at a constant dis- 
tance from the surface and at various circumferential and axial 
positions. From the knowledge of the probe height in the 
boundary layer and of the velocity ratio u/u, at this position, 
one can determine a displacement thickness by assuming the 
profile a ape to be described by Blasius’ profile. For z = 21 in. 
in Fig. 5, the maximum deviation in y/6* as calculated by the fore- 
going method was +4 per cent. One might suspect a correlation 
between the variation in boundary-layer thickness and the 
rectangular cross section of the wind tunnel. This, however, is 
not obvious from Fig. 5. No other explanation can be offered 
since no asymmetries are detectable in the free-stream flow, and 
the model surface is circular within +0.001 in. and uniformly 
smooth so that no unequal roughness elements should be present. 

When it was noted that a similarity in the velocity profiles 
existed in spite of the asymmetry, an average of the readings 
taken with the constant-height probe was used to determine the 
effective hydrodynamic length. Using an average value of 
u/u. for a certain longitudinal position an 7 is obtained from the 
Blasius’ profile. Then 1/7? is plotted versus an z measured from 
an arbitrary point. A straight-line relation is expected on such a 
plot according to the equation (1/n*) = 2(v/u.y*) = cz. Fig. 6 
shows that this expected linear relation is very well followed by 
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the experimental results, indicating that, on the average, the 
boundary layer grows on the cylinder in the same way as on a 
flat plate. The position of 1/y* = 0 determines the effective 
starting position. 

Turbulent Flow. The nature of the turbulent boundary layer on 
an axial cylinder is not well known, the only reported experi- 
mental velocity profiles being those of Richmond [14]. Rich- 
mond’s data were taken with much thicker boundary layers 
(relative to cylinder radius) than the ones in this investigation so 
no conclusions can be drawn from his results. H. U. Eckert [11] 
has published an analysis of the turbulent boundary layer which 
unfortunately has no experimental confirmation. The turbulent 
boundary layer was, therefore, treated as a flat-plate boundary 
layer, and measurements were undertaken to determine the 
characteristic shape of the velocity profiles, the _ of boundary- 
layer growth, and the degree of asymmetry presen 

The model was aligned and the flow se nvaMe checked with 
the constant-height probe. The ratio of local to free-stream 
velocity as a function of circumferential position at several axial 
locations thus determined is shown in Fig. 5. It is of interest to 
note that the asymmetry in turbulent flow is not nearly as pro- 
nounced as in laminar flow. 

Measurements of complete velocity profiles were made at suc- 
cessive axial locations along the top of the model and at selected 
lecations on the bottom and sides. When plotted as u/u,. versus 
y/6* these profiles agreed well with the turbulent profiles of 
Klebanoff and Diehl [15] which were made under natural transi- 
tion at Reynolds numbers about two to four times as large as in 
the present investigation. A representative measured profile is 
compared in Fig. 4 with the profile of Klebanoff and Diehl. 

On a flat plate, the turbulent displacement thickness 5* is pro- 
portional to z°-8, and since 6* can be determined by integration of 
the profiles, a plot of (6*)'-* versus an arbitrary z should lead, 
on extrapolation to zero, to the effective turbulent starting 
position. Although this method was satisfactory, considerable 
time for measurement and calculation was required and it 
was found more expedient to use the constant-height probe 
in conjunction with the Klebanoff and Diehl profile as a standard 
to determine values of 6*/y as a function of z. These values were 
used in the manner just described to determine the effective 
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Fig. 5 Circumferential velocity variations 
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starting length. Fig. 6 shows (6*/y)'-™ plotted versus z for a 
typical run. 


Experimental Heat-Transfer Study 


Laminar Boundary Layer. Since the theory of heat transfer to 
laminar boundary layers under the influence of variable wall tem- 
perature is well established and since accurate predictions can be 
readily obtained [2], it was felt that an excellent check on the 
proper operation of the experimental equipment would be given 
by experiments in the laminar ranges. To establish the extent of 
this agreement between theory and experiment, the five laminar 
heat-transfer runs listed in Table 1 are reported. 


Table 1 Laminar heat-transfer runs 


aT. 
de’ 
deg F/ft 
47.0 
47.5 
46.6 
49.0 
50.3 


Run no Zo, in. 


5.0 
4.8 
4.0 
5.0 
18.4 


Re/ft 
458000 
449000 
451000 
455000 
460000 


Prior to each run, the effective starting point of the hydrody- 
namic boundary layer relative to a fixed point. on the model sur- 
face was determined as discussed in the preceding section. Runs 
Nos. 1-4 were made before the turbulent runs discussed in the 
‘next section and run No. 5 after the turbulent runs. 

The first four runs of Table 1 differ from each other in that the 
model was rotated in its mount through an angle of 90 deg for 
each run. Thus the top of the model in run No. 1 is the bottom 
of the model in run No. 3. 
enumerated in the following. 

Fig. 7 shows the temperature distribution for runs Nos. 1 and 5. 
The measured and predicted local and total heat fluxes are shown 
in Figs. 8and9. The total heat flux in Fig. 9 represents the total 
amount of heat transferred into the boundary layer up to any 
point z. The theoretical predictions are taken from Equations 
(1) and (2), using properties evaluated at the average film tem- 
perature, the measured free-stream velocity and the value z, de- 
termined as discussed previously. Of the experimental points, 
the open points represent the data as taken and the closed 
points represent the data as corrected for the effect of cylindrical 
curvature by Equation (9). Figs. 8 and 9 also show the heat- 
transfer rates for run No. 5 as predicted by the isothermal 
heat-transfer coefficient, Equation (7), based on the distances 
from the starting points of both the thermal and the hydrody- 
namic boundary layers, and on the local difference between fluid 
and wall temperature. It should be noted that in Figs. 8 and 
9 only heat-transfer measurements in the region where the hy- 
drodynamic characteristics have been studied are included. For 
runs Nos. 1-4, heat-transfer results are presented for 19.1 in. of 
heated surface, and for run No. 5, for 13.2 in. of heated surface 

Run No. 5 was made with the first two heaters turned off and 
a 12.3-in. unheated section placed between the nosepiece and the 
heating section to provide a longer unheated starting length. The 
effective starting point of the thermal boundary layer was deter- 
mined by extrapolating the measured linear wall-temperature pro- 
file to intersect with the measured free-stream temperature, Fig. 7. 

Due to a systematic error in the thermocouple circuit in runs 
Nos. 1-4, the values of the wall and free-stream temperatures and 
hence of the unheated starting lengths are known less exactly 
than in run No. 5 or the turbulent runs of the next section. How- 
ever, since the results are to be compared with Equations (1) and 
(2), the only additional uncertainty incurred from this fact arises 
in the exact value of 2, and the effect of this uncertainty di- 
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The reasons for these changes are 
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Fig. 7 Wall-temperature distributions, laminar flow, runs Nos. 1, 5 


minishes as 2»/z becomes smaller. The value of 2 is defined as 
the distance between the starting points of the hydrodynamic 
boundary iayer and the beginning of the heating section. 

The data shown in Fig. 8 scatter about the theoretical line by 
about +10 per cent. To investigate the extent to which this 
scatter might be a result of rotatjonal asymmetry effects the 
checks discussed in the following paragraphs were made. Ex- 
perimental errors resulting from errors in measurement are dis- 
cussed in the Appendix of [1]. It is there shown that errors of 
the foregoing order of magnitude are comparable with the ex- 
pected maximum indeterminant error. 

Because of the variation of the heat-transfer coefficient with 
boundary-layer thickness around the periphery of the model, a 
thermocouple located where the boundary layer is abnormally 
thick or abnormally thin might not sense the average temperature 
for its longitudinal position. To investigate this possibility, an 
analysis was made of the circumferential temperature distribu- 
tion around the shell, using a heat-transfer coefficient based on 
the measured local boundary-layer displacement thickness and 
taking into account conduction around the model skin. The 
displacement thickness variation determined from the velocity 
variation at z = 21 in. in Fig. 5 (laminar flow) with Equations 
(12) and (1) was used to calculate local circumferential heat- 
transfer coefficients corresponding to the flow and thermal con- 
ditions to run No. 1. From Equation (12), the effective hydro- 
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Fig. 9 Total heat flux, laminar flow, runs Nos. 1, 5 


The wall to 
free-stream temperature difference at this location was about 
60 deg F. From Equation (1), the maximum variation in the 
heat-transfer coefficient was +7 per cent. 

If the heat input, circumferentially, was constant and the shell 
conduction negligible, the wall to free-stream temperature ratio 
would also vary by +7 per cent (+4.2 deg F). The calculated 
variation allowing for circumferential heat conduction, but keep- 
ing the circumferential heat input to the shell constant, was less 
than +1 per cent (+0.6 deg F). A further qualitative check for 
correlation between the measured thickness of the boundary 
layer at each thermocouple location and the local heat transfer 
was inconclusive. 


dynamic length varied between 19.8 and 22.5 in. 


In an effort to gain further insight into the problem, three heat- 
transfer runs were made with the model rotated 90 deg in its 
mount each time (runs Nos. 2-4). The conditions for each run 
were similar to the first run. Flow measurements were repeated 
at each position to determine whether the asymmetry was asso- 
ciated with the model or with the wind tunnel (see Experimental 
Flow Study). The asymmetry was unchanged at all four angular 
positions probably indicating that the tunnel was its cause. 
rhrough rotation of the model, fluctuations in the heat input by 
about +10 per cent were obtained. The variations did not ap- 
pear to be systematic in nature. 

The total heat-input representation shown in Fig. 9 exhibits 
much less data scatter than does the corresponding local repre- 


sentation. In fact, for runs Nos. 1 and 5, the experimental 
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values of Q(x) as corrected for curvature differ by less than 4 per 
cent from the theoretical curve. Errors to this extent are less 
than the maximum indeterminant errors as discussed in the Ap- 
pendix of [1]. 

The experimental data points in both Figs. 8 and 9 were cor- 
rected for the effects of cylindrical curvature with Equation (9). 
It is seen that the agreement with theory is generally improved 
by the correction. However, since the experiments were not de- 
signed to check the effect of cylindrical curvature, definitive con- 
clusions as to the extent of this effect should not be drawn. 

The theoretical curves as well as the measured points given in 
Figs. 8 and 9 are subject to experimental error through the prop- 
erty values, the Reynolds number, the wall-temperature gradient, 
and the starting length, all of which must be used to determine 
the theoretical curve. For this reason, the dimensionless repre- 
sentations of Figs. 10 and 11 are given. In these figures the ex- 
perimental uncertainties affect only the location of the. experi- 
mental points on the graph and not the position of the theoretical 
curves which are the integrals G(2/z) and H(x/z) of Equations 
(1) and (2). 





16 


measuRto wise 
CORRECTED FOR wie, | 


~fun - 
~ fun? 
~ uns 
- Rune 
-~ fun 5 
TS | a 
"Oy 


0.332 & Pr’? ReV* ot Jag 








ye ey ee ee ery 
**/, 


Fig. 10 Dimensionless local heat flux, laminar flow 
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Fig. 11 Dimensionless total heat flux, laminar flow 

In view of the improvement in the agreement with theory re- 
sulting from the cylindrical curve correction in Figs. 8 and 9, all 
data in Figs. 10 and 11 have been so corrected. The effect of the 
correction is small, however, and does not materially affect the 
scatter in the data. 

The anticipated maximum indeterminant error for the ordi- 
nates of the local and total representations are about 10 and 12 
per cent, respectively. The absolute indeterminant error in the 
abscissas of these curves is a maximum of 0.02 at m/z = 0.5 and 
is thus small compared to the errors ia the ordinates. 
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Fig. 12 Wall-temperature distributions, turbulent flow, runs Nos. 1, 4 


As with Fig. 9 the total heat-flux plot of Fig. 11 exhibits less 
scatter of data than does the local heat-flux plot of Fig. 10 

Since it is the intention of the laminar study to establish the 
ability of the apparatus to detect and measure the effects of wall- 
temperature variation, the isothermal wall heat-transfer predic- 
tions, Equation (7), are for comparison shown in Figs. 10 
and 11. It is evident from these graphs that the nonuniform 
wall effect is large enough to be investigated satisfactorily. 

Turbulent Boundary Layer. Turbulent boundary-layer flow was 
imposed upon the model by means of an 0.008-in. butt-welded 
trip wire placed on the nosepiece 1.75 in. from the leading edge of 
the heater shell. Prior to each individual run, starting-length 
determinations were made as discussed previously. In all, five 
turbulent heut-transfer runs were made after it was determined 
that the equipment was functioning properly. 
ditions are summarized in Table 2. 


The imposed con- 


Table 2 Turbulent heat-transfer runs 
ate 
dt , 
Us, fps deg F/ft Re/ft 
86.5 7.7 63 473000 
117. 8.4 52 626000 
116.2 14.6 42: 612000 
117 19.0 56 622000 
168 9.5 40 847000 


The imposed temperature distributions for runs Nos. 1 and 4 
are shown in Fig. 12 and represent, respectively, the shortest and 
longest starting lengths used. Based on the known temperature 
distributions and free-stream velocities, the theoretical predic- 
tions for the distributions of the local and total heat-transfer 
rates were determined from Equations (3) through (6). The physi- 
cal properties were evaluated at the local and average film tem- 
perature, respectively. Examples of these calculations along with 
the experimental data points are shown in Figs. 13 and 14 for runs 
Nos. l and 4. In addition to the theoretical predictions of Seban 
and Rubesin, Figs. 13 and 14 also present theoretical estimates 
based on an isothermal heat-transfer coefficient, Equation (8). 
In these figures the isothermal prediction based on the hydrody- 
namic length z is shown as a dash-dot line and that based on the 
heated length, z — x», is shown as a dashed line. 

The data definitely show preference for the modified Seban 
prediction except for run No. 1 close to the beginning of heating 
where the Rubesin prediction appears to be preferred. However, 
these findings should be weighted less than the rest since the 
Reynolds number is quite low at this location (Re,, = 305,000), 
and since the temperature distribution begins to depart from lin- 
earity. A check of the effect of the initial departure from 
linearity of the wall-temperature distribution on heat-transfer 


predictions was made for run No. 4. This check showed a small 
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effect close to the beginning of the heating but no apprecia- 
ble effect after the first two heaters. For the turbulent runs, 
the data from heaters downstream of the end of the test section is 
not reported, since the characteristics of the boundary layer there 
are not known. 

The close agreement in Figs. 13 and 14 between the experi- 
mental data and the isothermal prediction based on heated length 
is here fortuitous because the heated length is well defined. In 
the case of a general arbitrary temperature distribution the heated 
length could not be defined unambiguously to give accurate re- 
sults 

A correction for transverse curvature has not been applied to 
any of the data presented in this section. Such correction, as dis- 
cussed earlier, would tend to lower the data, thus improving the 
apparent preference of the data for the Seban prediction. In any 
event, the correction according to Equation (11) would be less 
than 3 per cent 

In the Appendix to [1] a calculation of the errors affecting ¢(x) 
and Q(z) shows for run No. 1 average indeterminant errors of 5.4 
and 6.0 per cent, respectively. The data scatter in g(z) is about 


. this order of magnitude and that of Q(z) is much less. 


As discussed in the laminar-flow section, a dimensionless 
representation of the heat flux offers certain advantages from an 
error standpoint. Accordingly, Figs. 15 and 16 which combine all 
runs on individual graphs are presented. 

The theoretical curves labeled “‘Seban’’ or ‘“‘Rubesin’’ in Figs. 
15 and 16 are essentially Equations (3) through (6) and those 
labeled “isothermal predictions’ are based on the hydrodynamic 
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Fig. 13 Local heat flux, turbulent flow, runs Nos. 1, 4 
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Fig. 14 Total heat flux, turbulent flow, runs Nos. 1, 4 
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length and calculated from Equation (8). The complete Reyn- 
olds number range of the data is 303,000 to 2,530,000. As 
before, no curvature correction has been applied. 

Both the local heat-flux representation of Fig. 15 and the total 
heat-flux representation of Fig. 16 show a definite preference for 
the Seban prediction over either the Rubesin or the isothermal 
heat-transfer coefficient prediction. 
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Fig. 16 Dimensionless total heat flux, turbulent flow 


The maximum indeterminant error in the ordinates of Figs. 15 
and 16 is 14.7 and 17.1 per cent, respectively. For the local heat 
flux, Fig. 15, the data scatter is about 15 per cent. For the total 
heat flux, Fig. 16, the data scatter is about 10 per cent. 

According to the experiments reported here and those in [7], as 
well as more recent semiempirical theories [17], it appears likely 
that Equations (3) to (6) and (8) overestimate the heat transfer in 
turbulent flow of air by 8 to 10 per cent. 


Conclusions 


Several conclusions are evident from the research reported in 
the paper: 


1 The laminar boundary layer over an axial cylinder has a 
tendency to deviate from rotational symmetry. The correspond- 
ing effect is much less evident for the turbulent boundary layer. 

2 In spite of the asymmetries noted, both laminar and turbu- 
lent boundary layers grow according to accepted flat-plate rela- 
tionships. The conditions of the experiments were such that the 
effects of transverse curvature on the boundary-layer thickness 
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were small. In both boundary layers these facts permitted the 
development of a simple method for determining the effective 
hydrodynamic starting length. 

3 A cylinder in axial flow can be used to check analytical in- 
formation on heat transfer to a flat plate when the ratio of 
boundary-layer thickness to cylinder radius is small. A correction 
on the heat-transfer coefficient according to [8] amounted to 
about 7 per cent when 5/a was 0.17 and improved the agreement 
between analysis and experiment for laminar flow. 

4 In laminar flow, measurements of heat transfer with un- 
heated starting lengths followed by linearly increasing wall tem- 
peratures agreed with theory to within +4 per cent on total and 
+10 per cent on local values. Essentially two purposes are 
served by the laminar flow data: (a) The ability of the apparatus 
to make accurate measurements is confirmed; and (b) further 
support is given to the superposition principle on which nonuni- 
form wall-temperature, heat-transfer calculations are based. 

5 In turbulent flow, the measurements indicated preference 
for Seban’s theory [3] with a modified Prandtl number depend- 
ence [2]. 

6 The isothermal equations predicted the turbulent results 
within 20 per cent and, since this type of calculation is quite easy 
to make, may be preferable as long as wall-temperature changes 
are not too abrupt. 
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Geometric Factors for Radiative Heat 
Transfer Through an Absorbing Medium 
in Cartesian Co-ordinates 


Heat flux conveyed by diffuse radiation from surface A, and A, through an absorbing 
medium ts expressed by the relation 


Qi-2 = Ji f(liz)(cos 0; cos 62/ why*)dA dA, 
AiX As 
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where J, is the radiosity of A, (sum of the emitted, reflected, and transmitted flux per 
unit area), ly: is the radiation beam (the distance between surface elements dA, and dA:2), 
6, and 02 are the angles between the radiation beam and the normals to the surface ele 
ments, and f(l\2) is the function describing the absorption law. The foregoing four- 
dimensional integral is transformed into a sum of one-dimensional integrals for the 
cases of opposite-parallel and adjoining-perpendicular rectangles. The results are 
suitable for numerical integration with any total absorption law obtained from the 


actual distribution of monochromatic absorptivities over the whole spectrum 


EVALUATION and prediction of process furnace 


performance requires an accurate determination of the heat trans- 
fer from the combustion gases and the furnace enclosure to ab- 
sorbing surfaces. A primary mechanism for this transfer is the 
radiant exchange between the combustion gases, the enclosure 
In the past, the methods of de- 
tailed analysis have been too complicated for practical applica- 


walls, and the absorbing area. 


tion and sufficient information was not available regarding radiant 
properties to make an accurate analysis. As a consequence, 
methods of semiempirical form have been developed which 
represent by a single variable all the elements of the furnace that 
have a common function [4].! 
all system 


These procedures permit an over- 
behavior to be determined but do not allow any 
examination of variations in such variables as heat flux or tem- 
perature occurring within the furnace. 

The development of the network method of radiant exchange 
inalysis [5] has provided a practical procedure for making a more 
detailed study of the radiation within a furnace. The application 
of this method is presently restricted by the lack of knowledge of 

' Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J.. November 29-December 4, 
1959, of Tae American Society or Mecuanicat ENGINEERS. 
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Paper No. 59—A-206. 


Nomenclature 


the properties of radiant systems. In addition to the obvious 
physical properties of the surfaces and gases within the furnace, 
an important property of a radiation system is the geometrical 
relationship between the various surfaces which comprise the 
system. The geometrical factors for two surfaces separated by 
a nonabsorbing medium have been determined for a large number 
of geometries and reported in the literature [1, 2]. Computa- 
tions for surfaces separated by an absorbing medium have not 
been performed for comparable varieties of geometries and dimen- 
sions. Only recently has a limited number of results been re- 
ported [3]. 

The paper describes a method for determining the geometric 
factors for parallel opposed equal rectangles and perpendicular 
adjacent unequal rectangles with an intervening absorbing me- 
dium. These two basic shapes can be used to compute the 
geometric factors for any arrangement of parallel or opposed 
rectangles with the aid of flux algebra. 


Basic Relations 
The net exchange between two completely absorbing diffuse 
surfaces separated by an absorbing medium is given by: 
Qe = AiteFyo(T;* — T2) (1) 


The factor T,:/'\2 is termed the geometric transmission factor and 
is expressed by (see Fig. 1): 





heat-transfer area of surface 
1 or surface 2, respectively, 


ft? AK = 


equation (13) 


— equation (13) or = ~, 
h h 


equation (61) 
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BK = kY, equation (28) or = 
BK = kZ, equation (71) ft 

kX, equation (28) or 
= AK =kY, 

C? + D*, equation (28) or 
equation (71) 

geometrical shape factor 

kh, equation (26) or = kX, 
equation (71) 

heat flow, Btu/hr 

temperature, deg R 


dimensions of the rectangles 


zr, y co-ordinates, respectively, 
of the position of one rec- 
tangle relative to the other, 
see Fig. 3(a) 

parallel beam 
function 


equation (71) 


transmission 


perpendicular distance be- 
tween parallel rectangles, ft 
(Continued on next page) 
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Fig. 1 Geometrical relationships for two radiative surfaces 


a 1 f(L) cos 6, cos 6, 
Tek. = - dA,dAz 
Ai JA J As wl? 


For an absorption of zero (f(/) = 1), this equation reduces to the 
conventional geometric shape factor and values may be found in 
the literature for most geometries of practical interest [1, 2] 
The extension of these factors to include attenuation by the 
medium using f(l) = e~*' has recently been reported for both 
perpendicular and parallel squares [3]. These values were ob- 
tained by numerical integration of equation (2) and are for a 
limited range of the pertinent variables. 

Equation (2) can also be used to define the absorption by the 
intervening gas by setting f(/) equal to absorption factor of the 
gas. If this is done, equation (1) then represents the energy ab- 
sorbed by the gas from the energy exchange between the two 
surfaces. The derivation to be given will consider geometric 
transmission factors and the geometric absorption factors are 
obtained by defining f(/) as the absorption function rather than 
the transmission function. 

Evaluation of equation (2) requires a specification of the 
geometries of the two surfaces A; and A», the relative orientation 
of the two surfaces, and the functional behavior of the function 
J(). The first two factors are determined by the physical system 
considered, whereas f(!) depends upon the nature of the absorp- 
tion’ process. 


Nomenclature 
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(y.-y2)? th 


Ps (x, -x,)? ? 





\ 
~ 


Ti’ 
\ 
"(x y) 
(1) A 
x 


Fig. 2 Parallel 


Method of Analysis 


The explanation of the method is best given by example and the 
procedures used for reducing the four-dimensional integral 
[equation (2)] for the particular case of parallel rectangles will be 
given here. The derivation for parallel adjacent rectangles is 
presented in the Appendix. 

The general case of parallel opposed unequal rectangles will be 
considered initially and later restricted to equal rectangles as a 
simplification. The relationships between @,, 62, and l are indi- 
cated in Fig. 2, and when substituted in equation (2) give: 








rr 


f(Dh* 


1 
TF» = — f 
A Ai As rl? 


ie 


dA\dA, (3) 
where 
I? = (2; — £2)* + (ys: — yo)® + A? (4) 


The integra] is the gist of the problem and may be written in terms 
of the limits of the two areas A, and Ag, as (see Fig. 3): 


x X: Y: 
l 
b= Sc reAPu = f inf ‘af acs {ay jun 


(5) 


Fig. 3(a) represents a superposition of the planes containing the 
two rectangles and indicates the relationship between the vari- 
ous limits. 


First Transformation of Variables. The variables are first trans- 
formed as follows: 


z= Iz = 
y= = 
&=2:2— 2 = 
"Oo - 2 = 





absorption coefficient, ft 

length of line connecting any 
point on one surface with 
any point on the other sur- 
face 

z 

i’ equation (13) or = equation 


(61) 
Kz, equation (27) or equation 
(71) 
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co-ordinates 
transformed co-ordinates 
(parallel rectangles) 


l 
i’ equation (13) or - 


tion ( 

7 transformed co-ordinates, 
equation (53) 

angle between the normal to a 
surface and l 


3.141592 ... 
Stefan-Boltzman constant 
geometrical transmission fac- 


l 
xX’ equa- tor 


61) transformed transmission 


function; (l/h), equation 
(13) or f(l/X), equation (61) 


transformed transmission 
function = (kz) 
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Fig.3 Tr ti of ins of integration for parallel rectangles 





The Jacobian of this transformation is equal to unity, ie., the 
transformation is area preserving. 

The transformation is preceded by an exchange of co-ordinates 
which corresponds to a change in the order of integration. This 
is possible by virtue of the symmetric form of the integrand. The 
transformation is applied and the new co-ordinates (z, #) and (9, 
y) obtained. The limits of the new variables are determined by 
the transformation of the limits as follows: The boundary z; = 
X; = const becomes # = X; — z in Fig. 3(b); boundary z: = a 
becomes 2 = a — z; boundary y% = Y2 becomes f = Y2 — y; 
and boundary y: = b becomes 


remain unchanged. 


sj =b-—y. The other boundaries 


oe (5) in the new co-ordinates is: 


afar fufarfafe 


Ys Y:-9 Yu- Vi Yi b Y 
r Pafan'f afar fafa 
Y:- Vi 0 b 0 b-—Vi b-39 


jm 
yee 
where 

[2 = £2 + 9% + h? (7) 
Equations (6) and (7) are the generalized form for parallel op- 
posed unequal rectangles (not directly opposed). There are six 
parameters which must be considered in evaluating the integral, 
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Xi, Xe, Yi, Y2, a, and 6. The function f(/) has not been specified 
and remains unchanged under the transformation since | is an 
even function. 

Restriction to Directly Opposed Rectangles. The geometric factors 
for unequal rectangles not directly opposed may be obtained from 
the factors for directly opposed equal rectangles when there is no 
absorption by the intervening medium. This can also be shown 
to be true for the case of absorption and no generality is lost by 
setting a = b = 0, X, = X, = X,and Y; = ¥; = Y. 
(6) then becomes: 


Equation 


xX xX-2 0 xX Y 


1-|fafus fa fal fof a 


0 0 ~X -8 0 


+ fa fu {ant (8) 


The most general case for parallel rectangles can be reduced to the 
evaluation of equation (8). 

Since the variable / is not dependent upon the variables z and y, 
the first integration indicated in equation (8) can be performed 
without regard to the form of the transmission function. This 
gives: 


r= [fo x - ade + fP cx - nae] fy" or - nas 
+f oy + nay OP (0) 


The second term of each bracketed term is simplified by changing 
the sign of the variable of integration: 


x . fi as ] Y en 
r=[f, (X — #)d? — ms — £)dz f, (Y — j)d¥ 


— frow - vas 24 


ie 


or I[=4 [fo - sya |[ f, _ yay | (10) 


Second Transformation of Variables. Equation (10) is reduced to 
an explicit function of two variables by the following transforma- 
tion: 


z= or =f 


(11) 


[? = g2 + 92 + A? or p= ft — gt — ht 


The Jacobian of this transformation is equal to 1/y. The new 
limits of integration in the z-l plane are shown in Fig. 4; the limits 
for z remain the same as for 2; the limits of y = 0 become 
| = Vx? + h*and for 9 = Y, the limits are! = [z* + ¥? + h?}'/*, 
The resulting expression is: 
x 
dl f dr 
0 


it—h? 


fa fe 


Weer sara) 
l=4 f dl 


VY2+hA! Vit 


Vie 


few f 


-¥?—hs VXI+h 


. "elo" f()) : 
[a —2z)(Y¥Y —-V/P—2— mh) ie se =| (12) 


Nondimensional Form. The perpendicular distance between the 
two rectangles is a convenient length to use as a nondimensionaliz- 
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ta sx? +h? 
h eo 
° x 
Fig. 4 Domain of integration in the (x,/)-plane 





ing factor. The limits and variables may be redefined thus: 


The limits are altered correspondingly. For example: 


then z= V/A? + Bt + 1 
and when z = VP y? —h? then u= V2 - B?—1 


when | = Vx? oo Y? +h? 


The function f(/) has been changed to account for the change of 
variable. 
The expression for the integral then becomes: 


VAt+Bi+1 4 VB+i 


dz f du 


A?+l1 0 


I=4 


—————— | (14) 
2 V2 — u? — | 

of a Single Variable. 
tion may be integrated with respect to u without specification of 


Bad ai 


te a Functi 





The preceding equa- 


the transmission function ¢(z). 
sisting of six terms: 


The result is an expression con- 


6 
I=4) > i, 
VAt+ B+ 
\, = AB 
VAi+1 
VAt+ BF 1 
i, = —AB 
V Bt+1 


k (Ew — 1 
4 = — 
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V A?+ Bt+1 


(2) 


2 


dz 


VA i+1 


ie i 


-\(z) J 


VBt+1 


2? — (A? + 1)}'Adz 


V A+ B+ 1 
+A z? — (Bt + 1))'“dz 


VB +1 


) —— 
Ke) V2 — 1ldz 
z 


(21) 


No additional simplification is possible without specifying the 
transmission function @(z). A confirmation of the validity of 
the transformation and algebra is possible by setting the trans- 
mission equal to unity in equations (16) through (21). After in- 
tegrating and combining terms, the result is: 


2+ 1B? + 1)]” mee 
I = 2 log 1] Ae ee ED) + (B VA? + 1) 


B Pa Fa 

tan! ————— _ +(A / B? + 1) tan pe 
VA'+1 VB? +1 

{ 


— Atan-1A — B tan Bp 


Equation (5) defines the relation between J and the geometrical 
transmission factor TF. Setting 71: equal to unity gives: 


(22) 


Fi. = (23) 


«AB 
Substitution of equation (22) into equation (23) yields the same 
relation as found in the literature for parallel directly opposed 
rectangles [1]. 

The function f(l) represents either the absorption or transmis- 
sion behavior of the intervening gas. In most cases, this be- 
havior is directly proportional to the path length, i.e., 


f(D) = fikl) 
oz) = B(kl) 


(24) 


(25) 


If this situation exists, the preceding equations (15) through (21) 
can be modified by introducing the definitions: 
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K = kh 
w = Kz = ki (27) 


The limits of the integrals may also be altered to conform with 
the new variable as follows: 


C = BK 
D=AK (28) 
E? = C2 + p? 


The relations given in equations (27) and (28) when applied to 
equations (15) through (21) yield: 


vV K*+ E? 
DPiw) . D 
= CD sin! ( ) dw 
w* ~ we 
vV K*+D* 


V/ wt 
Cc j 
dw 
V wt a ae 


P(w) K? — Cc? 
dw + 
w? 2 
V Ki} 


D? P(w) 
dw — dw (31) 
2 w* 


vV K*+D* 


V K'+D 


P(w) 
dw 
: w 
K 


V Kt+c* 


Kit 
Pw) / 
D f V w* — (K* + C?*) dw 


w? 


v Kt+c? 
Vv Kt +8 ® 
(w) 
; Vw — (K* + D*) dw (33) 
w 


Vv K*+ D* 


Vv K*+D* 


P(w) - 
V w? — K* dw 
w' 


v rt+C 


P(w) - 
f - V w? — K*dw (34) 
AK 


wu 


The expression for the geometrical transmission or absorption 
factor becomes: 


A KY 
Atak» = or Tak» = “ 
T rCD 


6 


I=4 a: in (36) 


n=l 


The foregoing equations are for the case of parallel opposed 
equal rectangles. The results for perpendicular, adjacent unequal 
rectangles is given by the following equations for the case of ab- 
sorption or transmission directly proportional to path length (see 
Appendix): 
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VRI+02 


3ct — K* 
Es 12K? 
(= + ?*) 
1K? 


12K? 


VK 
(se + K¢ — ae) 


D= AK, E* = C? + D* 


® , 
) ww (40) 


VK? D* 
oa Cc 
P(w) K? P(w) 
dw — —— dy 
w* 122 w' 
K 
vV K?+D* VKi+@ 


P(w) Cc? P(w) 
. du 
€ 93 


aw 


se 


(= + K? 
di. ~a 
12 
VK*+D? 


x 
1 
wP(w)dw — f wP(w)dw 


V K?+E? 


4K? 


VK?+C: 


4K? 
0 


V K?+D? 


1 
wP(w)dw + aK? f wP(w)dw 


9 K 
i = - f P(w)dw 


1 P(w 
dette f = V wt — C? dw 
K w 


Cc 


‘Ki+E2 
+ 1 . f Pw 
K w 
E 


H 
” 


Vw — E* dw 


Vv 


1 
K 


‘K?+D? ’ 
(w) - 
f Vw? — D* dw 
D w 


— C2)'/*dw 


w) 


=~ (aps D*)'"dw 
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(w? — E?)*/*dw 


vV K?+bD* 


D? P(w) 
f . V wt — D* dw 


u 
D 


Vv K?+c? 


P(w) 
f : Vw? — C* dw 
rf 


w 


VKi+ Fk 


f Hw) V wt — E* dw 


w3 


(46) 


Discussion 


The method presented here for the evaluation of geometric ab- 
sorption or transmission factors is an alternative method to the 
direct evaluation of equation (2). The difference between the 
two procedures is the reduction in the complexity of the integra- 
This has been 
replaced by the mathematics of transforming equation (2 
expressions such as equations (36) through (41). 


tion process required by the method given herein. 
into 
However, once 
this has been performed for a specific geometry, this method per- 
mits the introduction of any desired absorption or transmission 
function without interfering with the previous mathematics. In 
contrast to this, with equation (2), each function requires a new 
Geometries other 
than the rectangular one have been successfully reduced by the 
procedure described and the technique is not limited to the rectan- 
gular system. 


computation of a four-dimensional integral. 


The use of different functions is important to the subject of 
geometric absorption and transmission factors. The use of an 
exponential transmission function has been subject to question 
and additional experimental evidence may indicate other func- 
tions should be used. Under these circumstances, the method 
given here may provide analytical expressions quickly without 
resorting to numerical computations. 
f(l) = 


For example, the use of 
1 — kl is directly integrable with equations (36) through 
41) whereas substitution of this in equation (2) would necessi- 
tate an involved integration process. The complexity of inte- 
grating equation (2) for f(/) = 1 and a simple geometry is well 
demonstrated by Hamilton and Morgan [1]. 

The conventional methods of flux algebra [1, 2] may be 
with the geometric absorption and transmission factors 


used 
This 
eliminates the need for additional calculations for surfaces not 
Hottel and Cohen [3] confined 
their attention to a system composed of squares and, conse- 
quently, computed the case of squares offset from each other 
However, the use of flux algebra necessitates computation of 


directly opposed or adjacent. 


rectangles rather than squares. This increases the number of 
computations required but increases the applicability of the re- 
sults since the surfaces do not have to be restricted to squares. 

Numerical computation with the method given here is direct 
and less difficult than numerical calculation with equation. (2). 
with 
equation (2), single integrals involving simple functions are inte- 
grated. The use of the digital computer for evaluation of these 
integrals is facilitated by these conditions. 


Instead of a quadruple numerical integration necessary 
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APPENDIX 
Perpendicular Adjacent Rectangles With a Common Edge 


The configuration to be considered is shown in Fig. 5. Sub- 
stitution of the relations for 0,, 02, and | into the general equation 
for the geometrical transmission factor (equation (2) or text) 


gives: 
r l 22 
al 5 Hi A, J. i ‘hs KO) abate 


2 = (x, — 22)? + yw? + 22? 


(49) 


Ww here 
(50) 
As discussed previously, the function f(/) can also be an absorp- 


tion function but the geometric transmission will be used to 
demonstrate the procedure. Rewriting in terms of the integral: 


; x Y x Zz zm f(l)\ 
l = WAT 2F ys = f, dx, f, dy, f, dz: f. de | Is f 


(51) 


The order of integration is not important and the above integral 
may be written as: 


x x Y Zz pzomf(l)| ined 
r= f, dz, f, de: fi, dy f, dzz 4 I f (52) 


First Transformation. The variables of integration are changed 
by the following transformation: 


a= 2 or 1 =a 

nm =8 
m=iFi+a 
= y2 + 27 2,2 = p? — B? 
R? + p? 


B = i or 


f= Ze 

















y 


Fig. 5 Perpendicular adjacent rectangles 
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Z 


The Jacobian of this is equal to p/z2. 4 

: x xX-2 0 x ff ora + f 2p 
I= if dz f da + f dz f te , 9 4 

0 xX z 


. VV 
+ f (vy? +X? — re] a (56) 


Vv ¥*+2Z? Y Y 


f dp f dg +f dp - dp + f a fas 
Y pes 0 v0 


V ep? — 2? Z vV p?—Z? 


ih 


ec 


s d Transformati Equation (55) is further simplified by 
the following transformation: 





J pBf()) ( 
{ 


r=z or 

[? = z* + p? or p? = /? — zg? = /? — z? (57) 
Since the transmission function f(l), is not a function of the 

variables a and §, the first integration may be performed. This The Jacobian for this transformation is equal to 1/p. The ex- 


yields: pression for the integral after multiplying by the value of the 


\ 0 Jacobian is: 
= - ‘| X — £)dt + f ar + one V X9+Y: x Z x x l 
‘ x [= { dl f dr + faf dx +f dl {ae 
Z 3 A . 0 0 ri 


V¥?+7Z3 y Zz vit)) | Vi-Z x 

¥ : pf(l) 
| f (Y? + Z? — p*)dp +f rin + f wae | {eh f (cx — 2 — 2) f)) 
i. } Z 0 x" , 


I f 
(55) 


This expression may be simplified by noting: x y x 
x f dl f dz + f dl f dr 


0 
f (X + 2)f(#*)d? = fu — &)f(2*)dz Vie-Y? VxX14Z: (9 


=x Y = i 
vV X2+Z? vVit—Z? ' 


+i f f dx |4(X —- nxt 


! l 











VXI x V¥iFZ 


f at fafa 


V/¥?4+Z: ‘ 727 VxXt+¥? 























VxXi+¥" 


+ fafa {x eb 
; 


0 ° 








(58) 


The various transformations are indicated in Fig. 6. 
Nondimensional Variables. The length of the mutual edge is the 
most convenient nondimensionalizing factor. The variables are 
redefined as follows: 
l Y 


—~ A=— . rae ) 
2 x ¢ x u X x ) Pz 








The nondimensional form of equation (58) is: 








VB+1 1 B 


fou f ms fafa 


B Vn Bi 1 


1 z 
(1 — u)(z? — u*)d(z) 
+ ff ae f au {eames to 
0 


0 


x, /xeyz? 


x IP =i 3 














xf : iB 
x, /xtez? vat . 
y [aoe =evie)t (0) 





Fig. 6 Domains of integration for perp 
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ee 


Reduction to a Function of a Single Variable. The transmission 
function $(z) is not dependent upon the variable u. Therefore 
equation (62) may be integrated with respect to u without specify- 
ing the form of ¢(z). Performing this and collecting terms, 


7 


T=xX*) > i, 


n=1 


uth f Ha 


) V Att BF+1 


Vv s*— A? 
(1 — uA? + Bt — 2* + u*)G(z)| 
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2 ae 
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RB 


_ = ( 
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ey 
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VB +1 
f 2¢ 
h Zz 


V At+B +1 


#2) 
2 


VFI 


, 1 Pz) Py 
— R)'/: = ——— (s3 — At)*/2 
F B?*) a+; f 3 (z ) 


(22 — A? — Bt)"/*dz 
VFB 


‘ 
A 
/Bt+i 


f wad V2 — B* dz — (A* + B) 
Zz 
B 


Vv 


% = A? 


$2) V2 -. 2 ae dz 
2 


V A?+B +i 


Ve — A? — B'dz (67) 


VAt+ Bi 
If the absorption or transmission function may be written as: 
dz) = D(kl) (68) 


then the following modification of the variables can be made: 


K = kx (69) 
(70) 


(71) 


w= 2K = kl 
C = BK; D = AK; 


Equations (61) through (67) become: 


Et = C+ Dt 


VEWFDi 
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ae Hw) 


VK+Di 


3c* _ 


.-(* 


VK?+D: 

(20K + Dé 

+( 4K? ) f 
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Hw) o, = Kk 


i VEO 
x) J Pu 
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Hw) 1.5 


12K* w* w 


OE" + K* + 38 
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VK?+D 
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w®(w)dw — —- 
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f wP(w)dw 
VK?+F: VK#+Di 


wP(w)dw + 


, w(w)dw (74) 
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> ae 
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®(w) dw 


VKH 
f Hw) V w? — C2 dw 
C 
V K*+ 8 
P(w) Vw Fe dw 
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Vv K*+D* 


P(w) 
— Vw? — D*dw (76) 
w 
C)'/* dw 
V/ Kt+D: 


Pi w 
Hw) 
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2 — —*)'/*dw 


V Kt+ 8? 
P(w) 
_. (w 


aK - — E*)’/*dw (77) 
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Vv Kt+D* 


D* f 
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— D* dw 


P(w) 
VY. or 
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Vv 
qc 
x J 


C 


ba a V w? — C* dw 


/Ki+E3 a 
( 5] 
w) Vw? — E*dw (78) 


w* 


Atak = 


DISCUSSION 
D. K. Edwards? 


The authors are to be commended for their simplification of 
the geometric transmission or absorption factor for two tech- 
nically important geometries. Such work is needed to make 
possible application of the network method? for real gases through 
use of the band energy approximation.‘ 


* Asst. Professor of Engineering, 
Angeles, Calif. Assoc. Mem. ASME. 
* Authors’ Reference [5] 

*R. V. Dunkle and J. T. 
an Enclosure,"’ Journal 
vol. 82, 1960, pp. 1-19 


University of California, Los 


Bevans, “‘Radiant Interchange Within 
or Heat Transrer, Trans. ASME, Series C, 
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One important outcome of the authors’ work should be com- 
parison of the accuracy of using the geometric mean beam length 


defined by 
ebul fac! 
af i ee eat, dAdAs 
Ai As 


in place of the true mean beam length defined by the expression 


1 f f. Kl) cos 6, cos 42 dAdA, 
mw SAS As Ay [? 


+f f cos os 0, « 008 6 608 4 dA, 
4: As 2 


Present industrial practice’ is to use the geometric mean beam 
length multiplied by a factor of 0.9 or so in place of the true 
mean beam length. For the case of parallel rectangles the error 
involved in using the geometric mean beam length is less than 6 
per cent. 

It would be interesting to see the authors carry out the indi- 
cated integration for perpendicular adjacent rectangles with tech- 
nically important absorption functions such as Cl'/* and CI'/" 
and determine the error in using the geometric mean beam length 
in place of the true mean beam length. 

In connection with the above comparison, it should be noted 
that the network method should be applied only to surfaces which 
are uniformly irradiated by each other, since it is assumed that 
the same geometric transmission function applies for reflected 
as well as emitted energy. It would appear that, if an enclosure 
is sufficiently subdivided so that the nodal surfaces are uni- 
formly irradiated by each other, the geometric mean beam length 
would always be a quite good approximation to the true mean 
beam length. 

If the comparison suggested shows this situation to be the case, 
it is suggested also that the authors carry out integration with 


cos *. cos 6, 


— dA,dA: 


f()) = land present tables or graphs of the geometric mean beam 


length as functions of their parameters A and B. 


Authors’ Closure 


The authors wish to express their appreciation for the thought- 
ful discussion contributed by Professor Edwards. His sugges- 
tions are indeed very pertinent to our own views and we are, in 
fact, planning to carry them out. However, the only way to 
proceed from now on is by numerical computation. The present 
paper sets up only the background for such purpose. In the 
meantime, some of the geometric factors have been evaluated by 
the use of the Electrodata 204 computer, and we are certainly 
aes to present the results in the near future. 


&’ Authors’ Reference [2]. 
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Thermal Radiation From a Cylindrical 
Enclosure With Specified Wall Heat Flux 


Thermal radiation is considered from the inside surface of a heated cylindrical en- 
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closure. A specified heat input is imposed at the enclosure wall and the surface tem- 
perature distribution is determined. The analysis considers both black and diffuse 
gray-body radiation and obtains a simple relation between the two. The energy equa- 
tion, which is a linear integral equation, is solved by three methods: (a) Use of a sepa- 


rable kernel; (b) numerical integration; and (c) variational methods. 


_temenioien radiation into heat-transfer problems 
results in changing the energy equation from a differential equa- 
tion to an integro-differential equation. For the case where heat 
transfer is only by radiation, which we consider here, the energy 
equation simplifies to a linear integral equation in the variable U 
representing the total radiation flux leaving the surface or, for 
black bodies, ¢7*. Although we consider only a special case in 
pure radiation, the methods presented here could be applied to 
other similar radiation problems. 

Specifically, we consider thermal radiation from the internal 
surface of a cylindrical enclosure open at both ends as shown in 
Fig. 1. The internal surface is heated by a specified heat flux 
which is a function of axial position, and the wall temperature is 
found from the analysis. The radiation from the surface may 
either be black or diffuse gray body. Heat conduction within the 
enclosure wall is assumed negligible compared with the radiation 
fluxes, and the enclosure is assumed to be in a vacuum so that 
heat convection does not enter the problem. Each end of the 
cylinder sees an outside environment which may each be at a 
different specified temperature. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
26, 1959. Paper No. 59—A-159. 


Nomenclature 


With the foregoing assumptions the energy equation governing 
the radiation process is found to be a linear integral equation, and 
the linearity permits building more general solutions by super- 
position of elementary situations. The necessary elementary 
solutions are found by three different methods: (a) Use of an 
approximate separable kernel; (b) numerical] integration; and (c) 
a variational method. 

In the analysis we first consider the black-body case and then 
extend the results to include the more general situation of diffuse 
gray-body radiation. 


Energy Balance (Black Body) 


Consider the heat quantities entering and leaving an element 
dA, Fig. 1, located at position z on the internal surface of the 


q(x) 
bd 





ee as er 
“Twoe) ty, 


b-a-xy 
sagt 


- 
R 








Hollow cylinder enclosure 





coefficients determined by radius 


of cylindrical en- 


= exponent in approximation 


the variational method 

elementary areas on cylindri- 
cal surface, Fig. 1 

configuration factor for a 
circular element radiating 
to a perpendicular element 

variational principle for ®; 
J,, variational principle 
for ®,* 

area-factor kernel in integral 
equation 

length of cylindrical en- 
closure 

dimensionless length, |/2R 

functions of Z defined in 
Equation (13) 

heat added per unit area at 
enclosure wall 
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closure 

radial co-ordinate measured 
from cylinder axis 

absolute temperature; T',, 
absolute wall temperature; 
T,, T2, temperatures of en- 
vironments seen at ends of 
enclosure 

total radiation leaving sur- 
face per unit area 

dimensionless axial co-ordi- 
nate, z'/2R 

axial length co-ordinate meas- 
ured from one end of en- 
cl sure 


= length defined as |z — 9] 


exponent in approximate 
separable kernel 


for F 

emissivity 

dummy integration variable; 
7, dimensionless variable 
n'/2R 

reflectivity 

Stefan-Boltzmann constant 

wall emissive power forg = 0 
and one end of enclosure 
exposed to unit emissive 
power 

wall emissive power for 
specified g at walls; ®,*, 
defined as ®,/¢ 

emissive power (a7); ¢,, 
wall emissive power; ¢, 
¢2, emissive powers of en- 
vironments seen at ends of 
enclosure 
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cylindrical enclosure. The heat radiated from the element per 
unit area is given by the emissive power (we are here considering 
only black-body radiation), 


oT.“ z) (1) 


The heat input to the surface element is composed of four quan- 
tities. The first is the imposed heat flux at the wall, which on a 
unit area basis is simply g(z). The second and third are the heat 
inputs g; and g; from the constant environment temperatures 7’, 
and 7’; at the ends of the enclosure. These environments can be 
replaced by fictitious black-body surfaces at the ends of the 
cylinder. The configuration factor which then applies is for a 
circular area radiating to an element in a plane perpendicular to 
the circle and this has been given elsewhere.* Hence we can 
immediately write 


q = oT;‘F(z) 
a= oT F(L =- z) 


(2a) 
(2b) 


z* + (1/2) 

— wee : ‘| 
Note that throughout the analysis, all length quantities have been 
made dimensionless by dividing by the tube diameter. The 
fourth heat input is the radiation to dA; from all other elements 
such as dA, on the internal surface of the cylinder. This is ob- 
tained by integrating, over the enclosure, the product of the emis- 
sive power of dA; and the configuration factor between dA; and 
dA;. From the previous references'? this results in the following 
expression: 


L 
f, oT .4)K(z — n)dn + f oT4n)K(n — 2)dn 


where 


++ 32/2 
fon ¥ z>0 (3) 


a) =) tae °* 


If we then form the heat balance and let the emissive power ¢ 
replace o7'*, the following linear integral equation is obtained: 
= g(z) + @F(z) + @F(L — z) 


L 
t ff edmK(2 — n)dn + f. ¢An)K(n — z)dn (A) 


PF w' z) 


We now proceed to solve this equation for ¢,(z) when gq(z) is 
specified. 


Superposition of Solutions (Black Body) 


Since the energy equation is linear in ¢, a complete solution can 
be formed by superposing three elementary solutions as illustrated 
in Fig. 2. In the first problem the surroundings are all at ¢, and 
there is no imposed heat input at the enclosure surface. The 
surface must then come to equilibrium at the same temperature 
as the surroundings, and we have the trivial result that ¢ at the 
wall is equal to ¢g. In the second problem the surroundings are at 
absolute zero temperature and there is a heat input g(z) at the 
wall. The solution for this situation will be designated by (2). 
For the third problem the environment at one end of the en- 
closure is at a constant emissive power, ¢ 1— ¢2, and q(z) is zero. 


1H. Buckley, “On the Radiation From the Inside of a Circular 
Cylinder,”’ Part I, Philosophical Magazine, vol. 4, 1927, pp. 753-762. 
Part II, Philosophical Magazine, vol. 6, 1928, pp. 447-457. 

*H. C. Hottel and J. D. Keller, “Effect of Reradiation on Heat 
Transmission in Furnaces and Through Openings,” Trans. ASME, 
vol. 55, 1933, pp. 39-49. 
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0 L1t Py 


qin q:0 


Fig. 2 Superposition of elementary solutions 


For the case when ¢; — ¢: has a value of unity the solution is 
termed (x). By superposition the genera] solution to Equation 
(4) is then 


GAz) = Gr + Ofz) + (Gr — Gr) Mz) (5) 


We shall first consider the solution for ®,(z) and then discuss the 
function Pz). 


Solution for Specified Heat Input With Surroundiags at 
Zero (Black Body) 


In this section the solution for ©,(z) will be found. We shall 
limit the discussion to the case where q(z) is a constant, although 
the methods used can be applied for the more general case of 
variable heat input with length. With ¢, = ¢: = 0, and letting 
#,*(z) = &z)/q, Equation (4) reduces to the following relation 
for ,*( z): 


%,*(z) = 1+ yy ©,*(9)K(z — )dn 


L 
+ f. ,*(m)K(n — z)dn (6) 


Equation (6) will now be solved using three different methods. 

Approximate Separable Kernel. The kernel K(z) in Equation (6) 
has been plotted in Fig. 3, and it is seen that it has the general 
shape of an exponential function. We then try to approximate 
K(z) by the more convenient function e~**.* To choose the con- 
stant @, consider an infinite isothermal cylindrical enclosure. 
Then by imposing the condition that there be a heat balance on 
any element of the internal surface it is seen that 


2 f, K(z)dz = 1 (7) 


This condition is then applied to the approximate kernel so that 


_ e~“dz = 1/2 


ora@ = 2. The kernel e~* is given in Fig. 3, and it is seen that 
the agreement with the exact kernel is quite good. The ap- 
proximation is then substituted into Equation (6) with the result 


z L 
},*%(z) = 1+ _ f ®,*(n)e*"dn a of ,*(n) a dn 
- 0 = ry 


(8) 


The advantage of this method is now evident since by means of 
the separable kernel the quantities involving z have been taken 
out from under the integral signs, and the integral equation can 


(7a) 


* This approximation has been used, with good results, by Buckley.' 
As shown there, the solution can be obtained to increasing degrees of 
accuracy by employing a series of exponential terms to approximate 
K(z). 
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° 


Fig. 3 Exact and approximate configuration factors 


now be solved quite easily. By differentiating the equation twice, 
the integrals can be removed and a simple differential equation is 
obtained 


0, 


= —4 
dz? 


(8a) 


This has the general solution 
®* = —22°+ Cz +; (9) 


From symmetry we know that, at z = L/2, d®,*/dz = 0, and 
hence C, = 2L. To determine C, we evaluate the integral Equa- 
tion (8) at z = 0 and z = L and utilize the fact that T,(0) = 
TA{L). This yields the boundary condition, 


L 1 1 L 
i} 2°() 3, 9 = Si f ©,%(m)e"dy 
0 ¢ é 0 


Inserting @,* = —2z* + 2L2 + C; into this relation gives 
C, = L + 1, so that the final result for ,* is the parabola 

®*=L+1+ Azk — z*) (9a) 
The next step in the analysis was to test this simple expression 
by performing a direct numerical integration of Equation (6) for 
a few sample cases. 

Numerical Integration. The integrals in Equation (6) were placed 
in finite-difference form and numerical computations were carried 
out for enclosures with length-diameter ratios of 1 and 4. In the 
numerical method the enclosure length was divided into equal in- 
crements and the wall temperature at each position was expressed 
in terms of the temperatures at the other positions. This resulted 
in a system of simultaneous equations which were solved on an 
IBM 704 digital coraputer. The increment sizes were cut in half 
until convergence was obtained. Some of the final results are 
given in Table 1, and it is seen that although the temperatures 
obtained numerically deviate by several per cent from the parab- 
ola obtained in the previous section, the curves are still very 
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close to being parabolic in shape. It appears then, that a parabola 
provides a good approximation, at least in the range of small L 
which was considered, to the solution of the integral equation. 
With this in mind we then turn to variational methods which 
provide a means for determining the parabola which will best 
approximate the solution. 

Variational Method. As shown elsewhere,‘ an integral equation 
of the Fredholm type, such as Equation (6), can be solved by ob- 
taining an extremum of the associated variational principle, 


L fL 
=" Sc f, K(\n — 2|)®,*(9)®,*(2)dz dn 
. L 
— fo Percentde +2 fy O%c2)de (10) 


Since #,*(z) may be simply approximated by a parabola (a 
higher order polynomial could be used if necessary) we let 
$,%(z) = A + Br + Cz* (11) 
Actually from symmetry about z = L/2 we know that B = 
—CL, but we shall use Equation (11) in its present form since 
this will enable part of the work to be utilized again in a later 
section. Equation (11) is then substituted into Equation (10) 
and the integration is carried out. The algebra involved in the 
double integral is considerable and very lengthy expressions are 
obtained which will not be given here. The resulting expression 
gives J, in terms of the three coefficients A, B, and C. To obtain 
an extremum we follow the Ritz procedure (see for example 
Hildebrand,* or Courant and Hilbert* and differentiate J, sepa- 
rately with respect to each of the coefficients and set each of the 
three resulting equations equal to zero. This yields, 


7) = 0- AL[-L + (L* +1) +S 1A-1 +(L* +1)“ 


+ . {-L* — L + (L* + */L) (L* + 1)'* 


+ In (L + (1? + 1)'}} —L =0 (12a) 


we = 0+ AL[—L + (L* + 1) + 4 {-u +f? +1) 


- a In (L + (L* + 1)'4} + LXL* + vv 


+ © L-1 —14+(L'+1)7] —L=0 (126) 


“ = OA {24 + 2L = */yIn [L + (L* + 1) 


— (2L* + %/LL* + 1)'/} 
+ BL*{(L* + 1) — (L* + 1)” 
+ € {%/aD* + */oL* — (*/aD8 + /eL? + 2/LXL* + 1) 
+ */,in [(L + (L* + 1)'4]} + 22% = 0 (12¢) 


If Equation (12a) is subtracted from (12b) the result immediately 
gives the relation B = —CL, which was mentioned before as 
necessary for the wall-temperature distribution to be symmetric 
about z = L/2. Equations (12) are then solved simultaneously 
for A and C which gives the final form, | 


*R. Courant and D. Hilbert, ‘‘Methods of Mathematical Physics,” 
first English edition, vol. 1, Interscience Publishers, Inc., New York 
and London, 1953, p. 205. 

* F. B. Hildebrand, ‘‘Methods of Applied Mathematics,” Prentice- 
Hall, Inc., New York, N. Y., 1952, p. 187. 

* Loc. cit., p. 175. 
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M(L) 
P(L) 


N(L) 
- L 
* P(L) 3 


- z*) 


where 


M(L) = J 3L* + 1/,L%L? ss 1)’ . 


L 
- (u + ) In (L + (L? + 1)'4} 


N(L) = —4L* + 3L In [L + (L* + 1)] + LXL* + 1)” 
P(L) = "/¢ D4 + / L* — "/y L* 
+ [—*/gD — 1/QL* + */,L9)(L* + 1)'/* + ["/2L* + '/L* + 2L) 
In [L + (L* + 1)') — {(/L* + LL? + 1)” 
In [LZ + (L* + 1)'}} — */, {In [L + (L* + 1)')}? 


The distributions calculated from Equation (13) are com- 
pared with the previous methods in Table 1, and good agree- 
ment is obtained. The coefficients M(L)/P(L) and N(L)/P(L) 
are plotted for L from 0 to 10 in Fig. 4(a), and are compared 
with the coefficients L + 1 and 2 from Equation (9a). The re- 
sults of the simple method using the separable kernel provide a 
good approximation. 


Solution for Zero Heat Input and One End Reservoir Heated 
(Black Body) 


Now the function ®(z) is considered, which is the solution for 
an enclosure with zero heat input at the walls, and with one end 
exposed to a reservoir at zero temperature and the other to an 
emissive power ¢g = 1. In this case g(z) = 0, g: = 0, and ¢ = 1 
so that Equation (4) reduces to 


P(x) = F(z) + fr ® Ke — n)dn 


L 
+f P(n)K(n — z)dn (14) 
z 


This problem has already been treated by Hottel and Keller* 
in connection with radiation from a hole in a furnace wall. Asa 
further example illustrating the variational method and for 
completeness in the presentation, the solution is briefly outlined 
here using the present methods. The results are found to be in 
good agreement with those of Hottel and Keller? and the reader 
is referred to that work for more details on this type of configura- 
tion 

Approximate Separable Kernel. Since the kernel K is being ap- 
proximated by e~**, we make a similar approximation for the 
configuration factor F(z). The quantity 2/(z) is plotted in Fig. 3 
and it is seen to be quite close to an exponential function so we let 
2F(r) = e—**, To determine 8B we impose the condition that 
the total radiant exchange by the exact and approximate form 
factors would be the same for a cylinder of infinite length. This 


gives 
= f e~ ®2dr 
0 


Equation (14) then becomes 
I 1 m 
P(x) = - e~™ 4 
2 e* Jo 


By differentiating this integral equation twice, the integrals 


372 


which yields B = 2. 


L 1 
D(n)e2"dn + e* f ®n) 3, dn 


vz 


(15) 


or 
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are eliminated and a simple differential equation is obtained 


a 


= ( 
dz’ 


(15a) 


This yields the straight line solution 
@=Cw+ Cy (16) 


By evaluating Equation (15) at z = 0 and z = L the two 
boundary conditions for this solution are found to be 


L 1 
BO) = 1/, + f P(n) oa dn 
0 


L 
@(L) = e~*4/2 + et f, P(n)e"dn 


Substituting Equation (16) into these relations and evaluating the 
integrals provides two equations from which the constants C; and 
C, can be determined. This yields the final result 


1 


= on 1/ L- 
® ite” "7 


(18) 


Numerical Integration. Numerical computations were performed 
for the same two enclosures, L = 1 and 4, considered previ- 
ously for the case with uniform heat flux at the enclosure wall. As 
seen from Table 1 the results are in very good agreement with the 
simple expression given in Equation (18). To obtain numerical 
values for z > L/2 note that the -function is asymmetric about 
L/2 80 that ®(L — xz) = 1 — Pz). 

Variational Method. T'o find the best straight-line relation for ® 
we again employ the variational method. The variational prin- 
ciple for this case is 


bli Sv i K(|n — 2|)®%9)®(2)de do 
- Ey [D(x)]*dz + 2 f, @(x)F(z)dx (19) 


We then let ® = D + Ez and carry out the indicated operations. 

Most of the necessary algebra has already been performed in rela- 

tion to Equations (10) and (11). This yields J as a function of 

the constants D and E, and we now obtain an extremum by dif- 

ferentiating J separately with respect to D and E and setting the 

resulting equations equal to zero. This yields, 

~ = 0— D[-L* + KL? + 1)” 

oD 
L? 

9 


9 
- ~ 


Ek 
+ [—L? + LY L* + 1)'7*] + 


= (L? + 1)'7 =0 (20a) 


= 0-—> Di—L? + LK(L? + 1)'/4 
'/, + L*\ L? + 1)‘ 


1 
; In (L +(L2 + wait 


(2h? — 1(L? + 1)'2 +1 — 2b 


ikea wt 2 
—3L °: a 


Solving simultaneously we obtain 
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Table 1 Distributions of D,* and © 





®,* — ® 
Separable Separable 
Numerical kernel Variational Numerical kernel Variational 
2.00 2.06 0.759 0.750 0.759 
2.22 2.31 . 696 0.688 0.694 
: 2.49 6 ; 0.630 
2.60 . 566 . 56e 0.565 
63 : 0.500 
98 c ¢ 0.896 


8.60 7 0.797 
4 0.698 
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L 

















, \* 
Fig. 4(c) Coefficients for 2," Fig. 4(b) Coefficients for } 


DL) = wat + SE! + Alt + TL + (4L* — TL? — 4b L* + 1) + 31 ~ (14 + 04) im Ib + (Lt + 1) 
i? 6{L? + L — LXL? + 1)'* + [Lb — (L* + 1)'4) in (L + (28 +: 199} 


and Nonblack Surface 


E(L) « 4 —-L* +2 + (L? — 2)(L? + 1)'4 t (21) We shall now consider surfaces which are gray and are diffuse 

3 (L(L? + 1) — In [L + (L* + 1) reflectors. For the cases considered in this paper, where the heat 

The coefficients D and E are plotted in Fig. 4(b) and compared flux 18 specified and the wall temperature is found, a simple rela- 

with the more simple coefficients resulting from the separable tion will be determined relating the solution for the black-body 

kernel method. The values of ® for ZL = 1 and 4 are shown in problem to the diffuse gray-body case. Consider a function U(z) 

Table 1 and agree quite well with the previous solutions. Hottel which is defined ws the total amount of energy leaving a surface 

and Keller? mention that ®(z) begins to deviate slightly from a element by radiation. If we form a heat balance on an element 

straight line for L > 5, and hence the expressions presented here f area, the total energy leaving is equal to the imposed heat flux 

should not be applied for large L without being first checked by _ plus the radiation coming from the ends of the enclosure and the 
further numerical computations. enclosure wall. This gives 
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U(2z) = q(x) + GiF(z) + GF (L — 2) 


z L 
+ f, U(9)K(2 — n)dyn + f. U()K(n — x)dyn (22) 


This equation is of exactly the same form as Equation (4) and 
hence U(z) is equal to the solution for the emissive power pre- 
viously obtained for the case of black-body surfaces. 

Now that U(z) is known we have to relate it to the surface tem- 
perature. To do this consider in detail the quantities which con- 
tribute to the energy leaving the surface. One term is the energy 
emitted directly from the surface. A second term is the 
energy arriving from the ends of the enclosure which is refiected 
by the surface, and the final term is the energy arriving from the 
other portions of the enclosure which is reflected. Thus U(z) 
can be written as 
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U(2) = ez)o (xz) + p(z) [ evra) + ¢.F(L — z) 


z L 
+ - U(n)K(z — nan + f UDR - z)dn | (23) 


If we multiply Equation (22) by p(z) and subtract Equation (23) 
we can then obtain the solution for the wall emissive power 


¢(z) = , q+U (24) 


where, for constant g, we have by using the black-body solution 
Equation (5) 


U(z) = gs + g®,*(z) + (Gi ~~ G2) Pz) 


Equation (24) shows that as the surface is made a better reflector 
(e€— 0 and p — 1) the ¢, distribution is raised to a higher level. 
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Application of Variational Methods to 
Radiation Heat-Transfer Calculations 


A variational method is presented for solving a class of integral equations which arise in 
radiation heat-transfer problems. 


First, to demonstrate the formulation of radiation 


problems in terms of integral equations, consideration is given to a system consisting of 
two nonblack, finite, parallel plates. Afier a general description of the variational 
method, its use is illustrated by application to the parallel-plate system. Comparisons 
are made which show very good agreement with exact solutions. 


Introduction 


Fae a long period of relatively moderate 
research activity, an upsurge of interest in radiation heat 
transfer has recently taken place. This renewed impor- 
tance of radiation arises from its application to space technology 
Not only does radiation provide a workable means for transfer- 
ring waste heat from space vehicles, but also it will serve as a 
dominant heat-transfer mechanism in power plants of the future. 

Between radiation heat transfer and the alternate mechanisms 
of conduction and convection, there exist significant differences 
in physical concepts and in mathematical representation. Physi- 
cally, radiant energy is transferred by electromagnetic waves; 
while conduction and convection involve contact between par- 
ticles of matter. Mathematically, radiation problems must 
often be formulated as integral equations, while conduction and 
convection are most frequently formulated as differential equa- 
tions. Of course, the basic principle of conservation of energy 
interrelates the energy transfer due to these three mechanisms. 

The solution of integral equations is generally a formidable 
task even for those who are familiar with them. In view of this, 
it is of first importance to find approximate, but accurate tech- 
niques which will ease the computational effort in radiation 
problems involving integral equations. The great utility of 
variational methods as a tool for solving differential equations in 
many areas of applied science has already been demonstrated. 
It is the aim of this paper to present and apply a variational pro- 
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Nomenciature— 


cedure which will be useful in solving a class of integral equations 
which arise in radiation heat-transfer problems. 

Since integral equations may be somewhat unfamiliar to the 
general heat-transfer reader, we will first consider, by way of il- 


’ lustration, a relatively simple radiation problem and its governing 





Fig. 1 Schematic of parallel-piate system 


integral equation. Then a general description of the variational 
method for solving integral equations will be given. Finally, to 
demonstrate the way in which the variational procedure is used, 
we return to the illustrative radiation problem of the first section 
of the paper. Comparison with exact solutions will provide a 
measure of the accuracy of the variational method. 


A Radiation Problem and Its Integral Equation 


Description of Problem. Since our purpose here is to demonstrate 
the manner in which integral equations may arise in heat-radiation 
problems, it is reasonable to select a simple physical situation. 
In this way, we retain the essential features of the formulation 
while avoiding the distractions of complex geometrical relation- 





@),Q2, 


B(z), 
By) 


Ci,Cs 


D,,Ds,. .. = 


F 
f 
G(X) 
H(z) 


surface area 

constants which depend only 
on ¥ 

combined radiant flux(emitted 
and reflected) leaving a 
position z or y per unit 
time and unit area 

coefficients in equation (16) 

coefficients in equation (21) 

angle factor 

function of X 

arbitrary function of X 

radiant energy arriving at z 
per unit time and area 
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= spacing between plates 
= variational expression, equa- 


tion (13) 
kernel of integral equation 
plate length 


= over-all net heat-transfer rate 


local net heat-transfer rate 
per unit area 


= absolute temperature 


dimensionless co-ordinate, z/L 

co-ordinate measuring dis- 
tance along lower plate 
from center plane 

dimensionless co-ordinate, y/L 


p 
c 


co-ordinate measuring dis- 
tance along upper plate 
from center plane 


dimensionless combined flux, 
B/eoT* 


gap spacing ratio, h/L 

emissivity, 1 — p 

constant parameter in equa- 
tion (12) 

reflectivity, 1 — ¢ 

Boltzmann’s constant 


@ = angle defined in Fig. 1 
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ships. Consideration is given to the parallel-plate system pic- 
tured in Fig. 1. Each plate is of length L and extends indefinitely 
in the direction normal to the plane of the figure. The surfaces 
of both plates radiate and reflect in a diffuse manner, and they 
possess identical gray-body emissivity values (« = a = 1 — p). 
The space between the plates may contain a nonparticipating 
gas or else a vacuum. The thermal-boundary conditions, chosen 
on the basis of simplicity, are that both plate surfaces are main- 
tained at the same uniform temperature, and that negligible 
radiant energy passes inward from the external environment into 
the gap between the plates.' It is clear that radiant energy will 
pass out the ends of the gap to the environment, and this will 
constitute the net heat transfer from the system. 

For this and related systems, there are several results which 
may be of interest. First, it may be desired to know the dis- 
tribution of the net heat flux along the surface of the plate, since 
it is this energy which must be locally supplied to maintain the 
prescribed plate temperature. Also of importance is the over-all 
heat transfer from the system. On the other hand, if various 
positions on the surface of a plate are being viewed by a pyrome- 
ter, then it is necessary to know the distribution of the combined 
(emitted and reflected) radiant flux. All of these results are 
furnished by the formulation that follows. 

Mathematical Formulation. Now, turning to the analysis, atten- 
tion is directed to a typical position z on the lower plate, Fig. 1. 
The combined radiation flux per unit time and unit area leaving 
an elementary area dA, at z is designated as B(x). This flux is 
composed of two parts, a direct emission and a reflection. The 
rate of emitted energy per unit area is given by the well-known 
relation: «a7. To describe the reflected portion, we denote* 
the radiant flux arriving at z per unit time and unit area by H(z); 
then the amount pH(z) is reflected. So, with this, we can write 


B(x) = eoT* + pH(z) (1) 


As it stands equation (1) contains two unknowns, B and H. 
However, it is easy to see that the energy arriving at z must be 
related to the energy which leaves positions on the upper plate. 
Consider a typical point y on the upper plate. The energy leaving 
an elementary area dA, is 


B(y)dA, 


Of this, an amount 


B(y)dA,dF,-. (2a) 


arrives at position z on the lower plate, where dF,_, is the angle 
factor of dA, as viewed from y. Using the reciprocity relation 

dF,.dA, = dF,,dA, 
equation (2a) becomes 


B(y)dA,dF,-, (2b) 


From this, it follows that the energy impinging per unit area at z 
due to radiation leaving y is 


Bly)dF -y (3) 


But, z receives energy from all positions y on the upper surface, 


and the total contribution is found by integrating equation (3). 
So, 


y=L/2 RB F 
H(z) = ae (y)dF,-, 


(4a) 


1 The extension to nonuniform (but identical) plate temperatures 
and to a radiating environment can easily be made without adding 
anything basically new to the formulation. 

* The B, H notation has been taken from E. R. G. Eckert, ““Heat 
and Mass Transfer,"” McGraw-Hill Book Company, Inc., New York, 
N. Y., 1959, pp. 409-411 and pp. 416-418. 
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From Jakob,’ it follows that the angle factor dF,_, is given by 
the remarkably simple expression 


dF, = */:d(sin >) 
From Fig. 1, it is easy to see that 
y-2z 


in @ = 
=9 (y — 2)? + 





h}'/ 


and with this equation (4a) becomes 


/2 1 
H(z) = — B 4b 
(z) =i. ”) G24 yA dy (4b) 


Finally, the governing equation for B is obtained by introducing 
this expression for H into equation (1), giving 


B(x) oT: + om Bly) - : dy (5 
2 J-12 (y — 2)? + At)” adiheats 


or, in dimensionless form 


, py? 1/2 , 1 
AX) =1+— (¥ ————————=- @Y (6 
3 te ait (¥Y — X) + y*]"" oF 





where now represents the aspect ratio h/L. Because of the 
symmetry of the problem, it is clear that the distribution of 
B(or of 8) will be the same along the upper plate as along the lower 
plate. So, 6(X) and §(Y) are the same functions, the only dif- 
ference being that X and Y are interchanged as independent 
variables. 

Equation (6) is called an integral equation since the unknown 
function 8 appears under the integral sign as well as in other 
parts of the equation.‘ The factor 


1 
(Yy — X) + y*)"" 





is called the kernel of the integral equation and is usually identi- 
fied by the notation K(Y, X). In the particular case under con- 
sideration here, the kernel is symmetric since Y and X can be 
interchanged without any effect whatsoever. It is interesting to 
note that, for an integral equation, there are no boundary condi- 
tions as there are in differential equations. 

Once the integral equation has been solved, all quantities of in- 
terest immediately become available. The solution itself directly 
furnishes the distribution of the combined radiant flux B, which 
is useful in pyrometry. The net heat fiux g at any position is the 
difference between the leaving and arriving radiation, that is 


q=B-H (7) 


Eliminating H by use of equation (1) and noting that 1 — p = e, 
the expression for q becomes 


1 —_ 
oe (7a) 

p 

So, once the variation of 8 with X is known, the variation of q is 

easily computed. Finally, the over-all heat transfer Q (per unit 

width) is obtained by integrating equation (7a), giving the result 


ot 1 -* fin 


eoT* p (8) 





* Max Jakob, ‘Heat Transfer,” 
York, N. Y., 1957, vol. 2, pp. 19-21. 


‘ Mathematically — equation (6) is classified as a Fredholm 
equation of the second kind 
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It is clearly seen that a knowledge of B (or 8) is the key to the 
problem. 

Before leaving this illustrative situation, it is well to make 
mention of the way this problem would have been treated using 
standard textbook methods. There, the gross assumption would 
have been made that the impinging energy H is the same for all 
points z. With this, it follows from equation (1) that B is also 
independent of z. To replace our equation (4a), the simple 
theory would substitute 


H = BF. (9) 


where F. is the angle factor for two finite parallel plates.* The 
combination of equations (9) and (1) gives 


Be B24 
eoT* 1 — pF. 


11) 


where the heat transfer has been evaluated from equation (7a). 
The approximate formulation cannot give the variations of ¢ or 
of B with z. It is only able to supply some sort of average value, 
whose accuracy depends on the complexity of the configuration. 
For the illustrative situation considered here, it is expected that 
the simple formulation would predict reasonably good Q-values 
when h > L, with the accuracy decreasing as A/L decreases. 
For complex geometries with re-entrant corners, the simple 
formulation would be expected to lead to serious errors. 

However, it is not our purpose here to evaluate the relative 
merits of the approximate versus the more exact integral formula- 
tion. It is clear that there are situations where both local in- 
formation and more exact values of over-all results are needed 
and, in these, integral equations will be involved. 

We now turn to the description of a variational method for solv- 
ing a class of integral equations which arise in radiation problems. 


The Variational Procedure 


Suppose that a physical problem is governed by the following 
integral equation 


6 
BX) = HX) +d ff B(Y)K(Y, X)dY (12) 


where G is a given function of X, A a constant parameter, and 
K(Y, X) a symmetrical kernel. Now, according to the calculus 
of variations,* there corresponds to this integral equation the 
following variational expression J, which has a very special prop- 
erty 


6 b 
re rf f K(Y, X)B(X)@(Y)dX d¥Y 


b b 
-f. (A(X) pax +2 f AXYAX)dX (13) 


namely, that the value of J is an extremum (a maximum for our 
radiation problem) when it is evaluated using that function which 
satisfies the integral equation (12). This characteristic suggests 
a procedure for obtaining approximate solutions of the integral 
equation by using the variational expression J. The simplest 
scheme would be to select several trial functions for 8 and intro- 
duce them successively into equation (13). That function which 
gives the maximum value for J would be regarded as the closest 


5 Footnote 3, eq. (31-49). 
* F. B. Hildebrand, ‘‘Methods of Applied Mathematics,” Prentice- 
Hall, Inc., New York, N. Y., 1952, p. 494. 
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approximation to the correct solution. A more systematic and 
satisfactory procedure for finding an extremum of the variational 
expression is the Ritz method. According to this approach, a set 
of functions f,\(X), f(X), . . . is selected, and with these, @ is 
written as the following sum 


BX) = Cf(X) + Cf(X) +... = DIC (X) (14a) 


n=1 


AY) = CY) + Goff) +... = Jo Cyf(¥) (140) 


n=1 


where C,, C2, . . . are constants which remain to be determined. 
With this choice for 8, the integrations indicated in equation (13) 
can be carried out. The result is an expression for J containing 
the C;, C:,.... To find an extremum for J, the expression is dif- 
ferentiated successively with respect to each C and each result- 
ing equation is set equal to zero. This provides r simultaneous 
equations for the unknown constants C;,...,C,. In practice, this 
procedure may be applied successively using an increasing num- 
ber of terms in the series (14) until convergence to a desired ac- 
curacy is achieved. The choice of functions f,(X) may be arbi- 
trary, but better results (for a given number of terms) and more 
rapid convergence are achieved when the selections are made in 
accordance with any physical insight or knowledge which one 
may have about the problem (e.g., symmetry). 

To fix these ideas about the variational procedure, application 
will be made to the parallel-plate system which has previously 
been discussed. It is readily seen that the governing equation 
(6) for that problem is actually a special case of the general form 
(12) to which the variational method applies. As a matter of 
fact, if variable (but identical) surface temperatures and a radiat- 
ing environment had been included in the parallel-plate problem, 
the variational method would still be usable. These added 
effects would contribute nonintegral terms containing functions of 
X to the right side of equation (6); and these would correspond to 
GX) in equation (12). 


Application to the Parallel-Plate System 


As has already been noted, the parallel-plate system is ideally 
suited for illustrating the way in which the variational procedure 
is used in solving a class of integral equations which arise in 
radiation problems. The parallel-plate problem is governed by 
the integral equation (6), and the first step in obtaining its varia- 
tional solution is to find the variational expression J. Comparing 
equation (6) to the general form (12), it follows that 

2 


d= PT G(X) =1, b = 1/3 


a= —'/;, 


1 
(Y — X) + y7)"" 


Substituting these into equation (13), the variational expression 
corresponding to equation (6) takes the form 


oo _BUX)/AY aX a¥ 


2 J 12 J-1a UY — XP + 1% 


1/2 1/2 
- f (B(x) "dX + 2 f A(X )dX 
—1/2 —1/2 


To find an extremum of equation (15), we use the Ritz method 
as previously outlined. In selecting the functions f/,(X) in equa- 
tion (14), cognizance is taken of the fact that symmetry exists 
about the points X = 0 and Y = 0; that is, 8(X) = 6(—X) and 
B(Y) = 6(—Y). Functions which immediately suggest them- 
selves as candidates for the role of f, are X°, X2, X*,... Other 


K(Y, X) = 





1/2 1/2 


(15) 
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Table 1 


Numerical valves of C, and D, 


(a) Values of C; and Cy, for quadratic, equation (16) 


y = 0.5 








—C; 
2.367 
1.403 
0.8045 
0.4013 
0.1139 


(b) Values of D,, De, and D,, for quartic, equation (21) 


y = 0.5 

€ dD, 
0 486 
0.: 893 
0.8 519 
0 . 263 
0.§ 076 


=- Ds 
2.644 
1,548 
0.8754 
0.4322 
0.1210 


D; 
1, 284 
0.6726 
0.3306 
0.1440 
0.03261 


possibilities exist (e.g., the cosines), but none appears quite as 
attractive as these power functions. So, as a first approximation 


for 8 in the form of equation (14), we try 


A(X) = C, + CX, BY) = C, + C.¥? (16) 
The constants C, and C; are determined so as to provide an ex- 
tremum for 7. Introducing these expressions for 8 into the 
variational expression (15) and carrying out the indicated integra- 
tions lead to 


I = p(Ci%a, + C,Cray + Cras) — C12 — VCC: 


— Vel + 2C, + C (17) 

2 #1 6 ‘ 
where the a), a2, and a; depend only on the gap ratio y and are 
given in the Appendix. To find the values of C, and C; which give 
an extremum for J, we differentiate equation (17) with respect 
to each C and set the resulting equations to zero. 
this operation, there is obtained 


Carrying out 


ol 
oc 


I) a 2 


0) —> 2C\(pa, — 1) + Cpa, — ' 


dl 4 ; / 
= 0 — Ci(par — '/s6) + 2Ci( pas — '/e) = ~"e) 


| (18) 
| 


Os 


Simultaneous solution of this simple pair of linear algebraic equa- 
tions gives C, and C,. Once the C-values have been found, the 
local and over-all heat transfer are easily computed by using 
and (8), giving 


equations 7a 


q 1 — &C; + CX) 


eoT* p 


—_ No 
Q L _ 1 = Ci + G,/12) (20) 
eoT* p 
As a specific numerical example, consider the case of y = 0.5. 
Then, evaluating equations (26), (27), and (28), there is obtained: 
a, = 0.61803, ag = 0.091237, a; = 0.0038127. For p = 0.9, 
equation (18) becomes 


0.88755C, + 0.084554C, = 2 
0.084554C, + 0.018137C, = 1/6 


from which it is found that C; = 2.4789 and C; = —2.3673. 
With these, the results for B(X), q(X), and Q follow from equa- 
tions (16), (19), and (20), as 
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oS, 


y¥ = 0.1 





=, % 
27.81 
15.92 
8.564 
4.024 
1.079 


— = 2.4789 — 2.3673X? 
eoT* 


1 _ 98357 + o.2630x1, 24 ~ ossz50 

eoT* hs yh *  eaT* 2 

where we have used € = 1 — p = 0.1. These results illustrate 
two characteristics which are generally true for the parallel-plate 
problem regardless of the specific values of y and p: (a) The com- 
bined radiant flux B (emitted plus reflected) is a maximum at the 
mid-point of the plate (X = 0) and decreases steadily to a 
minimum value at the ends of the gap (X = +1/2). (b) The 
local heat transfer g is smallest at the mid-section and largest at 
the ends of the gap. 

Values of C, and C; have been evaluated from equation (18) 
for gap spacings ¥ of 1, 0.5, and 0.1 for a wide range of reflectivi- 
ties. The C-values thus obtained are presented in Table 1. 

The quadratic form for 8(X), as given by equation (16), was 
selected as a first approximation. It is desirable to know how 
well the resulting predictions compare with those of a more exact 
solution. Fortunately, there are available some solutions’ of 
equation (6) which were obtained by direct iteration on an elec- 
tronic computer. Using these as a standard, we proceed to test 
the accuracy of the quadratic variational solution. It may be 
first observed that, for a given spacing , the variation of the 
combined flux 8 along the plate is greater as p increases. Conse- 
quently, for a given ‘y, it was found that the most severe test of 
the variational procedure is at the larger p-values. For this 
reason, detailed comparisons will only be presented for p = 0.9. 
Such comparisons are made in Table 2(a), (b), and (c) for y- 
values of 1, 0.5, and 0.1, respectively, at X-values of 0, 0.1, 0.2, 
0.3, 0.4, and 0.5. Attention is directed to the first and last lines 
of each table. The accuracy of the variational quadratic is seen 
to be remarkably good for y = 1. As the gap ratio y decreases, 
the predictions of the quadratic become somewhat less precise; 
but still are quite good. For the case of y = 0.1, the errors range 
from 2 per cent at X = 0 (center point) to 9 per cent at X = 
+1/2 (end points), with even smaller errors at some in-between 
points. The performance of the variational quadratic must be 
regarded as particularly gratifying, especially in view of its 
simplicity and ease of application. 

In practice, the next step would be to carry out a second varia- 
tional computation using a more complex form for 8. From this, 
there would be obtained a more accurate set of radiation pre- 
dictions. Further, in the absence of an exact solution, more than 


7 J. L. Gregg, personal communication. 
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Teble 2 Comparison of S(x) from various computations 
lao)y = 1, p = 09 
X— 0.1 0.2 
1.637 1.620 
1.638 1.620 
(b) y = 0.5,p = 0.9 
xXx— 0.2 


0.3 


Quadratic 
Exact 


1.590 


0.3 








Quadratic 
Quart ic 
Exact 


Quartic 
Exact 


; 
one variational computation is needed in order to define the ac- 
euracy of the results 

To demonstrate how the performance of the variational method 
can be improved, the procedure is repeated with the following 
quartic representation for 8: 


8X) = D, +: D.X*+ D,X*, B(Y) = D, + D.¥* + D.Y* 


) 

21 
This form is a logical refinement of equation (16) and continues 
to incorporate the symmetry properties of 8. Introducing equa- 
tion (21) into the variational expression I gives 


I = p( Da, + D\Da. + Da; + DD, + DD + Dya: 


Dt DD 
— Di - '/, D:D: = Ya DD, - 5 - 
D; Dy 
— + 2D, + — 
2304 6 


where again, the a, , ag depend only on ¥ and are given in the 
Appendix. To find the extremum of J, equation (22) is differenti- 
ated successively with respect to each D and the resulting equa- 
tions set to zero. So 


ol 


0 — 2D,(pa, — 1 
oD, 


Tr D+ pa: — 1/6 


+ Df pa, — 1 


ol 


0o— Dy paz — 5) + 2D pa, nay 1/99 


+ Dypas — '/2x) 


0O— dD, pa, — ‘/@) + Di pas - 1/94) 


+ 2D, pas — Wyn) = —'/y 


Once ¥ (i.e., a; through as) and p have been prescribed, then these 
equations can be readily solved for D,, D2, and D,;. With 
these, the local and over-all heat-transfer results take the form 
q_ 1 — &({D, + D,X* + D,X*) 


eoT* p 





Q. a 1 = e( D, a D,/12 + D,/80) 
eoT* p 





Solutions of equations (23) have been carried out for y-values 
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2.266 
2.258 





of 0.5 and 0.18 for a wide range of p-values. The D,, D., and D,; 
thus computed are given in Table 1(b). Using these values, we 
can now proceed to compare predictions of the variational quartic 
with those of the quadratic and of the exact solution. Turning 
to Table 2(b) and (c), it is observed that, indeed, the quartic is 
closer to the exact solution than is the quadratic. For example, 
at X = 0.5 for y = 0.1, the prediction as given by the quadratic 
is in error by 9 per cent; while the quartic has cut the error to 0.6 
per cent. 

Even closer agreement with the exact solution would be 
achieved if a sixth-degree polynomial were to be used in place of 
the quartic. With an exact solution available for comparison 
purposes, it is clear that such a step is quite unnecessary for y- 
values of 0.1 and greater. However, in the absence of an exact 
solution, it might be necessary (depending on the precision de- 
sired) to use the sixth-degree equation to verify the accuracy of 
the variational solution. 


Concluding Remarks: Limitations 

It has been demonstrated that a variational method can be used 
with considerable advantage to solve integral equations which 
may arise in thermal-radiation problems. The important re- 
striction which must be met is that the governing integral equa- 
tion of the radiation problem have the form of equation (12). 
The note of caution to be sounded here is that the 8(Y) which 
appears under the integral must be the same function as the 
8(X) which appears on the left side of the equation. 


APPENDIX 
Expressions for a,, .. ., % 
a =(1+7)"-—y¥ 


4y? ; 
Mire (v = ja + yr" 
4 


1/ 4y° 
+ y*f{ln 1 + (1 + 79) — ny} + 3 - 


2 
! 2y? 47% a 
a; = iia — ~ — 1 2)\*/2 
I; ( x ib + a5 (1 + ¥?) 


(27) 


5 2 


16 45 (28) 


+ © {in (1 + (1+ 7°] - ny} - 


* No solution was obtained for y = 1, since the quadratic approxi- 


mation has already provided exceedingly good results for that 
situation. 
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Bly? 16y* 
—_ 1 2) . 
30° 15 ) ny 

y? 3y' 

_ 7 


) {In [1 + (1 + y?)'”] — In y} 


i 34 eee 
+ 2Y 15 


(29) 
& 


7267? 


4468y* 
8400 


8400 


296° 
525 


Jat 


3y' 


7y? 5y* , 
ry *) {in [1 + (1 + y?)'/*] — In y} 


160 16 4 
2067", Y'm 


a= 6 
Y + "525 2 


a= 


7? 1/2 
re fg Fo et 
ge) = (('/2 -- EF 4+ y7]'4[ ‘A*/2 — &) + 4] 


+ ('/ — B+ 9717” [ov ~ o(+ — 6 + - 
: 


+ 4t(y* - »| + (('/e + EP + V''/*['/ 4/2 + E) — 4€) 


=) 
a 


t at ort vi | Ot (1 - 08 + 


2 
— 4&(y* — »| + (se - *) 


2— &)+ ('/2 — &* + 71 | 


(i 
In js ; Ty 
\-Ch + 8) + (CA + B+ v1'7h 
With respect to the as computation, it was found expedient to 
evaluate the integral numerically (by Simpson’s rule) rather than 
analytically. 


DISCUSSION 
R. Viskanta® 


The application of the variational method to the solution of 
integral equations encountered in the radiant heat-transfer 
problems is a welcome addition to the variational techniques 
already developed for the solution of Milne’s integral equation 
{1].% Integration of equation (15) as well as the evaluation of 
a’s and D’s is quite involved even for a simple function G (X) 
and kernel K (X,Y). The extension of variational method to the 
solution of more complicated integral equations [2, 3} becomes 
extremely complex 

A solution of the Freedholm integral equation of the second 
kind (12) can also be obtained by the method of successive 
substitutions, due to Neumann and Liouville, which gives the 
unknown function 8( X) as an integral series in [4], 


b 
A(X) = GX) +A f K(X,Y) @Y)dY 
a 


4 » 
¢ mf K(X, Y)dY f K(Y, Z)@Q(Z)dZ + ...+ (32) 
a a 
where Z is a dummy integration variable. 


* Reactor Engineering Division, Argonne National Laboratory 
Lemont, Ill. 
* Numbers in brackets designate References at end of discussion. 
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The convergence of the Neumann series as well as the existence 
and uniqueness of the solution can readily be demonstrated 
[5]. Now turning to the specific example in the analysis, the 
solution of equation (6) can simply be written as 


‘/s dY 
(X)=14+A2 ; 
nant f (x — ¥)* + y*I"" 


V/s 


/ dY /s dz 
+ d? uv. wr ry? ue. @wms a a); 
itty oe SP + PT Baa EF — SP + 9 


+...+ (33 


From the form of the solution it is evident that the conver- 
gence of the series is rapid when \< 1. For case (a) numerical 
calculations yield the following values for the combined dimen- 
sionless flux 6(X) = 1.570, 1.618 and 1.546 for X = 0, 0.2, and 
0.4, respectively. Thus at X = 0 the prediction, as given by the 
three terms of the series (33), is in error by 4 per cent. 

Both the variational method and the method of successive 
substitutions can give only approximate solutions, though the 
order of approximation can be extremely high. However, 
before attempting to solve a specific problem it is more advan- 
tageous to investigate the integral equation and the parameters 
to ascertain which of the several available methods is more 
suitable from the viewpoint of engineering accuracy and the 
effort expended in the calculations 
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Author’s Closure 


Sincere thanks are extended to Mr. Viskanta for pointing out 
the procedure of successive approximations. As he has indicated, 
this is a fairly standard method and may be found in such well- 
known books as Hildebrand’s ‘““Methods of Applied Mathe- 
matics.””"! 

In appraising the numerical results which Mr. Viskanta has 
presented, the author is surprised by their modest level of ac- 
curacy. The particular case considered was (a) in Table 2.‘ As 
has already been stated in the paper, this is the least testing 
of all the cases shown in the table. Yet, the results from the suc- 
cessive approximate procedure are much less accurate than are 
those of the simple variation quadratic. But, even more surpris- 
ing is that the 8 valves from the successive approximate method 
do not decrease monotonically from X = 0 to X = 0.5, as they 
should. Instead, a maximum is achieved somewhere between. 
In view of this, it would appear that further investigation is 
needed to clarify the utility of the successive approximation 
procedure. 


"! Prentice-Hall, Inc., Englewood-Cliffs, N. J., 1952, pp. 421-427. 
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Rabel heat transfer, biological, and other 
scientific investigations related to planetary systems require a 
knowledge of atmospheric properties. In the absence of direct 
measurements within these atmospheres, which is the situation 
existing for all planets except Earth, the properties must be esti- 
mated from the best available data by suitable methods. Since 
atmospheres may be considered as mixtures of constituent gases, 
it is possible, in principle, to calculate their properties using basic- 
mixture theory. 

The chief difficulty in this approach lies in the uncertainty of 
present physical models of atmospheres; i.e., the number, type, 
and concentration of the constituent gases. For example, it has 
been concluded in [1]? that present planetary atmospheric 
models are only order-of-magnitude estimates. This situation is 
comparable to the state of knowledge regarding the upper re- 
gions of Earth’s atmosphere prior to the 1957-1959 International 
Geophysical Year. Nevertheless, the predictions available until 
that time served a useful purpose in stimulating research in 
various atmospheric phenomena. In this spirit, the atmospheric 
calculations in the present study were undertaken. 

In addition to altitude variations of pressure, density, and tem- 
perature, planetary atmospheric properties of interest include 
thermodynamic energy functions (internal energies, enthalpies, 
entropies, and so on) and transport properties such as viscosities, 
coefficients of diffusion, and thermal conductivities. Also useful 
for certain applications are supersonic shock tables and at- 
mospheric radiation properties. The purpose of this paper is to 
present certain of the thermodynamic and transport properties for 
the selected atmospheres of Venus, Mars, and Jupiter. Informa- 
tion is given on the specific heat, acoustic velocity, dynamic vis- 
cosity, thermal conductivity, and Prandtl number over a tem- 
perature range from 200 to 1500 deg Kelvin (K). The property 
variation with temperature was included so that phenomena 
occurring under temperature extremes likely to be encountered 
in the atmospheres could be considered. 


Description of the Planets 


Although the planetary atmospheres are treated in detail else- 
where [2-4], in order to gain some perspective for the atmospheric 
calculations a brief discussion will be presented here. 

Venus, which is one of the two interior planets, i.e., those whose 
orbits lie between the Earth and the Sun, shares enough similari- 


} Publication from the Heat Transfer Laboratory, University of 
Minnesota. 

? Numbers in brackets designate References at end of paper. 
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1959, of Tae American Society oF MECHANICAL ENGINEERS. 
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Certain Thermodynamic and Transport 
Properties of the Atmospheres of 
Venus, Mars, and Jupiter 


ties with Earth to be referred to as a sister planet. Although 
these similarities encompass such physical characteristics as 
mass, size, gravitational field, and length of day, their atmospheres 
show marked differences. The surface of Venus is covered with 
‘louds so dense and continuous that no satisfactory surface ob- 
servation has ever been reported. Spectroscopic measurements 
have identified carbon dioxide in the atmosphere but a large un- 
certainty regarding other constituents exists. 

Unlike Venus, the atmosphere of Mars is not opaque, although 
it too is believed to contain carbon dioxide. Great difficulty has 
been encountered identifying other constituents though they are 
known to exist from independent pressure measurements made 
by spectral line-broadening and other techniques. It is, there- 
fore, generally proposed that the other important constituent is 
nitrogen. 

Jupiter, which is the largest planet in the solar system, is be- 
lieved to have an atmosphere consisting primarily of hydrogen 
and methane. The large gravitational attraction and low tem- 
peratures, however, make it probable that the lower regions of 
Jupiter’s atmosphere are compressed to the extent that the con- 
stituents are in the liquid and solid state. The calculations which 
follow, therefore, can apply only to that portion of the atmosphere 
existing in the gaseous state. 

Table 1 lists some of the planetary properties which are of in- 
terest, including the atmospheric properties which will be used in 
the calculations to follow. The atmospheric data for Mars and 
Venus were obtained from [5] and for Jupiter from [6]. Both 
references include a discussion and quantitative information on 
the density variation with altitude calculated on the basis of an 
isothermal atmosphere. 


Methods of Analysis 


Heat Capacity. The heat capacities of the various planetary at- 
mospheres are of direct interest as well as being required for de- 
termining the acoustic velocity and Prandtl] number. In dimen- 
sionless form, the heat capacity at constant pressure for the 
planets was determined from the constant-pressure heat capaci- 
ties of the pure gaseous components comprising the atmosphere 
according to 


C,/R = Di2dC,/R), (1) 
s 


In equation (1) z,; and (C,/R), represent the mole fraction and 
dimensionless constant-pressure heat capacity, respectively, for 
the ith constituent. The units of C, are prescribed by the units 
chosen for the gas constant R. 

Acoustic Velocity. The acoustic velocities for the atmosphere 
were determined from the perfect-gas relation and expressed in 
dimensionless form by 
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Table 1 


-——Composition 
Mass 
fraction 

CO; 0.90 
N: 0.10 
N; 0.95 
CO, 0.05 
Jupiter. . . Hy 0.63 
CH, 0.37 


* dearth = 9.807 m per sec. 


Venus 


Mars... 


a/ag = (T/T o)'/* 
a, the reference velocity, being given by 
R V/s 
a = (no ue 1.) (3) 


and determined for a temperature of 273.16 K. The remaining 
quantities are defined as follows: 


a = acoustic velocity 
heat-c: it tio = C,/k 
7 eat-capacity ratio CR —1 
g = gravitational constant from Table 1 
R universal gas constant 
M = molecular weight from Table 1 
T temperature, deg K 


Viscosity. The viscosities of the various atmospheres were de- 
termined by the method proposed by Hirschfelder, et al. [7], for 
binary mixtures. An earlier investigation [8] of the various 
available procedures for determining viscosities of binary gas 
mixtures found this method to reproduce the experimental data 
with reasonable accuracy and, because of its semitheoretical na- 
ture, to lend itself better to extrapolation procedures. The equa- 
tions are reported clearly and completely by [7] and will not be 
repeated here. Briefly, the method considers the contribution 
of interactions’ between molecules of the pure components and 
that due to interactions of unlike molecules. The molecular 
parameters of this latter contribution are determined from those 
of the pure components by the use of empirical combining laws. 
The collision diameter for unlike interacting pairs is given by 
O12 = (a; + o)/2, the minimum potential by é: = (€¢)'/*. The 
molecular parameters for the pure components are determined 
from experimental viscosity measurements, the values employed 
for the viscosity calculations of this work being given in Table 2. 


Table 2 intermolecular force constants 


From viscosity From thermal-con- 

data (7|}~. —ductivity data— 

Gas (A) «/k(°K) ofA)  /k(°K) 
Hydrogen. 2.968 33.3 2.605 123.0 
Nitrogen 3.749 79.8 3.767 93.0 
Carbon dioxide . 8.807 213.0 3.721 309.0 
Methane 3.796 144.0 3.962 127.0 


Thermal Conductivity. Thermal conductivities tor the planetary 
atmospheres were also determined by the method set forth by 
Hirschfelder, et al. [7], for binary mixtures. As in the case of 
viscosity, a previous study [8] determined the validity of this 
representation for helium-air mixtures. The equations em- 
ployed will not be given since they are set forth and clearly de- 
scribed in [7]. The method considers contributions to energy 
transport arising from the interactions of molecules in like and 
unlike pairs. These interactions are characterized by o and ¢€ 


* The molecular interactions are characterized by two constants, ¢ 
he collision diameter and ¢ the minimum potential energy of two in- 
teracting molecules. 
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Atmospheric data for the planets 


Gravita- 
tional 
constant 
(relative to 
Earth) 
0.87 


0.38 
2.63 


Molecular 
weight, 
g per mole 
41.6 


28.5 
3.0 


as with viscosity, their values for like interactions being deter- 
mined from an analysis of the pure gas thermal-conductivity data 
and for unlike interactions by the same empirical combining rules 
given for viscosity. The parameters determined for the pure 
gases are given in Table 2. 

Prandil Number. This dimensionless quantity plays such an im- 
portant role in heat-transfer calculations that it was determined 
from the values of heat capacity, viscosity, and thermal conduc- 
Aivity for each of the planetary atmospheres. These properties 
are combined as given by 


Pr = nC,/d (4) 


Results for Pure Gases 


The sources of data employed in this work are summarized in 
Table 3. All calculations were performed on an electronic com- 
puter. Heat-capacity data were taken from NBS Circular 564 
{9} with the exception of methane which were obtained from 
{10}. 

As indicated earlier, the viscosities for the pure gases were de- 
termined according to [7] using the force constants reported 
there. The calculated results shown as solid lines are compared, 
Fig. 1, in the case of hydrogen, nitrogen, and carbon dioxide 


Table 3 
Heat 
capacity, 
Gas ° 
Hydrogen nity 
Nitrogen... . [9] 


Sources of data 


Thermal 
conductivity 
[16, 24] 


Viscosity 


According to [7] 
using force 

constants given 
there 


(19, 25, 26, 27, 28] 
Carbon dioxide {9} 
{13, 14, 15, 16, 17, 
21, 22, 


Methane {10} 
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Fig. 1 Comparison of calculated component viscosities (solid lines) 
with curves fit to experimental data 
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with the best experimental curve given by [9]. For methane, 
the statistical predictions are compared with a Sutherland- 
formula representation of the viscosity which reproduces the 
experimental data [11] within the limits of experimental error 
for the temperature range (90 to 300 K). Satisfactory agree- 
ment is obtained between the two representations over the range 
for which experimental data exist with the possible exception of 
hydrogen where a difference at 1000 deg K amounts to 5 per 
cent. Because some of the experimental data considered in [9] 
scatter from the final curve by this magnitude and because of the 
inherent uncertainty in the knowledge of the atmospheric com- 
positions, it was decided to retain the statistical predictions in 
order to have them consistent with the thermal-conductivity pre- 
dictions. 

Thermal conductivities for the pure gases were determined ac- 
cording to Hirschfelder [7] using the force constants calculated 
from conductivity data given in Table 2. The results are shown 
as solid lines in Figs. 2 and 3. In the case of nitrogen, hydrogen, 
and carbon dioxide they are compared in the figures with the best 
fit of the experimental data given by [9]. Recent experimental 
data published on carbon dioxide [19, 20, 23, 27] and not in- 
cluded in [9] also appear in Fig. 2. The methane predictions are 
shown in Fig. 3 together with experimental data [16, 29, 30]. 
For all four gases, the statistical representation appears to be en- 
tirely satisfactory, the average disagreeraent with the experi- 
mental data being of the order of 2 to 3 per cent. 
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Atmospheric Properties 


Dimensionless heat capacities and acoustic velocities for the 
planets Venus, Mars, and Jupiter as a function of the tempera- 
ture are given, respectively, by Figs. 4, 5, and 6. The heat ca- 
pacity may be converted to cal/gm mole deg K by taking R equal 
to 1.9872 cal/gm mole deg K. The acoustic velocity may be con- 
verted to meters per second using the values for a» at 273.16 K 
given in Table 4. 

Dimensionless viscosities, thermal conductivities, and Prandtl 
numbers for the three planets are reported in Table 5 at 20-deg 
increments from 200 to 800 K and at 50-deg increments from 800 
to 1500 K. 
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Fig. 4 Dimensionless heat capacity and sound velocity for Venus 
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Fig. 6 Dimensionless heat capacity and sound velocity for Jupiter 
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The calculations were terminated at 1500 K where dissociation 
effects would be negligible.‘ Plots of the viscosity and conduc- 
tivity in dimensionless form are given in Figs. 7 and 8. These 
may be converted to dimensional values by using the appropriate 
reference values given in Table 4 and in Figs.7 and8. The varia- 
tion of Prandtl number with temperature is shown in Fig. 9. 
The Prandtl numbers for the planet Jupiter are seen to be sig- 
nificantly lower than for those of Mars and Venus, and for pure 
hydrogen [12] which comprises 93 volume per cent of the Jupiter 
atmosphere. The experimental results reported for helium-air 
mixtures [8] show a similar behavior, however. There, at 270 K, 
and a helium molar concentration of 90 per cent, the measured 
Prandtl number was 0.51 compared to values of 0.71 and 0.66 
measured for pure air and pure helium, respectively. This mix- 


‘The dissociation of CH, has been neglected due to its low con- 
centration and the high total pressure of the Jupiter atmosphere. 


ture effect coupled with the influence of the large thermal con- 
ductivity of hydrogen would account for the Prandtl-number 
behavior for the Jupiter atmosphere. 


Summary and Conclusions 


It should be recognized clearly that the thermodynamic and 
transport properties reported here refer to the atmospheric com- 
positions chosen for the various planets. Since uncertainties re- 
main regarding these compositions and since the atmospheric 
compositions enter directly into the calculation of the various 
properties, these properties will necessarily be subjected to an 
uncertainty. Under these circumstances, the reported at- 
mospheric properties should be used judiciously. 

Once having this reservation clearly understood, however, it is 
reasonable to expect that careful analysis of existing data for 
various pure gases when combined with well-established proce- 


Table 4 Conversion constants for Figs. 4 to 8 


Molecular R MQ, 
weight, 
M 


cal/gm mole 
deg K 
1.9872 
1.9872 
1.9872 


Planet 


Venus 
Mars 
Jupiter. 


41.6 
28.5 


3.0 


267 .03 
333.12 
490 .05 


NOTE: a, 0, Ao calculated at 273.16 K. 


m per sec 


0, Xo, 
cal/em_ sec 
deg K 
3.828 x 
5.612 x 
34.6 


gm/sec cm 

14.15 x 10 
16.46 x 10° 
9.15 x 10-5 


10-5 
10-5 
x 10-5 


Table 5 Dimensionless viscosity, thermal-conductivity, and Prandtl numbers for the 


Venus, Mars, and Jupiter 
v2 — 
deg K n/no 
200 0.740 O 
220 O.813 O 
240 «(0 0 
260 O 0 
280 
300 
320 
340 
360 
380 
400 
420 
440 
460 
480 
500 
520 
540 
560 
580 
600 
620 
640 
660 
680 
700 
720 
740 
760 
780 
800 
850 
900 
950 
1000 
1050 
1100 
1150 
1200 
1250 
1300 
1350 
1400 
1450 
1500 


Venus— — 

A/Xo "/% 
693 
773 
855 
941 
031 
124 
.217 
.312 
407 
.503 
.599 
695 
791 
886 
982 
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Mars — Jupiter 
A/o A/do 
0.777 : 0.735 
0.840 0.812 
0.902 0.885 
962 0.956 
.019 024 
.075 089 
.130 152 
183 214 
236 .274 
287 332 
338 388 
. 388 443 
438 499 
487 
536 
584 
.633 
. 682 
731 
779 
827 
876 
924 
.973 
021 
069 
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Fig. 8 Thermal conductivity ratio for the three planetary atmospheres 


dures of statistical thermodynamics should yield the best esti- 
mates available for the thermodynamic and transport properties. 

Since the procedure for determining the various properties has 
been programmed for the electronic computer, the future deter- 
mination of more accurate atmospheric information for the 
planets will permit the properties to be re-evaluated with only 
minor changes in the program. 
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DISCUSSION 
P. E. Liley’ 


A column could usefully be added to Table 1 giving the pressure 
range of the atmosphere surrounding each of the planets con- 
sidered in this A recent publication® states that the 
atmospheric pressures for Venus and Mars are of the order of 
3 and 0.1 atm while that for Jupiter is very high. The same 
source quotes evidence’ to the effect that the principal con- 
stituents of the atmosphere of Jupiter are hydrogen and helium 
with methane and ammonia 


paper. 


present as minor constituents. 


This differs from the authors’ assumption of a hydrogen-methane 
atmosphere for this planet. 

The data calculated by the authors for Jupiter must be con- 
sidered only approximate in view of the high pressure of the 


* Assistant Professor of Mechanical Engineering, Purdue University, 
Lafayette, Ind 

* “Space Handbook: Astronautics and Its Applications,’’ Govern- 
ment Printing Office, Washington, D. C., 1959. 

’H. C. Urey, “The Planets, Their Origin and Development,” 
Yale University Press, New Haven, Conn., 1952. 
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atmosphere of this planet, and some calculations of the properties 
for considerably higher pressures would have been most useful 
to determine whether significant changes occur at the higher 
densities. 


Authors’ Closure 


The authors supply the following addendum to Table 1 as sug- 
gested by Mr. Liley. 


Atmospheric 
pressure 
=3.0 Po* 
0.08 to 0.12 po 
= 20 py 


Planet 
Venus 
Mars 
Jupiter 


Source 


Footnote 6 
Footnote 6 
Ref. [6] 


= 14.7 psia, sea-level, normal atmospheric pressure for 
earth. 


There is, as indicated in the introduction, much uncertainty 
concerning the atmospheric composition of the various planets, 
and it is usual to encounter several inconsistent estimates, all 
made by equally reliable scientists. Since the estimate made by 
Urey’ of the Jupiter atmosphere in 1952, Struve® has published 
an estimate which the authors selected as being possibly more 
accurate. The point regarding possible pressure effects is ap- 
propriate and is currently being investigated. Mr. Liley’s com- 
ments are appreciated. 


* Otto Struve, ‘*The Atmosphere of Jupiter and Saturn, Sky and 
Telescope,” vol. XIII, no. 10, August, 1954, pp. 336-338. 
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Heat Transfer to Boiling Mercury 





F. E. ROMIE,' S. W. BROVARNEY,' W. H. GIEDT' 
AN EXPERIMENT on heat transfer to boiling mercury flowing by 
natural circulation through a tube was carried out in conjunction 
with evaluation studies of a nuclear reactor cooled by boiling 
mercury. The objective of the experiment was limited to 
demonstrating that very high heat fluxes could be sustained by 
boiling mercury. Despite this limited objective, sufficient meas- 
urements were made to permit estimation of quality and density 
of the two-phase mixture leaving the test section. The maxi- 
mum heat flux attained in the experiments was 600,000 Btu/hr- 
ft?; higher fluxes were prevented by equipment limitations 
rather than by transition from the nucleate boiling regime. The 

maximum flux previously reported [1]? is 200,000 Btu/hr-ft* 


Experimental Apparatus and Operation 

The apparatus schematic is shown in Fig. 1. The test section 
proper consisted of a 1018 steel tube 7/\-in. OD with a 0.109-in 
wall. Heat was generated in a 4-in. length by conduction of elec- 
tric current through the tube wall. The remainder of the flow 
conduit was 7/i,-in. OD 304 S/S with an 0.05-in. wall. The con- 
denser and water-cooled condenser tube were also 304 8/8. 

The test section material and dimensions correspond to the 
generation of 89 per cent of the heat in the tube wall with the tube 
filled with liquid mercury. During boiling, the area of the mer- 
cury conduction path is diminished and the fraction of heat gen- 
erated in the wall is, of course, higher than the above value. (In 
reduction of the boiling data, it was considered that all of the 
heat was generated in the wall.) 

Power input to the test section was determined by measuring 
the voltage drop between two voltage taps connected to the test 
section wall. The electrical resistance of the test section was 
computed from the resistivity of the steel evaluated at the 
average wall temperature. Measurement of the flow rate of the 
naturally circulating mercury was afforded by a thermal flow 
meter in which the temperature change of the flowing mercury 
and the electrically supplied heat input to the meter are measured 
variables. The flow rate of the liquid mercury is related to 
these two variables by a simple heat balance made across the 
electric heater. The primary measurement of mercury pressure 
(under conditions of net boiling) was obtained by measuring the 
(saturation) temperature of the mercury leaving the test section. 
A Bourdon pressure gage was provided to permit rapid visual 
notification of possible pressure abnormalities during operation. 
Temperature measurements were made with chromel-alumel 
thermocouples welded to the external surfaces of the loop. 

Magnesium and titanium hydride (8 gm of Mg and 0.5 gm of 
TiH) were added to the mercury after the loop had been filled 
to a level within the condenser. Evidence [2] exists that these 
two additives are necessary for attainment of high nucleate boil- 


1 Advanced Technology Laboratories, a Division of American- 
Standard, Mountain View, Calif. F. E. Romie and W. H. Giedt, 
Mem. ASME. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tae American 
Society or Mecuanicat Enoinerrs. Manuscript received at 
ASME Headquarters, June 6, 1960. 
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ing fluxes. Additional mercury was then added to bring the level 
to the top of the seal plug. After sealing, 65 of the 85 lb of mer- 
cury in the loop were drained in order to bring the free surface of 
the mercury to a level just covering the loop leg openings to the 
condenser. The vapor pressure in the condenser was thus the 
saturation pressure of mercury at the condenser conditions. Sub- 
sequent runs (on any one day) were at successively higher heat 
input rates. ~ 

Initial operation of the loop revealed that the steel test section 
wall was not wet by the mercury. However, it was found possible 
to attain wetting by mechanically cleaning the surface and then 
depositing a thin copper layer by dipping the surface in a copper 
sulfate solution. Following this treatment, the mercury readily 
wet the surface. 

During the course of the experiment, hydrodynamic oscilla- 
tions of the mercury flow were occasionally indicated by the Bour- 
don pressure gage. In all cases, these oscillations could be 
made to cease by increasing the heat input or by increasing the 
system pressure. Increasing the heat input was effective at the 
lower heat flux level at which boiling in the test section was be- 
ginning. At the higher heat fluxes, an increase in system pres- 
sure was required to stop the oscillations. System pressure was 
increased by decreasing the water rate to the mercury condenser. 
Lack of an effective means of metering the low water rates re- 
quired for stability at the high heat fluxes and also concern over 
safety in the event of a system rupture at the higher pressures re- 
quired for high heat fluxes led to termination of the experimental 
work at a flux of 600,000 Btu /hr-ft?. 


MERCURY FILLING TUBE 


WATER TO CONDENSER 
‘WATER DRAIN 





< CHROMEL~ALUMEL 
THERMOCOUPLES 


<i0 

Kit 

7 FLOW METER 
yy POWER INPUT 











KIS 











MERCURY DRAIN 





Schematic of heat-transfer loop 


NOVEMBER 1960 / 387 





Table 1 


Heat flux 
Btu 
hr ft? 

x 1078 


Test 
section 
pressure 
psia 


Flow velocity 
at inlet to 
test section 

ft/sec 


Inlet temp 
deg 
F 


24 

92 
150 
190 
230 
260 
400 
460 

67 
210 
230 
340 
470 
550 
600 
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Fig. 2 Boiling mercury data 


Discussion of Results 


Experiment results are presented in Table 1 and compared with 
previous data [1, 3] in Fig. 2. Accuracy of the voltage measure- 
ments is estimated to be +5 per cent. If accuracy of the elec- 
trical resistivity is taken to be 10 per cent, then the accuracy of 
the heat fluxes presented in the table is probably within +20 per 
cent, an accuracy range consistent with the objective of the ex- 
perimental work. Evaluation of the total heat input to the mer- 
cury (the denominator of the entries in the second from the last 
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Temp 
increase 
through 

test section 


Inside wall 
temp less 
saturation 

temp 
deg 
F 


Heat out 
Heat in 


Exit 
quality 


Inside wall 
temp at TC5 


deg deg 
F F 


137 
169 
217 
297 


wal 

221 
221 

240 
249 
214 
135 
153 
122 
168 
165 
112 


647 
468 
504 
562 
587 
629 
701 
741 
453 

74 
710 
759 
776 
776 


825 


Re RO tO 


column of Table 1) has a considerably lower accuracy because the 
rate of heat conduction to or from the test section via the elec- 
trodes is unknown. The product of the heat flux and the inside 
surface area of the 4-in. free length of the test section was used for 
an estimate of the total heat input. The heat output is caleu- 
lated as the product of the mass rate and the enthalpy change of 
the mercury. The enthalpy change of the mercury (under con- 
ditions of no net boiling) was based on the temperature change of 
the mereury: 75 — 7%: 

The test section pressure for runs with net vapor generation is 
the saturation pressure corresponding to the temperature indi- 
cated by thermocouple number 6. 

The exit quality of the mercury liquid-vapor mixture is calcu- 
lated using the equation 


(Heat in) 


1 "I 

te“ rk Mass rate) _ CAT me = n) | 
in which 7; is the inlet temperature to the section. Based on this 
exit quality and an assumed slip ratio of two, the computed 
density of the liquid-vapor mixture leaving the test section is 5.5 
and 17.9 lb/ft* for runs 15 and 16, respectively. The computed 
vapor volume fraction is in excess of 97 per cent for both runs. 

No calibration of the thermal flow meter was made. Errors in 
flow measurements can be expected due, primarily, to heat losses 
from the metering section. These errors would make the com- 
puted mass rate (inlet velocity in Table 1) higher than the true 
value. If a lower mass rate is used, the heat balance would be 
improved and the exit qualities would be higher than those listed. 
There is, therefore, reason to believe that the density of the 
liquid-vapor mixture was even lower than the values quoted 
above. 

A more complete description of the apparatus and tests is 
given in reference [2]. 
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Temperature Distribution and Heat-Transfer Results for an 
internally Cooled, Heat-Generating Solid 


E. M. SPARROW! 
Introduction 


IN INTERNALLY heat-generating solids such as a nuclear reactor 
or a carrier of electric current, cooling may be provided to re- 
move heat for power generation purposes or to maintain the 
temperature within tolerable limits. One approach toward 
cooling such systems is to pass fluid through parallel flow pas- 
sages which are arranged in a regular pattern throughout the 
solid. Such a cooling arrangement utilizing circular passages is 
pictured in Fig. 1. The left-hand sketch (a) shows the passages 
in an equilateral triangular array, while the right-hand sketch 
(c) shows a square pattern. It is clear that the material im- 
mediately adjacent to the passages will be most strongly cooled 
and that the temperature will be higher in the interior Such 
temperature nonuniformities may serve to produce significant 
thermal stresses and additionally, for a reactor, certain tempera- 
ture-dependent nuclear characteristics may be affected. 

The aim of the present investigation is to provide information 
on the temperature distribution and heat transfer in heat- 
generating solids which are internally cooled by circular flow pas- 
sages arranged in either equilateral triangular or square array. 
Results will be presented over a range of spacing ratios* s/r> from 
1.05 (passages almost touching) to indefinitely large values. The 
rate of heat generation per unit volume Q will be taken to be 
uniform, and the flow fully developed. The purpose of this 
brief report is to record in the permanent literature the main re- 
sults of reference [1]* which is available only in preprint form. 

For the triangular array, analytical results appropriate to 
relatively large spacings have been given in references [2] and [3]. 
Smaller spacings were considered in reference [4], but the tem- 
perature distribution is given only for s/ro = 1.2. For the square 
array, no heat-transfer studies have previously been carried out. 
But, as was pointed out during the review of reference [1] the 
problem of neutron diffusion has the same governing equation as 
the temperature problem. The neutron diffusion problem has 
been treated in reference [5] by an analytical technique which is 
best suited to large spacings. 





Summary of the Analysis and Results 
Under the conditions of hydrodynamically and thermally 
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fully developed flow and uniform internal heat generation in the 
solid, the temperature rises linearly in the direction of fluid flow. 
So, as far as the solid is concerned, there is no net heat transfer 
normal to the plane of Fig. 1. The conduction problem thus be- 
comes two-dimensional. Because of the symmetry inherent in 
the configurations under consideration it is necessary to study 
only a representative portion of the solid. The typical elements 
appropriate to the triangular and square arrays are shown black- 
ened in Figs. 1 (a and c), respectively. The center sketch (6) iso- 
lates the element and shows the boundary conditions. The 
angle 0, is 30 deg for the triangular array and 45 deg for the square 
array. The statement that 07'/06 = 0 on the radial boundaries 
is an expression of the symmetry condition as is the statement 
d07'/On = 0 (nm = normal) on the right-hand boundary. At the 
surface of the passage, r = ro, we impose the condition that the 
temperature is uniform around the periphery‘ and has a value 7'> 
at the cross section under consideration. 

The heat-conduction problem is governed by Laplace’s equa- 
tion plus an additional term for the volume heat source Q. In 
cylindrical co-ordinates, we get 


oT 
ras +=—=-= (1) 


As shown in reference [1], it is possible to find a solution 
of equation (1) which exactly satisfies the boundary condi- 
tions at r = ro, and along the radial lines 6 = 0 deg and 0 = 4. 
3ut, because the typical element is a mixture of cylindrical and 
rectangular geometry, it is not possible to satisfy exactly the con- 
ditions on all the boundaries. Consequently, on the right-hand 
boundary, the condition 07'/O0n = 0 was satisfied at a finite 
number of points, rather than at all points. However, a suf- 
ficient number of points were selected so that the temperature 
distribution results were not significantly affected by the use of 
additional points. In addition, over-all energy conservation was 
also satisfied. The details of the analysis are available in ref- 
erence [1]. The final expressions for the temperature distribution 
have been feund to be 


(a) triangular array 


(b) square array 

‘The temperature will vary linearly along the length. The local 
value of 7 is determined by the local bulk temperature and the heat- 
transfer coefficient. 











Xs. 


(a) equilateral triangular array 
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(b) typical element 


(c) square array 


Fig. 1 Cooling passages in a heat-generating solid 
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Table 1 Valves of 5; for square cooling arrangement 
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where the 5; and A, represent numerical constants which are 
listed in Tables 1 and 2, respectively, over the range from s/ro 
1.05 to s/ro = 4.0. Two aspects of the tables are worthy of note: 
First, the 6, and A; decrease with increasing j; with the decrease 
being more rapid at the larger values of s/rp. Second, the de- 
pendence of any particular 6; or A; on the spacing ratio s/r» be- 
comes quite small at the larger s/ro; especially for the more im- 
portant coefficients 7 = 1, 2, 3,4. Additionally, it was found that 
with increasing s/ro, fewer and fewer terms of the series are needed. 
For s/ro > 4, only A,, 5;, and possibly 5, are required, and these 
have achieved essentially constant values. Using equations (2) 
and (3) in conjunction with the tables, the temperature distribu- 
tion within the typical element can be calculated for any value of 

> 1.05. And once the temperature throughout the typical 
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(b) Triangular s/ro = 1.1 


Table 2 Values of A; for triangular cooling array 
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element has been found, then it 
cross section by symmetry. 

To illustrate the results, temperature contours (lines of con- 
stant temperature) are displayed in Fig. 2 for two representative 
cases: s/ro = 2.0 and 1.1, with (a) and (b) applying to the tri- 
angular array and (c) and (d) to the square array. In appraising 
these figures, it may be noted that with increasing spacing, the 
temperature field about any passage will be less and less in- 
fluenced by the neighboring passages and, hence, will become 


is known throughout the entire 
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(d) Square s/ro = 1.1 


Fig. 2 Representative temperature distributions, showing isothermal lines 


NOVEMBER 1960 


Transactions of the ASME 
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ARRANGEMENT - 


TRIANGULAR 
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Fig. 3 Maximum (hot spot) temperatures in the cross section of a heat- 
generating solid 


more circularly symmetric. This is borne out by comparing Fig. 
2 (a) with 2 (b), and also by comparing 2 (c) with 2 (d). 

Of great practical interest is the maximum temperature 7'y 
(hot spot) in the cross section. For the triangular array, this 
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Fig. 5 Local wall heat fiux distribution for square cooling arrangement 


occurs at 6 = 30 deg and r = s/cos 30 deg; and for the square 
array at 6 = 45 deg and r = s/cos 45 deg. Hot spot tempera- 
tures evaluated from equations (2) and (3) are plotted in Fig. 3. 
In interpreting this figure, it is important to note that the spacing 
appears in the ordinate. With this in mind, it is seen that for a 
fixed spacing s, the hot spot temperature increases as the radius 
of the cooling passage decreases. This finding is in accord with 
intuition. It is also interesting to note that for fixed values of 
spacing 8, passage radius ro, and heat source Q, the hot spot tem- 





ae 

















ales Ties 








15 20 
8 


Fig.4 Local wall heat flux distribution for triangular cooling arrangement 
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perature for the square array always exceeds that for the triangu- 
lar array. 

For the triangular array, the results of Fig. 3 may be repre- 
sented within 0.8 per cent for s/ro 2 1.3 (within 0.1 per cent for 
s/ro 2 1.5) by the expression 

Ty — To 


(Q/k)s? 


v3 


2 
In — + 0.2: ) — 0.23446 (4) 


For the square array, a representation which applies to within 0.3 
per cent for s/re 2 1.5 is 


Tu-T. 2, 8 


oan ! a5 (22 \* — o17a52 
(Q/k)s* o In “ + 0.25 ( = ) 0.17352 (5) 

A final result of interest is the distribution of the local heat flux 
q per unit area around the periphery of the cooling passage. This 
information, obtained by applying Fourier’s law (q¢q = —kdT'/dr) 
to equations (2) and (3), is plotted in Figs. 4 and 5. For the tri- 
angular array, it is seen from Fig. 4 that the local heat flux is es- 
sentially uniform around the periphery of the cooling passage for 
spacings s/ro as low as 1.5. Significant nonuniformities occur 
only for smaller spacings. For the square array, the nonuni- 
formities begin to appear at somewhat larger spacings and are 
larger for any given spacing. But even at s/ro = 1.5, q varies by 
only +12 per cent around the mean. So, except for the smaller 
spacings, uniform peripheral wall temperature and uniform 
peripheral wall heat flux are almost identical. 

To give perspective to these results, it should be remembered 
that for a given total cross-sectional area (solid plus cooling pas- 
sages) and a fixed s/ro, more of the area is occupied by solid when 
the holes are in square array. es 
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Effects of Initial Boundary-Layer Thickness on 
a Tangential Injection System 





R. A. SEBAN' 


Introduction 

\ RECENT PUBLICATION [1]? presented results for the effective- 
ness and the heat transfer for a turbulent boundary layer with 
tangential fluid injection, obtained with a very thin turbulent 
boundary layer existing just upstream of the location of the in- 
jection slot. Supplementary results, obtained from the same 
system, with free-stream velocities of the order of 100 ft/sec, are 
given here to show the effect of increasing the upstream boundary- 
layer thickness. The effect turns out to be rather small in the 
range of slot sizes, 0.25 to 0.063 in., and relative injection rates 


gl, . . 
6 < 0.80, that were investigated. 
Pri 
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The increased boundary-layer thicknesses were obtained by the 
attachment of a 2 ft long section upstream of the test surface, the 
nozzle thus being moved upstream this distance, and the use of 
sandpaper roughness at the downstream end of the nozzle. With 
this arrangement the layer thicknesses just upstream of the slot 
were of the order of 0.60 in., with the velocity profiles having the 
nature accepted for turbulent fiows. In contrast, the configura- 
tion for which the original results were reported provided layer 
thicknesses of the order of 0.06in. This tenfold thickening of the 
layer produced, for the present results, ratios of layer thickness to 
slot height from 0.60/0.25 = 2.4 to 0.60/0.063 = 10. 

These ratios are of a different order than those for which Chin|2} 
reported the effect of initial boundary-layer thickness on the 
effectiveness. Direct comparison is further impaired because 
Chin obtained larger values of the effectiveness with greater 
: & 3 = s) than were obtained 
s 0.11 
with the present system with thinner initial boundary layers. 


boundary-layer thicknesses 


Effectiveness 


When the system was operated with the thick boundary layer 
at the slot, and with a 0.25-in. slot, there was but a minor reduc- 
tion in the effectiveness at large distances downstream. A 
greater reduction existed with a 0.125-in. slot, and with the 0.063- 
in. slot [6/s ~ 10) the results were those shown in Fig.1. There 
the reduction is about 20 per cent at 300 slot heights downstream. 
But the local influence of initial boundary-layer thickness is 
complicated; at intermediate distances the effectiveness is in- 
creased slightly and the final reduction is attained by a more rapid 
decay at large distances. (In terms of the power law regime 
specified in reference [1], the results for larger boundary-layer 
thickness would require a larger negative exponent for the depend- 
ence on the distance z, downstream of the slot, and a greater 
initial distance (z/s),.) 

Despite the maximum diminution of 20 per cent the change in 
the effectiveness was much smaller when averaged over the whole 
downstream region and over the investigated range of injection 
4 < 0.80, and slot heights 0.063 < s < 0.25. 

ny 
Hence if all the results are presented in terms of the correlation 
proposed in reference [1], then the effects of increased boundary- 
layer thickness are masked and the correlation of results is as 
good for these as it was for the original results. 


flows 0.25 < 


1.0 





6 











Fig. 1 Effectiveness with 0.063 in. slot 


Point designations are the same as those of reference [1] and the open 
points are from it. The shaded points are for the thicker boundary 
layer. Mass velocity ratios are indicated by numbers next to the curves. 


Transactions of the ASME 








TTT | 


2 — 


4 
2 2 8233 (060) 





fi Boadii08s) 




















Fig. 2 Heat transfer with thin and thick boundary layers. Siot sizes and 
velocity ratios are indicated in the figure; open points are original runs 
of reference [1]. 


Chin [2], by operation of his system with thicker initial bound- 
ary layers, 6/s ~ 20, produced reductions in the effectiveness of 
30 per cent at z/s = 200, with lesser reduction at shorter dis- 
tances. No direct comparison is possible because of the differences 
in 6/s and because Chin’s results with a thinner boundary layer 
were above those obtained from the present system. It is inter- 
esting to note, however, that his results for the thicker layer were 
about the same as those for the present system with a thin layer. 


Heat Transfer 

As for the effectiveness, an increase in the upstream boundary- 
layer thickness produces a slight decrease in the heat-transfer 
coefficient. This was not examined as extensively as was the 
effectiveness, but some typical results are shown in Fig. 2 
These show a reduction over the whole downstream length, so 
that even the final values do not agree with the prediction from 
the Colburn equation based on heated length, as they did for the 
values obtained with small initial boundary-layer thickness. 
This implies the production, with the greater initial layer thick- 
ness, of an effective upstream length great enough to be significant 
in the context of the kind of results that apply in the case of an 
unheated starting length. In that case, if the initial layer thick- 
ness is not too great, an effective prediction of the coefficient is 
possible by using the heated length in the usual formulation for 
that coefficient. But if the unheated length becomes much greater 
than the heated one then the heat-transfer coefficient is reduced 
primarily because of the reduced shear at the wall. 
parently the effect that is indicated in Fig. 2. 


This is ap- 


Discussion 

The relatively small changes in effectiveness and heat transfer 
produced by the increase in upstream boundary-layer thickness 
might be considered as an indication of a relatively unaltered 
hydrodynamic behavior. Such an inference might well be associ- 
ated with the operation with the 0.25 in. slot, for which the values 
of the effectiveness were practically unaltered, but examination 
of that case shows that the relative invariability of the effective- 
ness arises from the interaction of a number of significant changes. 
The velocity profiles were substantially altered, and approximate 
similarity on a power law basis was not attained until a relative 
distance of z/s > 60, compared to one of about 40 for a thin 
boundary layer. In contrast, with adiabatic wall conditions the 
temperature profiles at all locations were of the form [¢ = ¢, exp 
(— ky*)] and were similar even quite close to the slot. Fig. 3 
gives a qualitative view of the situation by showing hydrodynamic 
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Fig. 3 Hydrodynamic and thermal boundary-layer thicknesses. Operat- 
ing diti are indicated in the figure. 





and thermal boundary-layer thicknesses, and it shows for the 
latter case the greater hydrodynamic boundary-layer thickness 
that is expected. The thermal layer grows more rapidly when the 
hydrodynamic layer is thicker, and the surprising invariability of 
the effectiveness results from the lower velocities, near the wall, 
that are associated with the thicker hydrodynamic layer. It is 
remarkable that the two effects are in such proportion. When the 
slot size is reduced, this relation apparently fails, but only at 
large distances downstream of the slot. 
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The Mechanism of Sound Field Effects on Heat Transier 





J. P. HOLMAN! 


Ir HAS BEEN determined experimentally that when a strong 
sound field is impressed on the free convection boundary-layer 
flow about a horizontal heated cylinder, the heat-transfer rates 
may be increased by as much as 300 per cent depending on the 
sound pressure level and temperature difference between the sur- 
face and the ambient air [1, 2,3, 4].2 This note will seek to ex- 
plain this effect in terms of the interaction of acoustical streaming 
with the boundary-layer flow. 

A typical acoustical streaming system is shown in Fig. 1 and 
the typical free conveciion flow field may be seen in Fig. 2. The 
inner vortex system of Fig. 1 is called the d-c boundary layer. 
For a cylinder of */, in. diameter it is only about 0.001 in. thick 
when air is the fluid used. The theory for the acoustical stream- 
ing flow field is well established for the case of the adiabatic 
cylinder, i.e., no heat transfer [5, 6, 7]. The important point 
concerning acoustical streaming as it pertains to heat transfer is 
that when the amplitude of oscillation of the sound field is raised 


1 Associate Professor, Mechanical Engineering Department, 
Southern Methodist University, Dallas, Texas. 
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Contributed by the Heat Transfer Division of THe American 
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A typical acoustical streaming flow fleld 


above a certain critical value the streaming patterns become in- 
tensified and deviate from theory. An intense churning action is 
observed and at sufficiently high amplitudes the d-c boundary 
layer collapses entirely. 

For low intensity sound waves the acoustical streaming veloci- 
ties are very small (of the order of 0.1 in./sec) and no effect on 
heat transfer would be expected. When the amplitude of the 
sound field is raised above the critical value it would be expected 
that the heat-transfer rates would be increased for the following 
reasons: 

1 The churning action of the d-c vortex system would intro- 
duce an eddy conductivity effect very close to the heat-transfer 
surface and thereby increase the heat-transfer rate. 

2 The higher streaming velocities of the outer system of Fig. 
1 when added to the free convection field of Fig. 2 would produce 
a flow separation and a circulatory or vortex-shedding motion on 
the upper side of the cylinder. Accompanying this flow separa- 
tion would be increased turbulence which would also tend to in- 
crease the heat-transfer rate. 

3 The higher streaming velocities of the outer system of Fig. 
| will add to the free-convection boundary-layer velocities in the 
lower quadrants of the cylinder, thereby producing higher heat- 
transfer rates due to the increased energy transport. Corre- 
spondingly, it would be expected that the thickness of the thermal 
boundary layer would be reduced on the lower side of the cylinder. 

4 The percentage increase in heat transfer over the value for 
no-sound should be markedly dependent on the temperature 
difference between the surface and the ambient air. It would be 
expected that the largest percentage changes in the heat-transfer 
coefficient would be observed for large temperature differences 
with the effect becoming less pronounced as the temperature dif- 
ference is decreased. This is expected because the boundary 
layer is more easily disturbed when the temperature difference is 
large and it is easier for eddy motions to be generated. The ex- 
perimental results of Fand and Kaye [3] show the expected tem- 
perature dependence. 

5 Identical results should be obtained for a vibrating cylinder 
in an ambient environment as for a sound field impressed on a 
stationary cylinder. It may be noted that the streaming patterns 
will be different depending on whether the cylinder is vibrated 
in a vertical or horizontal direction. For a horizontal vibration 
394 / 
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Fig. 2 A typical convection flow field around a horizontal cylinder 


the patterns would be like Fig. 1, while vertical oscillations would 
produce streaming currents in just the opposite direction. Thus 
one would not expect the vortex patterns or flow separation effect 
to exist on the upper side of the cylinder when the oscillatory mo- 
tion is in the vertical direction. Some recent preliminary results 
of Fand and Kaye [8] verify this expectation. 

Some shadowgraph pictures of the free convection flow around 
a horizontal cylinder under the influence of a strong progressive 
sound field are shown in Fig. 3. In these photographs the sound 
field moves from right to left. The boundary-layer flow is un- 
affected until the critical sound pressure level is attained. At 
higher intensities, a rather distinct flow separation process is ob- 
served and a vortex shedding motion was observed in the motion 
pictures of the flow processes, in agreement with the discussion in 
paragraph number two of this paper. This type of vortex shed- 
ding was also observed by Fand and Kaye [3] using smoke. 

Measurements of the boundary-layer thickness at the stagna- 
tion point in shadowgraphs like those of Fig. 3 show that the 
thickness is reduced for all frequencies between 1000 cps and 
5000 eps when the critical sound pressure level is exceeded. A 
larger reduction is observed for low frequencies than for high 
frequencies. However, the measurements at the higher fre- 
quencies were influenced by spherical wave fronts so that the 
frequency effect was partially obscured. Nevertheless, the 
boundary-layer thickness is markedly reduced by as much as 50 
per cent and this fact is believed to corroborate the qualitative 
analysis in paragraph number three above. 

Westervelt |9] has recently made some analytical estimates of 
the critical sound pressure level. The criterion 


S/ine * 1 (1) 


was used; where S is the amplitude of the sound field and 4,. is 
the a-c boundary-layer thickness defined by 


bu = V0/w (2) 


v is the kinematic viscosity and w is the circular frequency of the 
sound wave. The a-c boundary-layer thickness has the physical 
significance of a viscous-wave influence distance. The criterion 
in (1) specifies the point where the d-c boundary-layer thickness 
becomes functionally dependent on the amplitude and the in- 
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NO SOUND 
FREE CONVECTION 


(f) 
142 db 
Ah-+i9% 


(g) (h) 
144 db 148 db 
Ah +=34% Oh = 85% 


Fig. 3 Effect of sound pressure level on free convection boundary layer 
1660 cps, Ty» — T, = 152 deg F 
Gry ~ 3 X 104 


tensification mentioned above begins at this point. The criterion 
may be expressed in terms of sound pressure level as 
S.P.L. 


136 + 10 log F decibels (3) 


where F is in kilocycles. The accompanying table shows com- 
parisons of this relation with the experiments of Sprott, Holman, 
and Durand [4]. The agreement is good. The relation does 
not predict the frequency effect but this is believed to be influ- 
enced strongly by the diameter of the cylinder. The effect of 
cylinder diameter was not included in the derivation of equation 


Comparison of critical sound pressure levels with equation (3) 


Frequency Equation 
eps (3) values 
1000 136 decibels 134 decibels 
1660 138 137 
2720 140 135 
3220 141 135 
3720 141.7 138 
4220 142.2 134 
5000 143 135 


Experimental 
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(3). Also, the accuracy of the experimental data is probably of 
the order of +2 db so that the specific frequency dependence 
could easily be obscured. 

In view of the many points of agreement of the qualitative 
analysis with experimental data, it seems reasonable to accept 
its validity. At the time that acoustical streaming was first 
proposed to be the cause of the increased heat-transfer rates 
(reference [2]) the experimental data available were not conclu- 
sive. Subsequent data which have been obtained point to this 
physical mechanism as the correct one. 
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A Transducer for the Measurement of Heat-Flow Rate 





ROBERT GARDON' 


Ir 18 OFTEN REQUIRED to measure the rate of heat transfer 
across the surface of a solid. In some applications it may also 
be desired that the measuring instrument be small, in order that 
the measured heat-transfer rate can be associated with some par- 
ticular location on the surface, and that the instrument have a 
rapid response, in order that temporal variations of the heat- 
transfer rate can be studied. Both these requirements are met by 
an adaptation of a transducer originally devised for the rapid 
measurement of high intensities of thermal radiation.* 

The principle of operation of what might be called the “circular 
foil heat-flow meter” is illustrated in Fig. 1. Heat is being trans- 
ferred across the surface of a body (P). The heat-flow meter is 
shown mounted in this body, its sensing surface flush with the 
surface across which the rate of heat transfer is to be measured. 
The body of the heat-flow meter is a small plug or screw (B) made 
of copper It has a small central hole which is closed off by a 
circular foil of constantan (/). The dimensions of the heat-flow 
meter are such that, for all practical purposes, it is always in 
thermal equilibrium with the body in which it is mounted. When 
the surface of the body loses heat, the heat lost from the foil F is 
replaced by a radial flow of heat from the body into the foil. As 
a result of this radial heat flow, the center of the foil assumes a 
temperature sl tly lower than that of its circumference. The 
resulting radial temperature distribution in the foil is schemati- 
cally shown in Fig. 1. (Similar considerations apply for heat 
flow in the opposite direction, which entails an elevation of the 
central temperature of the foil.) The temperature difference AT, 
between the center and circumference of the foil can be related 
to the rate of heat loss from the foil, and it can readily be meas- 
ured by attaching a thin copper wire (W) to the center of the foil. 


Thus a thermocouple is obtained—consisting of the copper wire, 
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constantan foil and copper body—which directly measures the 
temperature difference of interest. By a favorable coincidence, 
variations with temperature in the thermal conductivity of con- 
stantan and in the thermoelectric power of copper-constantan 
thermocouples are such as to produce a linear heat-flow rate 
versus emf relation for circular foil heat-flow meters made of 
these two materials.? Also, the sensitivity of such instruinents 
is independent of their temperature. 

Mechanically these transducers differ from the circular foil 
radiometers described in footnote 2 by their miniaturization and 
all-metallic construction, which permit their installation in various 
objects under test.* The equations governing their performance 
are: 


Sensitivity = E/q = 0.183 R?/S [mv/(cal/cm?-sec)] 
Time constant = rt = 3.7 R? [sec] 


where R and S are the effective radius and thickness of the foil, 
respectively, both in em. The derivation of the above is given 
in footnote 2, from which the nomogram of Fig. 2 is also taken. 

In designing a circular foil heat-flow meter it may, at first 
glance, appear desirable to aim for one that develops the greatest 
possible temperature difference, and hence emf, for a given rate of 
heat flow. This is not always the case, however, for an unduly 
large depression (or elevation) of the central temperature of the 
foil would disturb the temperature distribution of the surface 
under study. In other words, AT7’,, must be kept small in relation 
to AT, the temperature difference that is the driving force for the 
heat transfer under study. In some instances it may therefore be 
advantageous to design a relatively insensitive transducer, i.e., 
one that generates a relatively small A7’,, for a given rate of heat 
flow, and to make up for this by suitably amplifying its small 
electrical output. 

The instrument differs from other heat-flow transducers in that 
it is mounted in the body under study, not between the two media 
exchanging heat. Its use thus entails no significant series re- 
sistance to heat flow and no disturbance of fluid flow over the 
surface under study. This makes it especially valuable for the 
study of convective heat-transfer coefficients. Its small size 
permits the measured heat-flow rate to be associated with 
definite locations on the heat-transfer surface. This is of value 


* Acknowledgment is made to Arthur C. Ruge Associates for their 
refinement of the technique of making these units. 
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Fig. 1 Principle of operation of heat-flow meter 
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Fig. 2 Chart for design of copper-constantan circular foil heat-flow meters 
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Fig. 3 Variation of local convective heat-transfer rates 
Maxima in heat-transfer rate occur opposite the centers of nozzles 
and are shown thus + 
Minima shown thus 4 
Lines of constant heat-flow rate marked in watt/cm? 
Conditions: 
Nozzles: 1/5 in. diam X 4 in. long 
Arrangement: Nozzles laid ovt on a square pitch 
at 2 in. centers 
Nozzle exits distant 3 in. from hot 
plate 
Temperature of hot plate: 19.2 deg C above ambient air 
Air rate: 150 Ib/hr-ft? of hot plate 
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where spatial variations in heat-transfer rate are of interest, as 
in the study of entrance effects or of heat transfer in nonuniform 
flow fields. Its rapid response also permits the measurement of 
heat-transfer transients. The instrument can most readily be 
mounted in metallic bodies and used for the measurement of 
convective or radiant heat flow. More generally, it can be used 
to measure the rate of heat flow between a solid that should 
preferably be a good conductor of heat and another medium, 
solid or fluid, that is dielectric and a relatively poor conductor of 
heat 

An instrument cf this type has been used by the writer in a 
study of heat transfer between a surface and jets of air impinging 
on it. In particular, this study is concerned with the spatial 
variation of heat-transfer rates over the cooled surface. This is 
measured by means of a heat-flow meter having a sensing area 1 
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mm in diameter, wiich is mounted in the center of an electric 
hot plate. The plate can be moved in its own plane so as to 
traverse the flow field of the jets. The movement of the plate 
and the signal from the heat-flow meter are fed to an z-y recorder. 
The curves in the upper part of Fig. 3 are typical of the results 
obtained. They show the spatial variation of heat-transfer rates 
along (a) a line in the plane of a row of nozzles and (b) a diagonal. 
Below is a “map” showing the variation of heat-transfer rates 
over a surface cooled by an array of jets, idealized to the extent 
that the “contour lines’”’ have been smoothed. 

It is hoped that a more comprehensive account of the results 
of this study may be rendered in a forthcoming publication. 
Meanwhile, it is the purpose of this brief to describe the circular 
foil heat-flow meter in the belief that this may be of interest to 
others engaged in experimental studies of heat transfer. 
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